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Quantum and thermal effects on the lifetime of the Davydov soliton are studied. Results of a
quantum-mechanical perturbation treatment of the lifetime are presented for a wide range of parameter
values. We derive a simple condition on the parameter values that must be satisfied for the soliton to be
a viable mechanism for localized energy transport in the Davydov model for the a-helix region of pro-
tein. Our conclusion is that the Davydov soliton as originally proposed is not a likely candidate for this
mechanism, but that a single soliton with a very large excitation number could provide the mechanism.

PACS number(s): 87.15.He, 31.50.+w, 36.20.—r, 05.60.+w

I. INTRODUCTION

There continues to be considerable interest and contro-
versy in the literature [1]concerning the Davydov soliton
mechanism for energy localization and transport in the
a-helix region of protein [2]. This mechanism, first pro-
posed by Davydov and Kislukha [3] in the early 1970s,
involves the self-trapping of vibrational excitons into en-
velope solitons by their interaction with acoustic pho-
nons. The central question of the controversy is whether
this soliton, or localized quantum state, has a lifetime
that is sufficiently long to play an important role in the
energy transfer along the polypeptide chains of the pro-
tein structure.

Quantum and thermal effects are expected to cause this
state to decay into delocalized states. In order to investi-
gate these effects quantitatively, it is necessary to make
assumptions for (i) the quantum-mechanical model Ham-
iltonian and the parameter values, (ii) the particular form
of the Davydov soliton state, and (iii) the interaction with
the heat bath at finite temperatures. Estimates of the
average lifetime of the Davydov soliton will obviously de-
pend on these assumptions. Nevertheless, some progress
toward the resolution of the lifetime controversy should
be possible if estimates are obtained from credible calcu-
lations, i.e., calculations that are fully consistent with
quantum mechanics. The many numerical studies [4—7]
that have been based on essentially classical equations of
evolution are clearly subject to the criticism that they are
likely to yield unreliable estimates for the stability of this
localized quantum state since the dynamics is not being
determined by the Schrodinger equation [8].

In previous publications [9,10] we have presented the
details of a straight-forward quantum-mechanical pertur-
bation calculation of the average lifetime for the
Davydov soliton having the form of a simple product of
an exciton state and a coherent phonon state. The calcu-
lation treated the continuum approximation to the stan-
dard one-dimensional model described by the Frohlich
Hamiltonian. An initial thermal equilibrium phonon dis-
tribution relative to the lattice distortion described by the
coherent state was assumed. There was no explicit in-
teraction with the thermal bath. For the parameter

values considered, the lifetimes at physiological tempera-
tures were found to be much too short for the soliton to
be a possible mechanism for energy transfer. This result
does not completely rule out the Davydov mechanism
since it depends on the specific assumptions made for the
form of the soliton state, the parameter values, and the
initial phonon distribution. However, we believe that this
calculation can make a major contribution toward resolv-
ing the lifetime controversy since, to our knowledge, it is
the only direct calculation for this dynamical problem
that is not based on some classical or semiclassical ap-
proximation.

The main purposes of this paper are as follows. (i)
First, we present results based on our calculation for a
large range of parameter values. Our previously pub-
lished results were for the so-called "widely accepted"
parameter values. It is now clear to us that there is con-
siderable uncertainty in attempting to assign realistic
values because the model is highly oversimplified, there is
little experimental information, and different ab initio cal-
culations have produced very different estimates for some
of the parameters [1]. Thus it is important to investigate
how the average lifetime of this particular Davydov soli-
ton depends on the parameter values. (ii) Second, we cri-
tique some of the work by others where quantum con-
cepts were either incompletely or incorrectly applied. (iii)
Third, we present a speculative proposal for a possible
generalization of the Davydov soliton that could work.

The plan of this paper is as follows. In Sec. II we re-
view our previous analytical results for the decay rate of
the Davydov soliton. %e also introduce the dimension-
less parameters that will be used in presenting the numer-
ical results. The numerical results are given in Sec. III.
These include (i) the soliton lifetime as a function of tem-
perature for three sets of parameters that have been sug-
gested as realistic, and (ii) the soliton lifetime for a very
large range of parameter values. Also we present a sim-

ple inequality among the parameters that would have to
be satisfied at physiological temperatures for this soliton
to be able to play an important role in energy transport.
Section IV is devoted to comparisons with other studies.
In this section we also point out several errors that have
contributed to the stability controversy. In Sec. V we
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propose a generalization of the Davydov soliton that is
not ruled out by our results. Conclusions are presented
in Sec. VI.

