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We show that multiple dipole scattering of zero-point radiation gives rise to the nonadditive contribu-

tions to the van der Waals dispersion interaction, and use the Ewald-Oseen extinction theorem to justify
the Lifshitz theory of macroscopic (Casimir) effects of intermolecular van der Waals forces in the limit of
continuous media. We derive the interaction energy between an atom and a dielectric medium of identi-

cal atoms and obtain, using standard "cavity-QED" methods, results identical to those of the source

theory of Schwinger, DeRaad, and Milton [Ann. Phys. (N.Y.) 115, 1 (1978)]. Following Schwinger,

DeRaad, and Milton, we apply the results to estimate the latent heat of liquid helium. We argue that the
macroscopic theory does not unambiguously justify the conclusion that the dispersion interaction makes

a significant contribution to the latent heat and surface tension. Simpler and well-established microscop-
ic models, without the divergences incurred in the macroscopic theory, are invoked to support this con-
clusion.

PACS number(s): 12.20.Ds, 11.10.Mn

I. INTRODUCTION

In this paper we will show a relationship between the
optical extinction theorem of Ewald and Oseen [l] and
the theory of van der Waals intermolecular dispersion
forces. This relationship elucidates various aspects of the
dispersion forces, especially their nonadditivity and the
limitations of the Lifshitz theory of their macroscopic
manifestations.

Latent heat, the energy required to vaporize a unit
mass of material without a change of temperature, is a
consequence of intermolecular attractive forces. As an
application of the theory presented in this paper, we con-
sider the part of the latent heat of vaporization due to
molecular dispersion forces. We consider the example of
liquid helium, which previously was treated macroscopi-
cally through the expedient of a cutoff in transverse pho-
ton momenta [2].

A brief history of the subject seems appropriate. It
may be said to have begun with van der Waals's
modification of the ideal-gas law to account for attractive
intermolecular forces. An interaction potential of the
form V(r)= —Ar 'e ", where 2 and B are constants,
was proposed by van der Waals. Much later Keesom ob-
tained the potential V(r)= —p@&/3kTr for two polar
molecules with permanent dipole moments p, and p2.
This force was obtained as a consequence of molecular
rotations, the force being attractive because attractive
orientations are statistically favored over repulsive ones.
Debye and others recognized that more general attractive
forces must come into play, simply because gases of non-
polar molecules also have nonvanishing van der Waals
constants. Moreover, a temperature-independent poten-
tial was sought. Debye noted that many molecules have

a permanent quadrupole moment, which can induce a di-
pole moment in a second molecule, and the resulting
dipole-quadrupole force is temperature-independent.
Such an "induction force" occurs also if the first mole-
cule has a permanent dipole moment. However, neither
case is sufficiently general to account for the van der
Waals equation of state.

London [3] employed fourth-order quantum-
mechanical perturbation theory to derive the interaction
potential V ( r )= 3Rcoo—a /4r between two identical
atoms with some dominant transition frequency coo, with
a the static polarizability; A'~0 is usually taken to be the
ionization potential. London's result showed that there is
a universal force of attraction between two atoms or mol-
ecules even if neither has a permanent moment. It is only
necessary that each particle have a nonvanishing polari-
zability, i.e., that a dipole moment can be induced. More-
over London's result, unlike Keesom's, is temperature in-
dependent. London's calculation was regarded as a major
triumph of quantum theory.

Since it involves the polarizability, which in turn is re-
lated to the refractive index and dispersion, London's
force is often called a "dispersion force." Dispersion
forces, together with the orientation and induction forces
of Keesom and Debye, are now regarded as the three
principal types of van der Waals forces.

