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The closed set of general-relativistic hydrodynamical equations describing a strongly magnetized col-
lisionless plasma with an anisotropic pressure tensor is derived. Consideration is based on the “3+1”
formulation of magnetohydrodynamics and the orthonormal tetrad technique. The model is the further
generalization of the theory of Chew, Goldberger, and Low [Proc. R. Soc. London Ser. A 236, 1204
(1954)] for the general-relativistic case. In ultrarelativistic limit the equations of state are obtained,

which differ noticeably from those known previously.

PACS number(s): 52.60.+h, 52.30.—q, 95.30.Sf, 95.30.Qd

I. INTRODUCTION

It is widely accepted that the study of the hydro-
dynamics of collisionless plasma in strong magnetic fields
is important for a wide class of astrophysical objects, in-
cluding relativistic pulsar winds and powerful jets in ac-
tive galactic nuclei and quasars. Due to the high com-
pactness of the central engines in these objects (rapidly
rotating neutron stars and supermassive black holes),
general-relativistic effects become important and must be
taken into account. At the same time, it is known that in
magnetohydrodynamics, consideration of relativistic
effects becomes necessary not only due to the high veloci-
ties of plasma macroscopic motion, but also when the ve-
locities of the plasma particles’ microscopic motions are
high enough, i.e., when the temperature of plasma be-
comes relativistic.

Relativistic magnetohydrodynamics for the medium
with isotropic pressure was considered in Refs. [1,2]. In
the most general form, the closed set of molecular hydro-
dynamic (MHD) equations for relativistic collisionless
plasma may be derived on the basis of the relativistically
invariant Vlasov kinetic equation. In Ref. [3] by means
of the formalism developed in Ref. [2] from kinetic equa-
tions, the closed set of relativistic MHD equations was
obtained.

When formulating the system of hydrodynamic equa-
tions, first will appear the problem of the definition of
macroscopic parameters describing the state of the medi-
um (such as particle number density, hydrodynamical ve-
locity, the “temperature” corresponding to each plasma
component, etc.). These definitions must be made in the
rest frame of the given plasma component, i.e., macro-
scopic parameters must be introduced by means of the
corresponding integration of the distribution function of
plasma particles in the phase space of chaotic momenta.
In nonrelativistic theory, this requirement is satisfied by
means of the usual Galileo transformations for particle
velocities. In the more general, special-relativistic case, it
seems more correct to define the main macroscopic pa-
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rameters of plasma on the basis of Lorentz transforma-
tions for particle energy and momentum. Such an ap-
proach was developed in Ref. [4], where the closed set of
relativistic MHD equations was obtained for strongly
magnetized collisionless plasma.

It is known that synchrotron-radiation losses consider-
ably change the properties of the strongly magnetized
collisionless plasmas of pulsar winds or jets in such a way
that their temperatures become highly anisotropic. In
this case, the plasma pressure is no longer a scalar and
thus its consideration must be based on the hydrodynami-
cal model of relativistic plasma with the anisotropic pres-
sure tensor. Pressure anisotropy leads to the changes of
the overall properties of such a medium. In particular,
new types of magnetohydrodynamical instabilities may
appear as well.

In the present paper, we formulate a hydrodynamical
model for general-relativistic, strongly magnetized col-
lisionless plasma. The model is the further generalization
of the special-relativistic model outlined in Ref. [4],
which in turn has generalized the Chew, Goldberger, and
Low model [5] for a nonrelativistic plasma.

We present our model based on the “3+1” formalism
of Thorne and Macdonald [6,7]. The plasma is assumed
to exist in a space-time described by the standard metrics
of a rotating body; we do not account for the self-gravity
of the matter.

II. MAIN CONSIDERATION

Hereafter we shall use the following notations: (i)
greek indices will range over t,7,6,¢ and represent
space-time coordinates, components, etc., (ii) latin indices
will range over r,60,¢ and represent coordinates in three-
dimensional ‘“‘absolute” space, and (iii) we shall use
geometrical units, so that G =c=1.