Schrodinger equation for a(n, t) that, in the continuum
limit, has the envelope soliton solution

a(n, t) = &p/2 sech[@(n —ut/R)]

II. LIFETIME CALCULATION

The standard model that underlies the Davydov soliton
mechanism is described by a Frohlich-type Hamiltonian
for a one-dimensional chain of molecular units on a finite
lattice of X sites with periodic boundary conditions.
Thus for our calculation of the lifetime we used the Ham-
iltonian
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with

cu =2(u, /R) sinqR/2

where R is the lattice constant and the speed of sound
v, =R &w/m. The term H;„,provides a linear coupling
between the exciton and the lattice.

In the simplest Davydov theory one assumes that the
state

~D(t) & =y a(n, t)B„'~0&,„~P(t)&

with

~P(t)) =exp g [P (t)a Pq(t)aq] ~0—)~h
q

adequately approximates a solution of the time-
dependent Schrodinger equation if the complex
coefficients a(n, t) and P (t) are solutions to the essential-
ly classical equations

i' a(n, t)= —&D(t}~H~D(t)&,
~ a = a

c)a'(n, t)

iA—P, (t)= (D(t))HJD(t)) .~ a = a
a~ q ap,*(t}

These equations can be reduced to a nonlinear

Here Bt and B„areboson creation and annihilation
operators for the vibrational excitation at the nth site as-
sociated with the amide-I oscillator having co=0.205 eV.
The parameter J describes a nearest-neighbor hopping.
Thus H,„describes boson-type Frenkel excitons. H„hde-
scribes a harmonic lattice in terms of the coordinates and
momenta of the molecular units, and can be rewritten in
terms of the acoustic phonons as

H h
=g ficoq (aq aq + —,

' ),

Thus this treatment yields a locahzed coherent structure
with size of order R /p that propagates with a velocity v

and can transfer energy E„&=co.However, since this
essentially classical treatment of the dynamics does not
give an exact solution of the Schrodinger equation, an ini-
tial soliton state of the form of Eq. (7) with a(n, 0) and

Pq(0} corresponding to the soliton solution is expected to
evolve into a less localized state. Furthermore, at finite
temperatures where there are phonons present in addi-
tion to the coherent state, this decay should be enhanced.
Our calculation gives a quantitative estimate of this de-
cay rate.

Davydov has argued qualitatively that such a soliton
state should be stable enough for it to propagate the
length of a typical protein structure without significant
distortion [11]. He observes the following. (i) Unlike
bare excitons that are scattered by the interactions with
the phonons, this soliton state describes a quasiparticle
consisting of the exciton plus lattice deformation and
hence it already includes interactions with the acoustic
phonons. (ii) The soliton state will not spread like an or-
dinary wave packet. (iii) The energy of the soliton state is
below the bottom of the bare exciton band, the energy
difference being Jp /3 for small velocity of propagation.
Hence energy must be added to have a transition from
the soliton state to a bare exciton state. (iv) Destruction
of the soliton requires the removal of the lattice distor-
tion. The transition probability to a lattice state with no
distortion is proportional to a Frank-Condon factor that
is negligibly small for a long chain. While these observa-
tions are certainly true, the full quantitative effect must
be calculated to determine the stability of the Davydov
soliton state. Our calculation addresses all these points
rather explicitly.

Since we are interested in investigating the case where
there is initially a soliton moving with a velocity v on the
chain, we consider the Hamiltonian in the rest frame of
the soliton, H'=H —vP, where P is the total momentum.
First we rewrite this Hamiltonian using new basis states
that were first introduced by Eremko, Gaididei, and Va-
khnenko [12]. For the excitonic system, the basis states
are the eigenstates determined by
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J—R +ihu +so —2J [1+///, sech (px/R)]
2a' a

Bx

The operators A, and Ak are the creation operators for
the states C&, (x) and 4k(x), respectively. For the single-
exciton subspace the eigenstates of Hp are

There is just one bound state,

X4' (x)=E 4 (x) . (14)
(bq) '
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= A,'lo&,„g '
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„

Qn, !
(28)
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and
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which is just the excitonic part of the Davydov soliton
state, and continuum states with corresponding energies

with
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For the phonon system, one introduces new phonon
operators