The dispersion force is usually weak compared with
ionic or covalent bonding forces, but there are many sub-
stances, including liquid helium and many organic crys-
tals, where it can reasonably be assumed to be the dom-
inant contribution to the latent heat of vaporization of
sublimation; it is also believed to account for the thick-
ness of liquid helium films [4]. The principal theoretical
difficulty is that the dispersion forces are not pairwise ad-
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ditive. This difficulty goes back a long way in a related
context, namely, the problem of calculating the van der
Waals forces between macroscopic dielectric layers.
Lifshitz [5] circumvented a many-body approach to such
systems by taking a macroscopic approach. His results
can be obtained from several different physical perspec-
tives [6],but its main feature for the present discussion is
that the field mediating the interaction between any two
rnolecules propagates through the medium formed by all
the other molecules. This medium affects the field
through its dielectric constant, and thus accounts in a
macroscopic way for the nonadditivity of the dispersion
force. Although questions have occasionally been raised
concerning the validity of the Lifshitz theory [2], we shall
show that the results of the theory are perfectly valid for
virtual-photon wavelengths large compared with intera-
tomic separations. The zero-temperature results have been
found to be in good agreement with experimental results
obtained with liquid helium films [7] and the results of
this theory have been usefully applied, for instance, in the
theory of bioinembranes [8].

The macroscopic approach of Lifshitz, albeit in the
framework of Schwinger's source theory rather than con-
ventional QED, has been applied by Schwinger, DeRaad,
and Milton [2] in a calculation of the latent heat and sur-
face tension of liquid helium. The result was considered
to be consistent with experiment, but only if a physically
motivated choice was made of a photon transverse-
momentum cutoff required to avoid a divergence. As dis-
cussed in Sec. VI, the macroscopic theory is not required
to support the conclusion that dispersion forces play a
substantial role in latent heat and surface tension.

We begin in the following section with a description of
our approach and the principal equations. In Sec. III we
establish the connection with the Ewald-Oseen extinction
theorem and the macroscopic approach to dispersion
forces, and in Sec. IV we show how N-body contributions
to the dispersion interaction may be identified in a pertur-
bative solution to the general scattering problem. In
Secs. V and VI we estimate the latent heat of liquid heli-
um by macroscopic and microscopic approaches, respec-
tively. Section V derives results obtained by Schwinger's
source theory [2] using standard "cavity QED." Our
conclusions are given in Sec. VII.

photon-annihilation operator for mode P of the field, with
associated (c-number) mode function A&(r). The dipole
moment induced by E is

p(t)=i g (2M'&)'~ a(to&)a&(0) A&(r)e s +H. c. ,
P

(3)

where, for frequencies ~& away from any absorption reso-
nances, the polarizability a(roti) may be assumed to be
real E.quations (l)—(3), together with the vacuum-field
expectation values (a&(0)atr(0) ) = (a&(0)atr(0) ) =0 and
( a&(0)a& (0) ) =5tttr, imply

(,E ) = —
—,
' g (2mkco&)a(co&) ~ A&(R) ~

(4)
P

Note that we are assuming for simplicity here an isotro-
pic polarizability, i.e., a;.=a5;, as is the case for atoms
but, of course, not necessarily for molecules.

In Ref. [6] it was shown that van der Waals dispersion
forces and their macroscopic (Casimir) manifestations
can be obtained from either source fields or source-free
fields, depending on how field annihilation and creation
operators are ordered. Here we are taking the source-
free (vacuum-field) approach, corresponding to a sym-
metric ordering of annihilation and creation operators
[9]; this ordering is already implicit in Eq. (l), since E is
the (symmetric) sum of annihilation and creation parts.
However, whichever approach we adopt, we must use the
appropriate mode functions Ati(r) for the field. For a
collection of atoms, this means that the

~ A&(R) ~
appear-

ing in Eq. (4) for the energy of an atom at R must account
for the presence of all the other atoms. That is, the quanti-
zation of the field as in Eq. (2) must be performed subject
to the presence of all the atoms [6].