The rotation of the central object (for example, a rapi-
dily rotating neutron star or Kerr black hole) introduces
off-diagonal terms g, in the metric so that the space-time
generated by a rotating object is represented by the
metric
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ds?=—dr*=g,dt*+2g, dt dp+g,,d¢’
+grrdr2+g99d02 ’ (21)

with the metric coefficients independent of ¢ and ¢. In
3+ 1 notations, (2.1) may be rewritten as

ds?=g,pdx “dxP=—a’dt*+y, (dx'+pdt)
X (dx *+p*dt)
where a is the so-called “lapse function” defined as

2
8ip —8u8
a2 L ,
Eop

(2.3)

. is three-dimensional ‘‘absolute” space metric tensor
Y ik P
(with nonzero components g,,, g g9, and g,,), and

BiE [0,0, gNP J s Bi=7ikBk .

PP

(2.4)

The microscopic state of the collisionless electron-ion (or
electron-positron) plasma can be described by means of
the relativistic distribution function of plasma particles
®(x % pP). The function satisfies the kinetic equation

oP dx* 0P dp® _

(2.5)
ox% dr ap*° dr
where p“ are contravariant components of the plasma
particles’ four-momentum defined as
a
pagmuazm_dx_ ) 2.6)

dr

In 3+ 1 notations, components of 4-velocity u * may be
expressed through 3-velocity v components in absolute
three-dimensional space in the following way:

u®= ll Y (qv— B) l (2.7a)
a a
u,=y{—a+(B,v);v}, (2.7b)

where ¥y =(1—y,vv*)71/? is the Lorentz factor corre-
sponding to 3-velocity v. The equation of motion for
plasma individual particles may be written as

mdp®
dr

=—T§,p"p?+qF*pgy (2.8)
Here F% is a general-relativistic tensor of the elec-
tromagnetic field. In 3+ 1 formalism the tensor may be
expressed by means of spatial vectors of electric E and
magnetic B fields in the following way:

FP=ef EP—ef E“+e*"% ,1Bs , (2.9)
where E°=E,=B°=B,=0, €, =8af(1) and
efn={1/a;—B/a} . (2.10)

Note that ef}; in general are the components of ortho-
normal tetrads known in the mathematical theory of
black holes as locally nonrotating frames (LNRF’s) [8],
zero-angular-momentum observers (ZAMO?’s) [7], or sim-
ply Bardeen tetrads. Other nonzero components of e[

are el,; =(g;)~'/%. Note that efzel?! =5%]] and

ell=a, (2.11a)
el?1=B (g,,) "2, (2.11b)
ell=1g, . 2.11¢)

Inserting (2.8) into (2.5), we get a kinetic equation in
the covariant form

= Id
PV, d=—qF*p, R (2.12)
where Va is Cartan’s covariant derivative operator,
defined as
= J
= —_1Tv. pB
V.= 3 | Y Py .

If we introduce the distribution function f (x%,p’) defined
in seven-dimensional phase space according to the ex-
pression

D(x%pP)=f(x*pH((—gaeppP)*—m)6(p")
(2.13)

where O(p')=1 when p’>0 and is equal to zero when
p' <0 when using the fact that

FPug=y(E,v)/a,
FPyg=y[E+(vXB)—B(E,v)/a],

(2.14a)
(2.14b)

we can write down the kinetic equation for the function
f(x,p) in the following fashion:

PV, f=—aq[E+vXB—(B/a)(E,V)]V,f .

It is well known that from kinetic equations (2.12) or
(2.15), one can obtain the system of transport equations
for the macroscopic parameters of plasma (such as proper
particle number density n, or the mean thermal energy
mW). But it should be emphasized that all these quanti-
ties must be defined in the rest frame of the medium —in
the reference frames co-moving with the fluid. For the
metric (2.2), it is possible to introduce such orthonormal
tetrads in each point of space-time. Hereafter, we shall
call them general co-moving frames (GCMF). Below we
write down all nonzero components of these tetrads:

(2.15)

ebf% , (2.162)
ely="Loll, (2.16b)
el -l /a)(g;) 12 (2.16c¢)
el = | +(y—1) U[il];vzlk] _%B“]v“‘] (g:) 172,

(2.16d)
ef'=yla—(B,V)], (2.16e)
el =—ayp+py— DB a6
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eV=—yv/ g, (2.16g)

— ) Li]), [k]
ei(k):\/gii ﬂ[’][k]+(7’_l)v ul;

(2.16h)

Note that for GCMF tetrad indices we use parentheses,
while for LNRF tetrad indices we use square brackets.

