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Semiclassical treatment of laser excitation of the hydrogen atom
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We present an alternative method for studying excitation of atoms in intense laser fields. In the

present paper we focus upon the optical harmonic generation by hydrogen atoms.

PACS number(s): 42.65.Ky

INTRODUCTION

The excitation of atoms and specifically hydrogen
atoms in intense laser fields has received much attention
recently. Thus the problem has been attacked by intro-
ducing the Floquet ansatz [1t, using a classical trajectory
treatment of the electron [2], a variational Fourier trans-
form method [3],and by wave-packet techniques [4]. It is
the purpose of this paper to present a semiclassical ap-
proach, which has the advantage over a completely classi-
cal treatment that the generated harmonics spectrum con-
verges with just a few (around 50) trajectories and that it
easily is extended to more than one electron system.
Furthermore, fewer equations have to be solved than those
necessary for the classical trajectory treatment.

THEORY

ln order to facilitate the solution of the laser-atom in-
teraction problem further it is possible to introduce a
mixed quantum-classical description, in which the radial
motion is treated classically. Thus one obtains the follow-

ing mixed Hamiltonian:
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From the time-dependent Schrodinger equation we then
obtain
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where p is the reduced mass, 8 and p the usual spherical
angles, Eo the field strength of a plane polarized field in
the z direction, to the laser frequency, and g(t) a time-
dependent shape function. The above quantization con-
serves the I-selection rules for the dipole transitions but ig-
nores the n selection. It is the purpose of this section to in-
vestigate the validity of this approximation. Note that it
facilitates the solution for the larger systems (more elec-
trons) appreciably. The wave function is now expanded in

spherical harmonics as

where (lomo) is the initial state, and the matrix elements may be evaluated as
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For nonlinear polarization we would obtain off diagonal
matrix elements in the m quantum number. It is never-
theless possible to obtain the same reduction in the corn-
plexity of the problem as for linearly polarized light by in-
troducing the classical limit (large I) of the coupling ele-
ments (see below and Ref. [5]).

Before we consider these equations further we wish to
introduce an effective Hamiltonian for the classical
motion by and

S(t) =pl(l+1) (Ic,„,,~ f'
I

(6)
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where
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The time-dependent equations (3) are due to the selec-
tion rules (4) tridiagonal in the quantum number I. Such
equations are solvable analytically if the large 1 limit of
the matrix elements is taken. Thus we introduce [6]

(Y(„,IcosOIY(„,)-d(' ( p
—d(' (p(P),

where cosP =m/I. Thus for m =0 we obtain
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which already for I =0 is satisfied to within 15% and for
I =1 within 3%. Thus the coupling element is nearly in-
dependent of I, which in the "sudden" limit gives the fol-
lowing solution [7] to Eq. (3)

c(,(, =J(—(,(p), (10)

where J(p) is a Bessel function and where the index m
has been dropped. The argument is given by [7]
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This expression follows as mentioned from the solution of
Eqs. (3) in the sudden limit. Improvements can be ob-
tained by introducing in Eq. (11) an energy correction
factor exp(ihEt/h ) (see Ref. [8]). Inserting in the equa-
tions for S and T we obtain

RESULTS

We consider excitation of the hydrogen atom by a
1064-nm laser field with a field strength of 1 or 10
T W/cm . The field is turned on linearly during the first 5

optical cycles. The optical generated harmonics are stud-
ied through the Fourier transform of the expectation value
of the dipole moment, i.e.,

fO 7
D(ni) = — dt(d)exp(init )T~o

where the analysis is started (i.e., t =0) after the initial
period of 5 optical cycles and T is (N —5)2(r/to, where N
is the total number of optical cycles. The Fourier trans-
form is furthermore taken as an average over a number of
trajectories with randomly selected initial values of the
distance r. The values are selected using the squared
quantum-mechanical wave function for the ls electron as
the distribution function. The momentum p, can then be
calculated by conservation of energy, i.e.,
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where the sign is selected randomly.
Comparing the "spectra" in Figs. 1 and 2 obtained with

50 and 200 trajectories, respectively, shows that we obtain
"converged" spectra to within 1% with just 50 trajec-
tories. The peaks, however, are not clearly resolved after

and
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which for Ip =0 yield
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The following three equations are solved as a function
of time:
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where we have used m=0 in Eq. (4). The expectation
value of the dipole moment is obtained as
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Thus we have to solve just three coupled diA'erential equa-
tions for a number of randomly selected initial variables of
r(tp).

FIG. 1. Harmonic spectrum (18) (in arbitrary units) ob-
tained with a 10 TW/cm' 1064-nm laser field operating for 20
optical cycles. 50 Monte Carlo trajectories were used.
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FIG. 2. Same as Fig. 1 but with 200 trajectories. FlG. 4. Harmonic spectrum (18) obtained with a l T W/em 2

1064-nm laser field applied for N 100 cycles. 50 trajectories
were used.
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FIG. 3. Harmonic spectrum (l 8) obtained with a I 0
T W/cm 1064-nm laser field applied for N =40 cycles. 50 ran-

domly selected trajectories were used.
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FIG. 5. Intensity of the harmonic spectrum generated up to
the 31st harmonic for the two cases studied in Figs. 3 and 4 (ar-
bitrary units).
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FIG. 6. Energy (in units of 100 kJ/mole) transferred to the
hydrogen atom as a function of the number of optical cycles the
laser field is applied for a I and 10 T W/cm 1064-nm laser field.
The field is turned on using a linear ramp for the first 5 cycles
(indicated by an arrow). The ionization energy is also indicated.
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FIG. 7. Comparison of quantum mechanical (O) [4] and
semiclassical (dashed line) intensities (arbitrary units} obtained
using a 100 TW/cm' 1064-nm laser pulse for 20 cycles. The
curves are shifted to match the harmonic order n = l.

N 20 cycles. Figure 3 shows the spectrum after 40 cy-
cles with a 10 TW/cm field strength. In Fig. 4 the inten-
sity is lowered to I TW/cm and the spectrum is shown
after 100 optical cycles using the "last" 95 for the analysis
of the dipole moment. Figure 5 shows intensity of the
peaks up to the 31st harmonic generated by the field. We
notice that all the peaks are as well resolved as shown in
Figs. 3 and 4. Figure 6 shows the energy pumped into the
hydrogen atom as a function of the number of cycles the
laser is operated. We notice (see Fig. 7) that the magni-
tude of the generated harmonics compare well with those
obtained by Kulander [4]. The fact that the intensity of
the higher-order harmonics are overestimated could be a
consequence of the sudden approximation used when solv-
ing Eqs. (3). As mentioned above it is easy to introduce
an approximate correction for this or alternatively solve
Eqs. (3) numerically. This possibility will be considered
in a subsequent paper.

We have not attempted to obtain ionization yields, al-
though this is in principle possible. It would in the present
method require the definition of a critical distance r, for
which the atom could be considered ionized, and also the

propagation of many trajectories, in order to obtain good
statistics.

CONCLUSION

We have presented a simple semiclassical method for
treating laser excitation of atoms in the presence of an in-
tense laser field. We expect the method to be reliable for
excitation processes involving multiphoton processes,
where the excitation pathway is less sensitive for quantum
selection rules in the principal quantum number (n). By
treating part of the Hamiltonian quantally (in the large
quantum number limit) it is possible in the sudden limit to
obtain an analytically solvable time-dependent Schro-
dinger equation. The method can easily be extended to
atoms with more than one electron.
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