As emphasized in Ref. [6], the mode functions A&(r) in

the presence of polarizable matter are determined by
purely classical electromagnetic considerations. Let
A&o'(r) be a mode function corresponding to frequency

co& in the absence of any particles:

A' '(r)= —e s ett ~v is

or

II. COHESIVE ENERGY
DUE TO DISPERSION FORCES

E(r, t)=i g (2M'&)'~ a&(0) A&(r)e ~+H. c. ,
P

(2)

l Capt
where a&(0)e is the source-free, Heisenberg-picture

We begin as in Ref. [6] with the fact that the expecta-
tion value of the potential energy of an induced dipole p
in an electric field E is

( E ) = —
—,
' ( p.E(R, t) ),

where the dipole is treated as a point particle at R (elec-
tric dipole approximation). The quantized electric field
has the form

where V is a quantization volume and e&&, A, = 1,2, is a po-
larization unit vector. The form e'"' is this ease is dictat-
ed by the requirement that the energy (4) for an atom in
an otherwise perfect vacuum must be independent of the
position R of the atom. The equation (4) then yields the
nonrelativistic expression for the Lamb shift [6].

To determine the modification of the mode functions
(6) due to the presence of identical atoms at the positions
R~, we use the superposition principle for electromagnet-
ic fields, which in this case states that the total field

Ai,&(r) at r corresponding to the mode (k, A, ) is the un-

perturbed field A&&'(r) plus the fields produced by all the
atoms. The field from each atom is a dipole field associat-
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ed with the dipole moment induced by the total field

Ak&(R ) at the atom. This dipole moment is
1COk t

a(cok ) A««(Ri ) X e " . Thus

A««(r)= A«Y(r}+ pa( «)VXVX
J

r —R.J

where we have used the fact that the electric field pro-
duced by a dipole moment p(t} at R is [10]

p(t —
~r —R ~/c)

E(r, t) =VX V X
~
r —RJ.

The field at the atom R, is given by

ikR,"
A««(RJ )e

A«&(R; }=A««'(R, }+g a(cok)V; XV; X
JAl V

4m n (co)—1 e(co) 1—
le a(co)=

n (co)+2 &(co)+2
(12)

for isotropic media. In the proof of the theorem [11]it is
shown that Ak«= A„«+4mpl3=[n (cok)+2] Ak«/3, so
that (11)may be written as

—,
' [e(co„)+2]A„«(r)

= Ak«'(r)+ [e(cok )
—1]

1

uurn and exactly cancels ("extinguishes") the incident
field A &&'. The other part satisfies the wave equation with

propagation velocity c ln (cok ), where n (cok ) is the refrac-
tive index and is related to the polarizability through the
relation

where R;J = ~R; —R. j, and the solution of this (multiple-
scattering) equation then yields the potential energy

i«~R —R')

X f d R'VXVX

(13)

( E, ) = —
—,
' g (2rtirtco&)a(coti)

~ Ati(R; ) ~

P

for an atom at R;.

(10)
or equivalently

N
V X V X Ak&+ 2

e(co) Az«=0 . (14)

III. EXTINCTION THEOREM
AND THE MACROSCOPIC APPROACH

TO DISPERSION FORCES

Formally, assuming the polarizability a(co) is known
exactly, the main problem in the calculation of dispersion
forces is the solution of the self-consistent scattering
equation (9). One approach to the solution of this equa-
tion is to assume a continuous uniform distribution of N
atoms per unit volume. In this macroscopic approach (9)
is replaced by the integro-differential equation

Ak«(R) = A)',g'(R)+Pa(cok, )

The fact that the continuum limit of Eq. (9) leads via
the extinction theorem to the wave equation (14) plus ap-
propriate (macroscopic) boundary conditions is of course
well known [1,11],but does not appear to have been pre-
viously stated in the context of van der Waals forces. In
our opinion this is somewhat unfortunate, for the extinc-
tion theorem provides a foundation for the macroscopic
theory of van der Waals forces due originally to Lifshitz.
In the present version of the theory, the macroscopic ap-
proach to van der Waals forces reduces to (i) the solution
of the classical Maxwell boundary-value problem (14),
and (ii) the evaluation of the energy (10). An example of
this procedure is given in Sec. V.