Here
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such that the coherent-state part of the Davydov soliton
state is the vacuum state for the new phonon operators.
In this representation

H =Hp+ V&+ V2 )
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(21)

V, = —g X,(k, k', q)(b q+bq)Ak Ak,
1

1 ~N 1

(22)

(23)

V~ = —+Xi(k, q)(bt +b )(Akt A, —A, A„)1

&N k

with

X, (k, k', q)=F(q) f dx e'q"@k,(x)@k(x),—L/2

Xi(k, q)=F(q) f dx e'q 4„*(x)4,(x),—L/2

where
1/2

2AF(q)=iX sinqR .
mao

(24)

(25)

(26)

(27)

Ho = W +E, A, A, +g Ek A k A/, +g fi(coq qv )bq bq-
k q

+ —g A(a/ qu)(fqbq+ fq bq )(1 A A )
1

N

is the coherent phonon state satisfying bql0&zh=0. The
quantity 8'is given by

W =—Q A'(cu —
qv ) lf I

= ,Jp—1

q

(33)

Clearly in the subspace where g„B„B„=A, A,
+gk Ak A/ = 1, Ho describes the relevant quasiparticles
of the Davydov theory: a Davydov soliton together with
phonons relative to the distorted lattice and delocalized
excitations belonging to an excitonlike band with pho-
nons relative to a uniform lattice. The bottom of the
band is at the energy J/L/, /3 relative to the soliton, and
the topological stability associated with removing the lat-
tice distortion is included.

We use first-order perturbation theory in ( V, + Vi ) to
estimate the decay rate of the soliton. The transitions
from the soliton to delocalized excitations are produced
by the V2 term, which can be satisfactorily treated by
perturbation theory since the coefficient Xz(k, q) as
defined by Eq. (26) is proportional to an integral over the
product of the localized state and a delocalized state, and
therefore is of order 1/&N. The V, term in the Hamil-
tonian is an interaction between the delocalized excita-
tions and the phonons. As a result the delocalized excita-
tions and phonons will have their energies shifted and
will have finite lifetimes; however, these effects are ig-
nored in our calculation since they are of second order in

V, . The estimate of the soliton lifetime would be im-

proved by treating V& to all orders, but that would make
the calculation intractable. In Sec. IV we give a qualita-
tive discussion of how our results would be modified if
the energy shifts and lifetime effects were included.

The average transition rate I from the soliton state in
first-order perturbation theory is given by
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I = lim
2 gP, g g f dt'(k, fn~]~V2(t')~s, [n~];)

In
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where
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The sum over i indicates a sum over initial sets of occupation numbers for phonons relative to the distorted lattice with
probability distribution P;, which is taken to be the thermal equilibrium distribution for temperature T. The evaluation
of I' is nontrivial but straightforward. The details have been previously presented [9,10]. For p «6/2, the result is
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The average soliton lifetime r is defined as 1/I. The
characteristic unit of time for the model is rp=R/v„
which is the time to move one lattice space when moving
at the sound speed for the chain. A useful energy scale is
the Debye energy ks8=fimu, /R. For v =0, ~/7p is
determined by the dimensionless parameters JM=y /Jw,
J/ks8, and T/8. Since one is interested in the case
where v «v„the results presented in Sec. III are for
v =0 and are in terms of these parameters.

in the simple single-chain model should be replaced by
3w and 3m, respectively. This does not change 8 or 'To,

but further reduces p by a factor of 3.
Figure 1 shows the lifetime as a function of tempera-

ture for the three sets of parameter values: the widely ac-
cepted values, the asymmetrical interaction correction,
and the asymmetrical case with the three channel param-
eters. Since one assumes that v «v„the soliton will not
travel the length of the chain unless ~/ Tp is large c'om-

IO

IO—4

III. NUMERICAL RESULTS

In previous publications [9,10] we concluded that the
lifetime of the Davydov soliton at 300 K was at least two
orders of magnitude too small for the soliton mechanism
to work. Although we indicated that our estimate for the
lifetime was not very sensitive to the parameter values
used, the results presented were for parameter values
near the so-called widely accepted values
J=1.55X10 J, w =13 N/m, y=62X10 ' N, and
m = 1.9 X 10 kg. It has been argued that these are not
the most realistic values to use for the evaluation of the
lifetime expression [1]. One suggestion is that H;„,of Eq.
(4) should be replaced by the so-called asymmetrical form

