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It is shown that a closed V-type, three-level system, which is incoherently pumped on the transition
at which lasing occurs and coherently pumped on the other transition, exhibits lasing without popula-
tion inversion in any atomic state basis. The same system can also be made to exhibit lasing without

population inversion in the bare atomic state basis but with population inversion in the dressed-state
basis.

PACS number(s): 42.50.Hz, 42.55.—f

There has been considerable interest recently in the
study of lasing without the requirement of population in-
version. Many schemes for lasing without population in-
version have been proposed and the dependence of optical
gain on various system parameters has been examined
[1-7]. Lasers based on inversionless systems may have in-
teresting statistical properties, such as narrower intrinsic
linewidths due to reduced spontaneous emission noises [8].
From a practical point of view, the concept of lasing
without population inversion may be quite useful in
achieving laser actions in the spectral regions where lasing
with population inversion is impractical with conventional
pumping schemes. Among the proposed schemes of lasing
without population inversion, some are based on the in-
terference effects which result in different emission and
absorption profiles in the atomic system; others depend on
the utilization of external coherent fields which generate
atomic coherences leading to optical gain in the absence of
population inversion. In many of these schemes, although
there is no population inversion in one state basis (often
the bare atomic state basis), there is population inversion
in another state basis. Recently Imamoglu, Field, and
Harris proposed a model consisting of a coherently
pumped A-type, three-level system [9]. They showed that
under certain conditions the system exhibits gain for a
weak probe laser without the need of population inversion
in any atomic state basis. Subsequently, Agarwal present-
ed a dressed-state analysis and concluded that the optical

gain in this system can be attributed to the coherence be-
tween the dressed states generated by the strong driving
reld [IO].

In this Rapid Communication, I propose a closed V-
type, three-level system. The system is pumped in-
coherently on the lasing transition while the other transi-
tion is coherently driven by a strong, external field. The
uniqueness of this system is that it can be made to exhibit
lasing without population inversion in any state basis, and
also lasing without population inversion in one state basis
but with population inversion in other state basis. Spe-
cifically, I show that if the external coherent field is reso-
nant with the atomic transition, gain exists without popu-
lation inversion in any state basis; on the other hand, if the
external coherent field is off resonance with the atomic
transition, gain exists without population inversion in the
bare atomic state basis, but with population inversion in
the dressed-state basis.

Consider a close V-type, three-level system with the
ground state i I ), and excited states i 2) and i 3) as illustrat-
ed in Fig. 1. The pumping scheme is similar to that in
Ref. [9]. The transition ii) i2) of frequency cozen is
driven by a strong coherent field of frequency ml with
Rabi frequency 20. The transition i I) i3) of frequency
M3t is incoherently pumped with a rate A by thermal radi-
ations or electric discharges. 2y3i (2yz|) is the spontane-
ous decay rate from state i3) (i2)) to state i 1). There is
no direct coupling between states i2) and i3). A weak,
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FIG. I. V-type three-level system for lasing without popula-
tion inversion.

The steady-state population inversion between states l3)
and l 1) is

coherent probe field of frequency ai~ with Rabi frequency
2g is applied to the transition l I) l3). The optical gain
experienced by the weak probe field and atomic pop-
ulation distributions will be examined. In the interaction
representation, the semiclassical Hamiltonian under
rotating-wave approximation is

H A(e ' Cr21+e ' O'12)+g(e ' a31+e 'Cr13) . (I)
Here hi m21 rl3I, a—nd &2 et)31 Np cTjj .li)(jl (i j

1-3) are the atomic raising or lowering operators. In-
cluding the atomic population and phase decay terms, the
density-matrix equations of motion can be written as

pii -—
Apii+ «+2y31)P33+2y2lp22

+ I I1(p21 PI 2) + ig(p31 pl 3) i

p22- —2y2i P22+ i «pi 2
—

p21 ),
p33- Apl I

—(A+ 2 y31)p33+ ig(p I 3
—p31),

PI 2 I iI (P22 Pl I ) (AI2+ y21—+I''I )P12+igP32

pl 3 Ig(P33 Pl I ) —(A+ y31+ i~2)pl3+I ftp23

P23 ii1pi3 —
lgp21 ~Al2+ y31+ y21+i(A2 +I )jp23

(2)

along with the equations of their complex conjugates. The
closeness of the system requires pl I+p22+ p33 1. For the
convenience of the calculation, 0 and g are chosen to be
real. The gain coefficient for the probe field coupled to the
transition l3) l I) is proportional to Im(pl3). In my no-
tation, if Im(pl3) &0, the system exhibits gain for the
probe field. In the next section, hi 0 is considered; I ob-
tain the analytical expression of pl3 in the steady state,
and derive the condition under which the system exhibits
gain without population inversion in any state basis. In
the section following, hl &0 is considered; I present nu-
merical calculations which demonstrate the existence of
gain without population inversion in the bare atomic state
basis. Using a dressed-state analysis, I show that the
probe gain can be attributed to the population inversion in
the dressed-state basis.