ik(R —R'(

x 'R' x x IV. ADDITIVE AND NONADDITIVE
DISPERSION ENERGIES

Here it is to be understood that a small volume about R
must be excluded from the integration, owing to the re-
striction jXi in (9). As it stands, Eq. (11) is also satisfied
by the mode functions at points R outside the region oc-
cupied by the atoms, being a general statement of the su-
perposition principle. For such points ~R —R

~
cannot

vanish and consequently there is no restriction on the in-
tegration in (11).

The Ewald-Oseen extinction theorem [1,11] for isotro-
pic or crystalline media states that the integral in (11)has
two parts, one of which satisfies the wave equation in vac-

A«'«'(R, ) = Ak«'(R;)

A««'(RJ )e+ g a(cok)V, XV, X
JAl tJ

(15)

and the R;-dependent part of (10) is

In the lowest order of approximation
Ak«(R, ) =—A««'(R, . ) in (9}and then, as already noted, Eq.
(10) gives the nonrelativistic Lamb shift [6]. In the next
order of approximation,
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(ZI') &
= —

—,
' g (2M'„)a(co„)lA"~)(R, )l'

k, A,

A„"„'(R., ).
'

R—eg(2M'„)a'(co„)g [Agg'(R;)]*.V;XV;X
k, A. j (Ai) 'J

2M —ik.R,-. ikR,.g Re+ k cheka (co(, )e "e
j&i k, A,

2 1
[1 (e)tg'r;J } ] kg

+ [3(e)gA, 'r(J ) 1]
1 l

(kR;J )
(16)

(17)

For small R;J the dominant contribution to (E,' ') comes from the last term in (18) [6]:

3C oo 2 . ~ ij 3$ 2 . —2uR,"/c
6 f d('oa (co)»n = —g f du a (iu)e

c J C j@l ~RlJ
(E(2))

2

to second order in a(cok). Here r; is the unit vector pointing from atom i to atom j (r J =R; /R; ).
Nose as usual Xs s t V/gu't J dk k XtldQs, and the suet over Polariaations and the integration over solid angies

about k are easily performed using the identity g&(e),z r; ) =1—(ir r,j) /k . We obtain

&Z( )) = — y f d~~ a (~)G(~Z;, /c),
~c j (Qi) 0

sin2x 2 cos2x 5 sin2x
x2 x3 xd

J+i ij m p
—2uR" /c

VdQ e

(u +ct) )(u +(o )
(19)

where we have used the expression

co old gla((o) =
m Nmg N

(20)

for the polarizability of an atom in the ground state lg ),
where co and d g are the m —hg (angular) transition fre-
quency and the electric-dipole moment, respectively. If
R;, —h0, or more precisely if 8,.; ((c/ct) for all transi-

—2uR,"/e
tions m~g, we may replace e " by 1 in (19), and
this gives the R; form of the van der %aals interaction
derived by London. If we assume furthermore that one
particular transition is dominant, then

2

(E(2) ) y A
2ld4lf

u

~,. nR, 6. 3A o. (u'+o)o')'

3Auoa= —X {21)
4R"J l lJ

(~) lkR ~ ~

A),), (Ri )=- A),q(R, )+ g a(cok)Vt XV; X(2) (0) A),)„(R,)e
J&i iJ

A„",'(R, )e' "= AI,~)(R; )+ g a(cok )V; X V, X
JWl lJ

I

where co0 and d correspond to the dominant transition
and a =(2/3A)ldl /(oo is the static (co=0) polarizability
in the two-level approximation. This is the London result
cited in the Introduction.

For large seParations (R;J ))137oo, where ao is the
Bohr radius) we can approximate (17) by

(g(2) ) G
vrc

23k'ca
7 7

4m.ig!;

cd J

(22}

which is the well-known long-range form of the disper-
sion interaction obtained by Casimir and Polder [12].