In the case of the Kerr metric, if v!! has only one az-
imuthal nonzero component, (2.16) tetrads reduce to so-
called “orbiting systems” [9]. When all v[1=0 it, in turn,
reduces [i] to Bardeen tetrads. It must also be noted that
in the absence of gravitation, these tetrads reduce to plain
Lorentz transformations which, in turn, further reduce to
usual Galileo transformations in nonrelativistic limit (as
it should be). As far as at each point of space-time by
means of (2.11) and (2.16), we can define two instant local
Lorentz reference frames, it is obvious that transition be-
tween them occurs due to ordinary Lorentz transforma-
tions with the velocity v!’). It may easily be proved by
simple algebraic calculations.

GCMF appear to be useful tools for the derivation of
the transport equations that we mentioned earlier. In
particular, they may be used to generalize the method
used in Ref. [4] (see also Ref. [10], where the analogous
problem is solved in the three-formalism approach). The
transport equations may be obtained directly similar to
the approach used in Ref. [4]. But these equations may
be simply written if we apply general covariancy princi-
ples to special-relativistic transport equations presented
in Ref. [4]. According to the principle (see Ref. [11]),
correct general-relativistic equations may be obtained by
replacement of ordinary derivatives by covariant ones
and of Lorentz metric tensors 5{*/#] by the metric tensor
of curved space-time g°?. This means that we get the fol-
lowing set of equations:

J%,=0, (2.17)
T y=qF°fJ, , (2.18)
MY =q(FSTYP—FBT*) . (2.19)

All quantities appearing in these equations may be split
on their components in GCMF’s. For example, for
current four-vector J¢ we have

aze(av)I(v) , (2.20a)
W= fp(v)q)'dﬂ"‘z_nn“’)“) , (2.20b)
[ (2.200)

For energy-momentum tensor TP, similarly we have

T"‘B:e?v)ef’“,ﬂ‘”(“’ , (2.21a)
n=mn(w+1)= [ p'odq;, (2.21b)
H(i)(t):H(t)(i)Eq(i): fp(ilp(t)(pldﬂ"‘ , (2.21¢)
ok = fp(i)p(k)q)ldﬂg . (2.21d)

As for MY we can write
M"BY=e&)efv,e(n,N(“)(”(") , (2.22a)

NOWO=m2ny= [0y, (2.22b)
N(n(z)(z)Engm:fp“)zp“’cb'd(z;, (2.22¢)
N(i)(k)(l)Em‘u(i)(k)—_—fp(’)p(i)p(k)d)'dﬂ"‘ s (2.22d)
N1n(k)(l)EmS(z’)(k)(l)zfp(i)p(k)p(l),;lydﬂ"t L (2.22¢)

In Egs. (2.20)-(2.22) all quantities with primes are
defined in GCMPF’s or in the rest frames of plasma parti-
cles. All quantities defined in (2.20)-(2.22), n, W, V,
[0, 0K g a0 ang p@ k) may be rewritten more
conveniently by means of a three-dimensional distribu-
tion function in the following way (see for comparison
Refs. [5,10]):

n=[fdoy, (2.23a)
w=-L [erao—1, (2.23b)
mn
VE(an)—]fe'ZfldQS s (2230)
q(i)E fP(i)fldQ's , (2.23d)
N | ;
(i)— _1 v (i) oo '
g'=>— fep 7'dQ), (2.23¢)
‘ (D) (k)
H(z)(mEfP_GiLf'dQ'} , (2.23)
i 1 i ’ 4
!l )(k):;fp( pRrdQy (2.23g)
. 1 (D (k) ()
= PP P raq" 2.23h
7 [ (2.23h)