0: Lasing without population inversion in any
state basis. For the resonant excitations, i.e., hl h2 0,
I seek the steady-state solution of induced polarization
pl3. Lasing without population inversion in any atomic
state basis requires Im(pl3) & 0, p33 & pl I and p33 & p22.
In the limit of i2»A, y J (i,j 1-3) and g, from (2) it is

2 y3]
P33 Pil 3A+4

A+ 2y211+ Im(pl 3) & 0.
2g

(s)

It is also easy to show that p33
—p22&0. Population in-

version cannot happen in any atomic state basis. This is
expected for the present pumping scheme since the system
is closed. $o if the single inequality (4) is satisfied,
Im(p13) & 0, the system exhibits gain without population
inversion in any atomic state basis. It is obvious that the
inequality (4) can be satisfied by real atomic systems.

From Eq. (2), p13 in the steady state can be written as

ig(P33 pl I )+i i1P23
P13 =

A+ y31+ih2

The induced polarization pl3 at the probe frequency co„
consists of two terms: The first term is proportional to the
population inversion between states l3) and

~
I), and the

second term is due to the induced coherence between
states l2) and l3). If there is no population inversion, i.e.,
p33 pll &0, the contribution to Im(pl3) from the first
term is always negative, indicating absorption. The probe
gain can only be attributed to the induced optical coher-
ence p23. To appreciate how the probe gain and absorp-
tion is contributed by the induced coherence p23 and the
population inversion p33 pl 1 respectively, I have calcu-
lated numerically the individual contributions to Im(pl3)
from p33 pll and p23 as functions of 62. The results are
plotted in Fig. 2(b) with practically chosen parameters:
A-4y31, y21=6y31, =20y31, g-0.0ly31 and 41 0.
For comparison, pl3 is plotted in Fig. 2(a). The sym-
metric probe gain profile [proportional to Im(p13)l shown
in Fig. 2(a) is centered at 62-0, and the two absorption
peaks located at about + 0 correspond to the transitions
between state l3) and the Autler-Towne doublet (dressed
states) generated by the strong coherent field. It is ap-
parent from Fig. 2(b) that the probe gain is contributed
by p23 only. The term from population inversion p33 pl 1

presents an absorptive Lorentzian line profile centered at
0. For a weak probe field, the effect of A2 on the

atomic population distributions is negligible. So as shown

before, the system satisfies pll & p33 and p22+ p33. No
population inversion exists in any state basis.

41&0: Lasing with population inversion In the
dressed-state basis. For Al &0, the analytical expression
of pl3 is complicated. I have calculated numerically the
steady-state response of pl3 as functions of h2, and found
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FIG. 2. Spectra for A 4y3~, y2~ 6y3[, 0 20y3/,
g O.OI yi~, and 6& O. (a) Calculated response of p~3 as func-
tions of h2. Gain is present if Im(p&3) (solid line) )O. Re(p/3)
represents atomic dispersion. (b) The gain contributions from

p23 (solid line) and p33 p~ ~ (dashed line). The dotted linc in

(a) is the zero gain (absorption) base line.

that the system exhibits gain for the probe field without
population inversion between states )I) and (3). The
response of pi3 vs h2 is plotted in Fig. 3(a) with chosen pa-
rameters: A 4y3i, y2i 4y3i, 0 20y3i g 0.01y3i, and

40y3~. The probe gain profile presents both a nega-
tive (absorption) and a positive (gain) peak; this is quite
different from that shown in Fig. 2. The two peaks of
Im(p[3) in Fig. 3(a) correspond to the transitions from
state )3) to the Autler-Towne doublet states. For d i & 0,
the absorption peak occurs at h2 h~/2 —(h~/4+02)'/
while the gain is peaked at h2 h~/2+(hjz/4+0 )'~ . If
the sign of hi is reversed, the response spectrum of p~s is
reversed; i.e., for hi (0, the gain appears at

LL~/2 —(hi/4+02)'/ while the absorption occurs at
h~/2+(LL~/4+0 )'~. Shown in Fig. 3(b) are contri-

butions to Im(p~3) from the population inversion p33 p~ ~

and the coherence p23. Again, the probe gain is solely
generated by the atomic coherence p23, the contribution
from the population inversion term presents an absorptive
Lorenzian line profile centered at h, 2 0. It is evident that
p33 p) I & 0, and is independent of h2 since the probe
field is weak. The system exhibits gain without population
inversion in the bare atomic state basis.