These results, based on the single-scattering approxi-
mation (15), give (,E; ) as a sum of pairwise ("additive")
interactions.

In the next order of approximation we replace (15) by

ikRi A' '(R )e+ g g a (cok }V,X V, X V,. X V, X
jwi pAj iJ JP

(23)
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and obtain a correction to (E, ).that is of third order in
the polarizability. This correction is associated with
nonadditive three-body contributions to (E;). Although
the calculation of the detailed form of the nonadditive
contributions is soxnewhat complicated, we can under-
stand their general form from (23). The V;XV; and
V. XV terms give rise to {near-Seld) terms varying as

and RJz, respectively. Cross products of the form

[ A~~'(R; )]'.A&~'(Rp ) ~ e " give rise similarly to
terms varying as E,z after the integration over all solid
angles about k is carried out as required by (10). Then we
obtain a three-body (nonretarded) contribution to (E;)
of the form

(E( ))
&J lP &P

(24)

associated with the three-atom triplet i,j,p. Detailed
forms of such nonadditive nonpairwise interaction ener-
gies have been derived from standard perturbation theory
by Axilrod and Teller [13] an more recently by Power
and Thirunamachandran [14] using the iteration pro-
cedure above in the interaction picture. These authors
note that (E~&') may be attractive or repulsive, depend-
ing on the geometrical arrangement of the atoms.

The three-body interaction is roughly a factor a/A3
smaller than the usual (two-body) van der Waals interac-
tion, where R is a characteristic interatomic spacing.
This point wiH p1ay an important role in Sec. VI.

N2
k = —k —k3

I 2 1 2

1/2

~2
k3 = @{co) —k, —kz

C
(30)

These fIelds correspond to transverse electric (TE) modes.
We also have transverse magnetic (TM) modes with in-
cident and rejected electric fields

1
A(„zz(r)= — (ek), X lc/k)e'"',

2V
(31)

Akkz(r) = — (e«x lc /k)
2V

~'

e(co)k3 k3 . ()()
X eik r

e(co }k3—k ~

(32)

k3 k3
3

I
k3+k3

(33)

J i'k~ r ik3zA«~(r)=— e ' (e«Xlc/k)e
2V

+(e» X 1 (R)/k)

The factors of 1/&2 are introduced for normalization
[15]. The addition of (25) and (26) gives a TE mode, and
addition of (31) and (32) gives a TM mode:

ik& r ik3z
A«, (r)=— — e«e ' e ' +

2V

V. I.ATENT HEAT: MACROSCOPIC THEORY

%e will consider first the case of an atom at a distance
z &0 from a half space filled with identical atoms. The
half space (z &0) will be treated macroscopically accord-
ing to the wave equation (14) plus the boundary condi-
tions at the interface z =0 between vacuum and the half
space with dielectric constant e(co).

For an atom at z & 0 we require, according to (10), the
mode functions in the vacuum to the right of the dielec-
tric half space. Consider a plane-wave electric field

e(co)k3 —k 3

e(co)k3+ k 3

I A„„(R,)l'= k —k'
1 + 3 3

k, +k',

k3 —k3+2, cos2k3z
k3+k3

where lc~=(k, ,kz). Thus

—ik z
'

3

(34)

(35)

(r) =- e„,e'"'
2V

(25)
and

incident on the interface from the right. Such an incident
field leads to a rejected field

I c Q)
I A«, (R; )I'= — 2k,'—

QP C

e(co }k3—k 3

e(co)k3+ k 3
k —k' . RA(R)( )

— 1 3 3 ik r

&ZV "'k, +k',

~here

(26) X cos2k3z

+ I+1 ( e}kco3
—k3

e(co }k3+k 3

(36)

k=(k„k~,k3), (27)