4o

4

IO—3

IO—2

I

10

IO
I IO IOOO

H „,=y g (u„+,—u„)B„B„. (39) T (K)

In the continuum approximation H,'„,is identical to H;„,
with y replaced by y/2. Hence p is changed to p/4.
Also, the real protein structure consists of three chains or
"channels, "which suggests that the w and m parameters

FIG. 1. Soliton lifetime ~ relative to 70 time to travel one lat-
tice space at the sound speed, as a function of the temperature T
for the widely accepted parameter values with symmetrical
(solid curve), asymmetrical (dashed curve), and asymmetrical in-
teraction with correction for three channels (dot-dashed curve).
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pared with L /R, where L is the typical length of the pro-
tein chain. Hence for L/R = 100, ~/~o) 500 is a reason-
able criterion for the soliton to be a possible mechanism
for energy transfer in protein. The lifetimes in Fig. 1 at
300 K are two orders of magnitude too small and
differences between the three parameter sets are
insignificant on the scale of ~/~0=500. As the tempera-
ture decreases, the lifetimes increase rapidly, and at
suSciently low temperatures ~ becomes large compared
with vari/ks T. This suggests soliton quasiparticles at low

temperatures. Comparisons with the thermal equilibrium
results of Monte Carlo calculations will be made in Sec.
IV.

We have also evaluated Eq. (36) for a very wide range
of parameter values. A summary of our results for the
lifetime of the soliton state is given in Figs. 2 and 3 for
p=2 and 0.2, respectively. Since the distance between
points where ~4(x)~ is equal to half its maximum is ap-
proximately 1.8R /p, the soliton size for p =2 is of the or-
der of one lattice spacing and therefore represents about
the limit for using the continuum approximation. The
soliton size for p =0.2 is of the order of ten lattice spac-
ings, which is approaching the opposite limit where the
excitation is not well locahzed. Hence these values span
the usual range of interest. The calculated values of ~/'To

are plotted as functions of JT/k&8 for several values of
T/8. As a point of reference, note that these parameters
have the values T/8=1. 5, JT/ks8 =8 4X10 . at 300
K, and p=1.9 or 0.16 depending on whether the widely
accepted or the "asymmetrical three-channel" parameter
values are assumed. Although there could be consider-
able uncertainty in assigning realistic values, it would

p. = 2.0

IO'

IO
4

IO
O.OOI O.OI O. l IO

3Tjk 8

seem to be safe to assume that 1 & T/8 (5 at 300 K and
J/k ii8«1. Consequently it is clear from the results

shown in Figs. 2 and 3 that the only possibility to satisfy
the criterion r/ro) 500 at physiological temperatures is

at small p, and small JT/k&8 .
In order to understand the general features of the

curves in Figs. 2 and 3, it is useful to approximate the in-

tegral in Eq. (36). We show in Appendix A that

FIG. 2. Soliton lifetime ~ relative to rp as a function of
JT/k&e for several values of T/0 for the case of @=2,where
soliton size is of the order of a single lattice spacing.

1
Re f dt exp[ i[J(kR—) +Jp /3+fico ]t/fi+g(t)+b(t)] =(4n.h )

' exp[ —[J(kR) +Jp +fico ] /4b, j, (40)

with

b, =2Jp kiiT/3, (41)
IO

p. = 0.2

when T/8) 1 and m. JT/k~8 ))1. This integral is the
generalization of the usual 5 function for energy conser-
vation in zero-temperature perturbation theory. A1-

though the hmits T/0) 1 and ~ JT/k&O ))1 are not
well satisfied for the entire range of parameters in Figs. 2
and 3, this Gaussian expression yields results that are in
good agreement with the plotted results, which were ob-
tained from the direct numerical evaluation of Eq. (36).
It is clear from this Gaussian expression that the lifetime
will be large if J/k~0 is either so large or so small that
the Gaussian is very small for k and q between —m. /R
and +~/R, i.e., in the Brillouin zone. The temperature
dependence of the lifetime of the soliton is mainly due to
the temperature dependence of the width of the Gauss-
ian, which decreases with decreasing temperature. Using
the approximation of Eq. (40) with Eq. (36), it is straight-
forward to show that

Io

IO

IO

IO

IO' I

O.OOI O.OI O. I

ZT/k 8

FIG. 3. Soliton lifetime ~ relative to 'Tp as a function of
JT/k&O for several values of T/0 for the case of @=0.2,
where soliton size is of the order of ten lattice spacings.
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( JT/ks 8 ) IJ, ~ 9 X 10 /qr = 10 (42)

that needs to be satisfied for this Davydov soliton to be a
possible mechanism for energy transfer in protein, i.e.,
rlrp&500. For the asymmetrical three channel values

(JT/kji8 ) p= l. 1 X10 . Although it seems unlikely

that Eq. (42) can be satisfied since it would require pa-
rameter values that are very different from those previ-
ously assumed, there clearly needs to be more confidence
in the values before a definite conclusion can be made
concerning the Davydov mechanism with this form of
the soliton.