Here all integrals are also taken in GCMF’s. Introduced
tensor and vector quantities have concrete physical
meanings of their own. In particular, [T'”'%) is the viscous
stress tensor, q‘” the heat flux density. It can be seen that
in the nonrelativistic limit (&'~m), u'"® - 1'"®) and
the vector g'” reduces to ¢'”. Therefore u'”'*’ may be
called the modified stress tensor and g'” may be called
the modified heat flux tensor. The 5'”'*"? are the third-
order moments. They, in turn, may be expressed via
fourth-order moments, and in such a way we arrive at the
infinite set of interlinked equations. To make the system
solvable it is necessary to close the system somehow. For
this purpose one can, for example, neglect the third-order
moments 1'"®? This can be justified by the fact that
the higher-order moments arise due to the higher-order
deviation of the macroscopic system from equilibrium
than that of the lower-order moments.

Let us assume that in GCMF’s the electric field is
equal to zero. General connections between the B=B],
E=E!) and B'=B, E'=E"] vectors may be written in
the following way:

E'=y(B+vxB)—(y— 1) LB (2.242)
1

B'=y(B—vXE)—(y— 1) 2B, (2.24b)
v

E=y(E'—vxB)—(y— 1) LE), (2.24¢)

’
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(v,B’)
SV

B=y(B'+vXE)—(y—1) (2.24d)

Based on the assumption E'=0, one gets from (2.24)

=—yvXB'=—vXB. (2.25)

Obviously, the assumption demands that EIlB and
|B| > |E|. Using (2.24) and (2.25) once again, we come to
the following connection between LNRF and GCMF
components of the magnetic field

1

B'=—¢l)\BH . (2.26)
14

Here e{}) are the components of the tensor that describes

the Lorentz transformation between the LNRF and

GCMF tetrads in the same point of space-time. The
components of this matrix are
e=r, (2.272)
e([’;)] =e([f~} = —yvm s (2.27b)
. . p iy [k
el =eff) =8} +(y—1)* (2.270)

The combination B2—E? is the relativistic invariant
and hence B'>’=B?—E?. It leads [together with (2.26)] to
the expression that connects B’ with B,

|B'|= ’y' [1+7%v,b)?]172, (2.28)
where b=B/|B| is the unit vector in the direction of the
magnetic-field vector.

In the forthcoming analysis, we shall assume that the

three-dimensional distribution function may be expressed
as

f'=f'(t,x,p2,(p',B)), (2.29)

where p, is the transversal in respect to the B’ com-
ponent of particle momentum. In Ref. [4] it is argued
that when the distribution function is of the form (2.29)
and q=g=0, the tensors IT'"" %) and y“)”‘) may be written
in the following way:

H(i)(k)EP”b(i)b(k)_+_Pl(,r’(i)(k)_b(i)b(k)) , (2.30)

,u(”“"E,uub”)b”‘)+yl(n(“‘k’—b”’b(k)) . (2.31)
Here b'? are defined as

b(i)EB(i)/|Bl! =e,'(i)bk[ 1 +’}/2(V,b)2]_1/2 , 2.32)

and P, p, and P, p, are parallel and transverse pressure
and modified pressure, respectively, defined as

(2.33a)
|

)
PLE'z‘f P;

My
hl

MPB=m |(mnV+3u)u ay By v B EL

——(uhPhY+uPh R+ uhhP)+pu (u
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p=[E P rgay, (2.33b)

ylzﬂfpif’dﬂg , (2.33¢)
1 ’ ’ ’

‘u”E;fp“Zf Qs . (2.33d)

Based on these definitions and using the fact that
ele'=8% +uu,, , 2.34)

we get for the energy-momentum tensor the following im-
portant expression:

T=[mn(W+1)+P, Ju®ub+P g

+(P, =P )ALAED™D" (2.35)
where
Ae = Om FuUn 2.36)
[1+7%(v,b)]!2

The last term in (2.35) may be rewritten more convenient-
ly if we introduce the following kind of electromagnetic
tensor:

Fop="L€up,sF"°, 2.37)
and define a new four-vector 4 ¢ via the expression
he=F"by, . (2.38)

It is worthwhile to note here that Maxwell equations

Fopy tFpyiatFyap=0

may be written by means of F*® and h* as [3]

F =0, (2.39a)

(uhP—uPn®) z=0. (2.39b)
The four-vector h® is orthogonal to the vector of 4-
velocity h%u,=0. It is easily expressed through the
three-dimensional vector of magnetic field B as

ho= BT(a; Yuu,), (2.40a)

|h|=(B/y)*+(v,B)?, (2.40b)

and hence we arrive at the following important formula:

ASb™=h%/|h| . (2.41)
Neglecting third-order, purely spatial moments 5'/¥)

from the definitions (2.22) and taking into account (2.41),
we get for M B

agBr 4y Bgar 4y vg oB) (2.42)
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We see that for the hydrodynamical description of the
relativistic collisionless plasma in the strong magnetic
field the set of macroscopic parameters n, W, V, P, P,
ty, and p, should be introduced. In the next section we
try to write down general transport equations
(2.17)-(2.19), taking into account the concrete features of
their ingredients.

III. DISCUSSION

First, let us write the continuity equation. It may
directly be rewritten in 3+ 1 notations so we may obtain
(12]

o(mny)+divimny(av—B)]=0, (3.1)
where the divergence operator is defined as
divA=(7)" "2 [()'247],, (3.2)

and ¥ =det(y ;) is the determinant of three-dimensional
spatial metric v, from (2.2). Let us write now the equa-
tion of energy conservation. Generally, it may be written
as

ufTes =0 . (3.3)

Taking into account (2.35) and (2.41), we can write it as
mnu®(W+p, /mn) ,—uPp +—”—_—lh“h5u
1 ,a LB |h |2 ap

(3.4)

The last term in (3.4) may be rewritten in a more con-
venient form. In particular, if we use the continuity
equation in the form (2.17) and Maxwell equations in the
form (2.39b), we can get the following important formula:

Ihlzh“hﬁua;BZu“[ln(ihl/n)],a, (3.5)
and hence Eq. (3.3) may be written as
mnu"(W+pl/mn),a—qul)ﬁ

+(P”—Pl)u"[1n(lh|/n)]’a=0. (3.6)

Let us now turn our attention to Eq. (2.19). Using
various methods of projection, we can obtain the follow-
ing three independent scalar equations:

8apM P’ =0, (3.7a)
u ugM® =0, (3.7b)
hohgM®® =0 . (3.70)
Equation (3.7a) leads to the following simple one:
ulV—(u,+2u)/mn] ,=0. (3.8)

Equations (3.7b) and (3.7¢) lead to the following ones:

Uy o=y /mu’n o +2uulIn(lh|/n)] ,=0, (3.9)

uny o —2u /mu’n ,—puIn(lh|/n)] ,=0. (3.10)

Deriving (3.8)-(3.10) we once again use (3.5) for mak-
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ing necessary simplifications. Equations (3.6) and
(3.8)-(3.10) may easily be written in 3+ 1 notations if we
introduce the notion of the so-called hydrodynamical
derivative, defined as

L = w2 =1/a)8,+(av—p)V] .

Dr ox (3.11)

Equation (3.8) says that V is not the independent charac-
teristic parameter of the macroscopic state of the medi-
um, but may be expressed through p and y, in the fol-
lowing way:

_ pyt2u,
mn

V +const. (3.12)

From (3.9) and (3.10), we can also find one interesting
expression for u, and p,. If we combine these equations
in such a way that the terms containing |4 | are neglected,
then we get