(28)
where z is the distance of the atom from the dielectric.
The z-dependent part of (10) is therefore [16)

k3 k3 C2 co
(E(z) ) = ——g(2nkcok )a(cok ) +

~
2k)—

k3+k3 mk c

1 V k3 —k3g Idk3 f d k) (2Mco)a(co), +
V 8~3, k3+k3

e(co)k3 —k 3
cos2k3z

e{co)k3 +k 3
('

e(co)k3 —k3
2k

co c E( co )k 3 +k 3

cos2k3z (37)
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in the mode continuum limit. The change of integration path as in (19) allows us to write (E (z) ) as

A'c ~ 1 K K1 e(lac)K Ki(E(z)) = — f
deaf

dk k —a(inc) —g +(2k +g )2& 0 0 IC K+ Ki e( I (C )K+K1

2K2e (38)

which is identical to the result of Schwinger, DeRaad, and Milton [2]. Here [17]
—((2+ k2)1/2

and

K, —= [e(igg+k ']'/

Note that the limiting case of a perfect conductor may be obtained by taking e~ Do:

(E(z})~— f deaf dkk [g +2k +g ]e2ir o o ((2+k )'
r

4 f du a (1+u+ —,'u )e
S~z4 2Z

(39)

(40)

(41)

(E())3aAc
Smz

(42}

For large distances of the atom from the conductor we
can replace a(iuc/2z) by a(0)=a and obtain the well-
known Casimir-Polder interaction [12]

where E(0) is the z —+0 limit of (43), i.e., the limit in
which the atom is at the surface of the dielectric, and N
and p are, respectively, the number and mass densities.
For liquid He Schwinger, DeRaad, and Milton use the
approximation [7]

For e(i gc) = 1+4mi1ia(inc) = 1, (4—1) reduces to [2] e(co) =1+—O. OS
(47)

(E(z))—= — f dg[e(inc) 1]—
Sm'X

X f dk k—,[k'+ k'g'

+ 1 P] 2' {43)

For small z the leading contribution to (43) is

A)V ~ 2 . N vrua iu = — —C, 44
2z' z3

where, according to (19), the short-range interaction be-
tween two atoms a distance R apart is —C/R . The re-
sult (44) can be derived by integrating over pairwise in-
teractions between the atom outside the dielectric and all
the atoms comprising the dielectric:

(E(z) ) = ÃC f —dz' f dr(2mr)
2 0 [(r 2+z 2 )1/2]6

q =7 J/g, (49)

which they refer to as the "Casimir contribution to the
latent heat. " The experimental value [18] they compare
this to is about twice as large:

with coo=3.5X10' sec '. The divergence of (46) is
avoided by cutting ofF the upper limit of integration over
the transverse photon momentum k at k, =co, /c to ob-
tain [2]

k
q =— (0 05) ficoo .. (48)

96mp

Schwinger, DeRaad, and Milton take co, =10' sec
corresponding to k, =3.3X10 cm '; this corresponds to
k, =1/a, where a =3 A is roughly the interatomic spac-
ing in liquid helium. Then, using p=0. 1S g/cm for
liquid He, Schwinger, DeRaad, and Milton obtain [2]

1= ——Xc
3

(45) q,„=15 J/g . (50)

Schwinger, DeRaad, and Milton [2] have applied the
result (43) in a calculation of the latent heat of liquid heli-
um. Here we briefly summarize their result. If the latent
heat q is due primarily to the dispersion force between
atoms, then

q
= E(0)X/p—

f d g[e(i gc) 1]—
8~'p

X f dk k [k +k g + ,'P—], (46)—
0 K

The same cutoff k, gives a predicted surface tension of
liquid he1ium that is about three times larger than the ex-
perimental value. Schwinger, DeRaad, and Milton write,
"We can fairly conclude that the Casimir effect, a mani-
festation of van der Waals forces, is responsible for a
significant part of these phenomena" [2].