IV. COMPARISQNS

As noted in Sec. II, our calculation of the soliton life-
time does not include effects associated with the V, term
of the Hamiltonian. While Ho describes the relevant ex-
citations of the Davydov treatment, the main effect of V&

is to modify the spectrum of the delocalized excitations in
the weak-coupling limit (Jp/k&8((1). The energies of
these excitations will be shifted and also broadened to
reAect a finite lifetime. For small p one can show that in
the subspace where N, = A, A, =0 the operator Ho+ V&

is essentially the Frohlich Hamiltonian

(Hp+ Vi )~ —p= g Ek Ai Ak +g A'(coq qv)aqaq
k q

X —g F(q)(aq+a q ) Ak+q Ak
1

+0 1

N
(43)

Therefore, we can estimate the energy shift from weak-

coupling polaron theory, which shows that the bottom of
the excitation band is shifted downward by an amount of
order Jp. The calculation of Venzl and Fisher [13]found
3.541Jp for this binding energy. Since the binding ener-

gy of the Davydov soliton is Jp /3, there are delocalized
states at energies below the soliton state energy for the
values of p that are of interest. This fact invalidates one
of the qualitative arguments of Davydov for the soliton
stability that me noted in Sec. II. In general, if Ho+ V,
mere used instead of Ho as the zero-order Hamiltonian in
the perturbation calculation, one mould expect shorter
soliton lifetimes.

In order to make a crude estimate of the effect of in-
cluding V&, one can replace in our calculation of the soli-
ton lifetime the energy Ek of the delocalized excitation by
Ek+5E —i%I, where 6E= —Jp corrects for the energy
shift and I describes the decay rate or damping of the ex-
citation. For T & 0»J/kz one can estimate fiI to be of
order JpT/O. At higher temperatures there will be very
little effect on the calculated lifetimes provided

q-/rp=9/[2m(. JT!k&8 ) p]

in the limit of small J/kii8 and p. This simple function-
al form is clearly seen in the numerical results presented.
Hence our perturbation calculation yields the following
simple condition on the parameters

T & 0»J/k&. This can be seen in terms of the integral
of Eq. (40), which describes the smeared energy conserva-
tion. Our criterion, Eq. (42), should remain valid at phy-
siological temperatures, since it corresponds to the limit
where the phonon energy dominates in Eq. (40). Howev-

er, at low temperatures where energy conservation is
more strictly obeyed, the existence of delocalized states
below the soliton state mill permit the soliton to decay by
the process where there is spontaneous emission of a pho-
non. Hence our results in Sec. III clearly overestimate
the soliton lifetime at very low temperatures.

Next we wish to consider our perturbation results in
comparison with some claims that have been made in the
literature. Bolterauer [14] has argued that the soliton
lifetime at zero temperature can be calculated from the
uncertainty of energy with the lifetime being given by
A/AE, where

(44)

with ~s ) denoting the Davydov soliton state. Using our
representation, it is easy to show that

~E ={slV2ls~= —gX (k q)X ( k q)
1

k, q

(45)

where Xz(k, q) is given by Eq. (26). The numerical evalu-

ation of this expression with the widely accepted parame-
ter values yields a value for b,E of 2.6X10 J (Bol-
terauer reported 3.2X10 J). Thus based on fi/b, E,
one obtains a lifetime at T =0 K of 4X10 ' sec, which
is essentially the same as our perturbation result for
T=300 K. Since the soliton lifetime increases rapidly
with decreasing temperature in our perturbation treat-
ment, the Bolterauer estimate is inconsistent with our re-
sults. However, this is not unexpected since the uncer-
tainty in the energy as defined by Eq. (44) does not give a
correct estimate for the lifetime of the soliton state. The
relationship between lifetime and energy uncertainty as
measured by the square root of the variance assumes a
Gaussian or near-Gaussian distribution for the superposi-
tion of energy states in the quantum state. The soliton
state is not an ordinary wave packet, since the phonons
are described by a coherent state. We show by simple ex-
ample in Appendix B that this definition of the uncertain-
ty in energy yields an estimate for the lifetime that is
qualitatively wrong for the Davydov soliton where the
phonon part is a coherent state. Thus the very short
"quantum lifetime" calculated by Bolterauer is essentially
unrelated to the actual lifetime of the Davydov soliton.