2

'u::” =const. , (3.13)
together with the equation of motion

(85 +uug)TH. =0, (3.14)
and the modified equation for energy momentum

ugM®® _ =q(FBTY;—F7 T ®)uy (3.15)

which we will not write here in an extended form, then
Egs. (3.1), (3.6), and (3.8)-(3.10) constitute the closed set
of hydrodynamical equations for the general-relativistic
collisionless plasma in the strong magnetic field. Note
that (3.15) connects ordinary (P, and P,) and “‘modified”
(1, and p,) pressure. If the Chew, Goldberger, and Low
theory [5] is written for the nonrelativistic, strongly mag-
netized plasma and the model [4] is valid for the special
relativity, then the equations obtained in the present pa-
per may be viewed as the further generalization of the
latter theory, since it may be attributed to the various
kinds of astrophysical flows where general-relativistic
effects must be taken into account.

At the end of the paper it will be worthwhile to exam-
ine various concrete consequences of general equations
(3.6) and (3.9)—(3.10). First of all, let us consider the non-
relativistic case, when €’ ~m. From the definition of W
(2.23b), it is easy to find that

P P,
Wz_i.i__“ ,

(3.16a)
mn 2mn

and noting that relativistic enthalpy is defined as
o =[P, +mn(W+1)]/n, we immediately get the follow-
ing result:

2P, P
co=m+—+— s

(3.16b)
mn 2mn

which coincides with the result contained in the literature
(13]. Note that in this limit 4, —P, and u;— P, so that
from (3.9) and (3.10) we obtain two state equations,
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P,
T =const. , (3.17a)
P |n|?
s — =const. , (3.17b)
n

which also coincide with the well-known equations of
state for nonrelativistic collisionless plasma in a strong
magnetic field [13]. On the other hand, if plasma pres-
sure is isotropic (P =P,), then from (3.13) we get also
the well-known result

=const. (3.18)

n3/3

Now let us consider the ultrarelativistic case (when

€ ~|p|). Taking into account definitions of P, and P,
and Eq. (2.23b), we get for relativistic enthalpy

P,+3P,
o=—, (3.19)
mn
and for W
P“ +2P,
W=————7-—1 (3.20)
mn

Using (3.19) and the general equation (3.6) we can consid-
er various interesting cases. For example, if plasma pres-
sure is isotropic then we immediately get a well-known
result for ultrarelativistic fluids,

=const. (3.21)

w43
Now, let us consider the case PH >>mn >>P,. Such a
situation is, as a rule, realized in pulsar winds where, be-
cause of radiative losses in the strong magnetic field, the
transverse particle momentum p, is noticeably reduced
[13]. For such a case, the same equations lead to the fol-
lowing equation of state:

P,|n|

n2

=const. (3.22)

Finally, we can examine the opposite case, when
P >>mn >>P|. Such an assumption seems to be reason-
able for hypothetical cosmic pinches, the formation of
which should probably be preceded by the state of gradu-
al plasma plunging into a cylinder [14,15]. Thus for the
latter case we get

Pi
S const.
n®lh|

Equations (3.22) and (3.23) noticeably differ from the
ones known earlier [5,13]. This circumstance may play
an active role in the explanation of actual processes tak-
ing place in relativistic MHD flows with the anisotropic
pressure tensor. It must be emphasized once again that
all results obtained in this section are valid for the
general-relativistic collisionless plasma that is strongly
magnetized. It is obvious that they may easily be applied
to various kinds of astrophysical flows where the pres-
ence of a medium with similar properties is proved in one
way or another.

We did not take into account the influence of radiation
or pair-production processes on the flow dynamics.
However, we believe that under proper conditions in as-
trophysical problems mentioned in the Introduction,
these aspects may be relatively unimportant. For exam-
ple, in relativistic pulsar winds, pressure anisotropy due
to synchrotron-radiation losses is established on charac-
teristic time scales t,=3m3c°/2¢*B? [13]. On larger
time scales (¢ 2 ¢,,) influence of radiation becomes negligi-
ble and relativistic, collisionless, magnetized plasma may
be described by the MHD theory discussed above. It was
not our aim to discuss the reasons of pressure anisotropy.
In particular, inclusion of radiative effects needs separate
consideration and is beyond the scope of this paper.
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