The divergence of the calculated latent heat and sur-
face tension in the theory of Schwinger, DeRaad, and
Milton is due to the macroscopic nature of the theory,
which does not account for the 6nite distances between
atoms. (Note that the value of the latent heat obtained in
this approach is very sensitive to the numerical value of
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the transverse-momentum cutoff k, .} That is, the theory
treats the dielectric medium as a perfect continuum. Ob-
viously the divergence of the macroscopic theory for
z ~0 can be anticipated from the fact that for e —=1, the
interaction of the atom with the dielectric is simply an in-
tegral over a11 the pairwise interactions with the atoms
comprising the dielectric [Eqs. (44) and (45)]. Since these
interactions diverge as the distance between the atoms
approaches 0 [19], a continuum theory cannot give a
finite latent heat or surface tension.

VI. SIMPLE MICROSCOPIC THEORY

Slater and Kirkwood [20] obtained the following ex-
pression for the energy of interaction between two He
atoms separated by R (A):

E' '(R)= 7 7e — ' X10 ' erg . (51)g6

The first (repulsive) term is actually a fit to a more com-
plicated repulsion term resulting from wave-function
overlap at short distances. The second, dispersion in-
teraction term is about 30% larger than the London ap-
proximation —3lc00a /4R, with a-=2.0X 10 cm the
static polarizability for He [21]. For R -=3. 16 A, howev-
er, corresponding to the peak of the pair distribution
function for liquid He at T=0 K [22], the London ap-
proximation differs from (51) by less than 10%.

X-ray scattering data indicate that each atom in liquid
He at T=0 K has six nearest neighbors at separations
R =3.16 A [22]. In the approximation of retaining only
nearest-neighbor interactions, each atom therefore parti-
cipates in six pairs of interactions. Since there are
—,'(6.023 X 10 ) pairs of atoms in a mole, the total
cohesive energy per mole is expected to be

6( —,')(6.023X10 )E' '(3. 16 A)

=2.0X10 erg/mol=50 J/g (52)

on the basis of this simple model. This is more than three
tiines the experimental value of 15 J/g. However, Lon-
don [23] noted that each atom in liquid He can be regard-
ed as vibrating in the "cage" formed by its nearest neigh-
bors, and made the semiempirical estimate of 30 J/g for
the zero-point energy of this vibration. Following Lon-
don, we subtract this effectively repulsive energy from
(52) to obtain

q =20 J/g, (53)

in fair agreement with the observed value.
For heavier atoms the zero-point energy contribution

to the latent heat is neghgible and the simple estimate of
the dispersion energy as above can by itself provide a fair-
ly accurate estimate of latent heat. Consider, for in-
stance, the example of solid Ne, where a=3.96X10
cm [21], R =3. 1 A [24], and the ionization potential
fico0=21. 56 eV. Assuming a close-packed fcc structure
with 12 nearest neighbors [25], we estimate

3AcoDa
q

=
—,'(12)(6.023 X 10 ) 6

=1.7 kJ/mol (54)

in good agreement with the experimental value of 2.1

kJ/mol for the latent heat of sublimation of solid Ne [26].
Similarly good agreement is obtained for the other inert
gas solids. For large molecules such estimates fail, main-
ly because the molecular radii can be comparable to or
larger than intermolecular separations and consequently
the London approximation ( —3Acoaa /4R ) fails.

Simple estimates of this type, due originally to London
[23], shed considerable light on the conclusion of
Schwinger, DeRaad, and Milton [2] that "the Casimir
effect, a manifestation of van der Waals forces, is respon-
sible for a significant part of [latent heat and surface ten-
sion]." First, the conclusion about the importance of van
der Waals forces is undoubtedly correct, but it should be
emphasized that it has in fact been well accepted for
many years since the original work of London. Second,
the example of liquid He is unfortunately not a good one
on which to base the conclusion that specifically macro-
scopic (Casimir) manifestations of these forces are impor-
tant, since the repulsive zero-point contribution is not in-
cluded in the macroscopic theory of Ref. [2] or Sec. V of
this paper. Indeed it appears from the estimates above
that this contribution by itself is larger than the attractive
energy calculated by Schwinger, Delaad, and Milton
[27].