At the opposite extreme is the claim by Scott [15] that
there is a stabilizing quantum effect that will cause the
soliton state to have an infinite lifetime in the limit of an
infinite chain (N~ oo ). The essential idea, as noted in
(iv) of the arguments of Davydov in Sec. II, is that the de-
cay of the Davydov soliton requires the removal of the
lattice distortion that is described by the coherent state
~0)&h, defined by Eq. (32). Scott argued that the transi-
tion probability to any undistorted state should be pro-
portional to the Franck-Condon factor
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I»&0Io&»I'=exp —
~ g If, I'

q

(46)

where here as in all our phonon sums the q =0 term is
excluded. Scott carefully evaluated this factor for a finite
chain with free ends and found that it could be so small
as to e8'ectively forbid the decay of the soliton. For our
calculation where periodic boundary conditions were
used, it is sufficient to note that since

If I diverges as

q
' as q goes to zero, the Franck-Condon factor vanishes

for N infinite. The implication would seem to be that the
decay rate for the Davydov soliton should be determined
by this Franck-Condon factor and therefore would be
zero in the limit of a long chain.

Our results obviously give a finite decay rate. It is also
clear that our calculation takes into account the removal
of the distortion in the lattice. As can be seen from Eq.
(29}, the delocalized states are in terms of the phonon
vacuum IO)», not the coherent state IO)». Inspection of
Eq. (36) shows that instead of the Franck-Condon factor
there is a somewhat similar term, exp[g(t}] at T=O or
exp[g(t}+b(t)] at a finite temperature. From the
definitions of g (t) and b (t) in Eqs. (37) and (38) it is clear
that the large-N limit yields integrals where the functions
integrated are regular at q =0.

The argument for the Franck-Condon factor made by
Scott involves a hodgepodge of the Davydov classical dy-
namics and quantum dynamics. It has relevance as a cri-
ticism of the numerical treatments that use the dynamics
described by the Davydov equations; however, since it
completely ignores the transitions caused by the V2 term
in our notation, it has essentially no relevance to an actu-
al quantum-mechanical calculation of the lifetime of the
Davydov soliton.

There have been many numerical simulations [4-7] of
the soliton dynamics based on the equations of motion
derived by Davydov for the soliton state of the form used
in our calculation, the so-called ID2) state, as well as a
more general soliton state ID, ), which is a linear com-
bination of the products of an exciton state and a
coherent phonon state. The simulations based on the
IDz ) state generally agree that the stability of the soliton
decreases with increasing temperature and that the soli-
ton is not suSciently stable at physiological temperatures
if the widely accepted parameter values are used; al-
though results are clearly sensitive to the initial and
boundary conditions used and the method of generalizing
to finite temperature. Under certain conditions on the
parameter values, stable solitons are found at 300 K, but
these results are not in agreement with our quantum-
mechanical perturbation results. Since the dynamical
equations used in the simulations are not equivalent to
the Schrodinger equation and there seems to be no way to
characterize the difFerence with the true dynamics, it is
our view that these numerical simulations have only add-
ed confusion to the question of the stability of the
Davydov soliton.

The simulations [7] based on the ID, ) state with the
thermal treatment of Davydov [16], where the equations
of motion are derived from a thermally averaged Hamil-

tonian, yield the surprising result that the stability of the
soliton can be enhanced with increasing temperature.
Thus these treatments predict stable-type IDi ) solitons
at physiological temperatures. However, the Davydov
procedure where one constructs an equation of motion
for an average dynamical state from an average Hamil-
tonian, corresponding to the Hamiltonian averaged over
a thermal distribution of phonons, is inconsistent with
standard concepts of quantum-statistical mechanics
where a density matrix must be used to describe the sys-
tem. Consequently this treatment for the ID, ) state is
subject to even more criticisms than the corresponding
treatment for the ID2 ) state. Unfortunately our
quantum-mechanical calculation cannot be easily gen-
eralized to the linear combination of product states.