The probe gain and absorption in the Autler-Towne
doublet transitions presented here are quite similar to
those in a two-level system. A weak probe laser can be
amplified in a detuned, driven two-level system [11];
lasers based on such atomic systems have been construct-
ed [12). It is known that the gain in a detuned driven
two-level system can be attributed to the dressed-state in-

FIG. 3. Spectra for A 4y3[, y2& 4y3[, Q 20y3[,
g O.Ol y3i, and &i 40y3~. (a) Calculated response of p~i as
functions of h2. As shown by Im(p/3) (solid line, the absorption
peak occurs at h2 A~/2 —(hf/4+ 02) '~2, the gain is peaked at

~i/2+ (~f/4+ & ) ' . Re(pi 3), representing the dispersion,
is shown as the dashed line. (b) The gain contributions from the
population inversion, p33 p22 (solid line), and the coherence,
p23 (dashed line). There is no population inversion in the bare
atomic states basis, so p33

—
p~ ~ presents an absorptive Lorenzian

line profile centered at h2 0. Gain at h2 h~/2+ (hf/4
+ O~)' 2 is solely due to p23 while the combination of gain and
absorption from p23 and p33 p/ [ results in absorption at

h)/2 —(6)/4+ 0') '
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FIG. 4. Population inversions, p33 p++ and p33
—p--, vs»

in the dressed-state basis ~ith A=4y3~, y2I 4y3[ + 20y3l,

g 0.0 l y3).

version. To understand the essential physics, it is instruc-
tive to analyze the present system in the dressed-state
basis. Assuming that 0 greatly exceeds all the spontane-
ous decay rates and the incoherent pumping rate, I diago-
nalize the part of the Hamiltonian (I) involving the in-
teraction of the external coherent field with states ( I) and
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I2& only. The energy eigenvalues are

E = ~ [(A /2)'+n']' ', (7)

and the corresponding eigenfunctions (dressed states) are

I»+b I2&,

where the coefficients are chosen such that

E+ 0
, b+=

(P 2 + 11 2) I/2 ' —
(P 2 + (1 2) I/2

For a weak probe field, g«A and y;, (i,j =1-3), the sys-
tem evolution in the dressed-state basis is well approxi-
mated by the rate equations for the diagonal density-
matrix elements which represent population probabilities
[l3]. In the basis of dressed states I+& and I

—
&, and

state I 3&, the rate equations are

P33 (A3++A3 —+I 3++1 3 —)P33+A3+P+++A3 P ———

p++ (A3++ I + —)p+++I —+p ——+ (A3++ I 3+ )p33

p- = —(A3 —+I —+)p- —+I + —p+++(A3 —+I 3 —)p33.

Here A3+ A(a+) [A3 —=A(a —) ] is the incoherent
pumping rate between the dressed state I+) (I —)) and
the bare atomic state I3); I;/ (i,j =+,3) are the spon-
taneous decay rates from state Ii) to state Ij), and can be
calculated using Fermi's "golden rule. " Utilizing the nor-
malization condition, p+++p — +p33 I, it is easy to
obtain steady-state solutions of p++, p —,and p33. The
gain coefficients for the weak probe field on the transition
from state I3) to dressed states I+) and I

—) are propor-
tional to (a+) (p33 p++) and (a ) (p33

—
p —), re-

spectively. The population inversion between state I3) and
dressed state I+& (I —&), p33 p++ (p33 p — ), is plot-
ted in Fig. 4 with the same set of parameters as in Fig. 3.
The system exhibits gain for the probe field whenever the
condition of population inversion in the dressed state basis
is satisfied; i.e., p33

—p++ )0 or p33
—p- )0. It should

be noted that for I5I =0, the probe field experiences ab-

sorption in the dressed-state analysis. The probe gain for
h, ~

=0 cannot be attributed to the population inversion in
the dressed-state basis.

In conclusion, I have sho~n that a closed V-type,
three-level system exhibits optical gain without population
inversion under certain conditions. Lasers can be built
with such a system as an active medium. The system pro-
posed here can serve as a model for lasing without popula-
tion inversion in any atomic state basis, as well as lasing
without population inversion in the bare atomic state basis
but with population inversion in the dressed-state basis. A
closed V-type, three-level structure exists in many real
atomic systems and should be accessible to experimental
investigation. This model system may also be useful in the
realization of lasing actions in the spectral regions where
population inversion is difficult to achieve by conventional
pumping schemes.
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