Surface tension can also be roughly estimated atomisti-
cally after the fashion of London's original work. If we
again suppose each atom in liquid He to have six nearest
neighbors, then an atom on the surface has one less
nearest neighbor than atoms inside, and thus acquires an
additional cohesive energy when two surfaces are brought
together. With 8' the work per unit area done against in-
termolecular forces as the two surfaces are brought to-
gether from infinity, the surface tension is defined as
X= W/2 [28]. Using the estimate (52), we estimate
W= —,'(3.3X10 ' erg/atom}/(3. 16 A) /atom, since (3.16
0
A) is the area occupied by each atom in the crude ap-
proximation used earlier. Thus X-0.28 erg/cm, com-
pared to the experimental value of 0.37 erg/cm for liquid
He at T=O [29].

Finally we emphasize again that Casimir effects, refer-
ring specifically to macroscopic manifestations of van der
Waals forces, cannot without some qualification be said
to be responsible for cohesive properties such as latent
heat and surface tension. For when simple pairwise
London-type microscopic models are accurate, we can
reasonably presume that nonadditive contributions to the
van der Waals interactions are small, in which case the
macroscopic theory, with its requirement of a
transverse-momentum cutoff, is unnecessary. For liquid
He and solid Ne we have, respectively, a/8 -0.006
and 0.013. As noted in Sec. IV, this implies that the
nonadditive contributions requiring a macroscopic ap-
proach are small. We conclude that "Casimir effects"
then reduce to ordinary pairwise van der Waals interac-
tions. For substances in which nonadditive effects are
large, the Lifshitz-Casimir macroscopic approach may
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indeed provide an accurate estimate of cohesive energies,
but we are unaware of any calculations along these lines.

VII. SUMMARY

Our main conclusions are as follows.
(i) The Ewald-Oseen extinction theorem shows that all

multiple-scattering nonadditive contributions to the van
der Waals dispersion interactions are accounted for in the
continuous me-dium approximation by the macroscopic
theory associated with the work of Lifshitz [5],
Schwinger, DeRaad, and Milton [2], and many others.

(ii) The example of liquid He considered by Schwinger,
DeRaad, and Milton does not in our view offer convinc-
ing support for their conclusion that the macroscopic
"Casimir-type" approach accounts for a significant por-
tion of the latent heat and surface tension. Nonadditive
interactions associated with (macroscopic) Casimir effects
are small in this application, and a simple London-type
model assuming only additive nearest-neighbor interac-
tions leads to a more accurate, cutoff-free prediction.
Furthermore the effectively repulsive zero-point contri-
bution, which is not accounted for in the theory of Ref.
[2], appears on the basis of London's well-established
ideas to be larger than the attractive contribution ob-
tained by Schwinger, DeRaad, and Milton.

Finally another point concerning the Ewald-Oseen ex-

tinction theorem in this context is worth noting. In the
original Lifshitz theory, and in all the subsequent work
we are aware of, the force between dielectric media is ob-
tained from electromagnetic modes determined by
Maxwell equations together with macroscopic boundary
conditions. This procedure, as opposed to a completely
atomistic treatment of the dielectrics, is justified if the
most significant virtual-photon wavelengths determining
the interaction are large compared with the spacing of
the atoms in the dielectric. In this case the continuum
approximation is appropriate and the extinction theorem,
as originally obtained by Oseen [1] for continuous media,
is applicable. The effect of all the multiple dipole scatter-
ings by the atoms in the dielectrics is then simply to en-
force the laws of reflection and refraction, giving the
modes of the macroscopic theory. In the case of two
dielectric plates, for instance, the significant wavelengths
are those on the order of the spacing between the plates,
and if this is large compared with interatomic distances,
the macroscopic theory can be used with impunity. Ob-
viously the same kind of assumption underlies what is
now called "cavity quantum electrodynamics" [30].
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