There exists no exact numerical treatment for the dy-
namics of the Davydov model with which to compare our
perturbation treatment in a quantitative manner. How-
ever, for the thermal equilibrium properties there are
quantum Monte Carlo simulations [17]. In these simula-
tions correlations characteristic of solitonlike quasiparti-
cles are only seen at low temperatures ( T 5 10 K) for the
widely accepted parameter values. For the Davydov soli-
ton to contribute to equilibrium correlations at tempera-
ture T, its lifetime should satisfy

b/~«5E, „&k~T, (47)

where 5E,„=(D2 IHID2 ) E(ground—state) is the excita-
tion energy of the soliton, which is of order Jp as previ-
ously noted. If this is satisfied, the Davydov soliton is a
we11-defined quasiparticle that contributes to the thermal
equilibrium properties. Our perturbation results for the
lifetime show that this condition is not satisfied at higher
temperatures, and therefore we are consistent at a quali-
tative level with the Monte Carlo results. Since the life-
time increases rapidly with decreasing temperature the
condition could be satisfied at lower temperatures. How-
ever, since the Davydov soliton has a finite excitation en-
ergy Jp/kit =10 K, its contribution would become negli-
gible as the temperature goes to zero. In contrast, the
Monte Carlo simulations show that the correlation of the
excitation site with the lattice deformation, which is simi-
lar to the correlation in the Davydov soliton state, im-
proves as the temperature goes to zero. As noted by the
authors, this is consistent with the picture where the
lowest states belong to a band corresponding to a super-
position of soliton states satisfying Bloch's theorem.
Consequently there is no real evidence for the existence
of the Davydov soliton as a persistent localized entity in
the thermal equilibrium results at low temperatures, al-
though these results do not in any way contradict our re-
sult that the lifetime can be sufficiently long at low tem-
peratures for the Davydov soliton to be a well-defined
quasiparticle.

V. LARGE EXCITATION NUMBER

In a previous paper [10] we generalized our perturba-
tion treatment to the case of a single soliton with an exci-
tation number greater than 1, i.e., g B B =n To.
rewrite the Hamiltonian we used basis states correspond-
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(c )'
X g ~ i0)(» —m)

n!
(48)

where bq=c~ —(m/n&N )f and c i0)'h '=0. Here

fq is given by Eq. (20) with csch(nqR/2p) replaced by
csch(mqR/2np, ) Th.e corresponding unperturbed ener-
gies areE„.„.. .„.!„!= [1 (m—/n) ]W+(n —m)E,

+ g E„+gfi(co, qv)n—, , (49)

with W =2n Jp l3. In this formalism the Davydov soli-
ton with excitation number n is the n-particle state

in ) = ( a t)"io),„io)t"„', (50)

ing to a generalization of Eqs. (14)—(18), where p is re-

placed by np. In the subspace of an excitation number
equal to n, the eigenstates of the generalized Ho have the
simple form

in —m k, . k;In I)

based on the fact that co, the quantum of the amide-I os-

cillator, is approximately one half the free energy
released in the hydrolysis of adenosine triphosphate to
adenosine diphosphate (ATP to ADP). Since eo « J, this

energy release would be about right to excite a single
n =2 soliton. However, Eq. (51) allows for another possi-
bility, namely a soliton with a very large excitation num-
ber n =(3EO/J)' /p such that the nonlinear term in the
expression for the soliton energy approximately cancels
the linear term. This possibility fully exploits the Bose
character of the vibrational exciton and the nonlinearity
resulting from the coupling with the lattice. Further-
more, it is clear that this large-n soliton would be stable
at physiological temperatures since by Eq. (52) it would
have a binding energy of order co, which is large com-
pared with the Debye energy and k&T at 300 K. Thus
even with the thermal smearing, transitions are
suppressed by the large energy difference between initial
and final states that cannot be compensated by the energy
of the phonon absorbed. Instead of kz T/J or T/8 being
the relevant parameter, k&T/Eo determines the decay
rate. Consequently it seems that this large-n soliton
could provide a realistic mechanism for localized energy
transport in protein. The resulting picture is very com-
pelling for biological applications since the soliton is a
quasiclassical entity for large-n values.

which is the ground state of Ho with energy

E„=W+nE,=(c.o—2J Av l4J—R )n Jy, n l3—,

(51)

as given by Eq. (49).
In first-order perturbation theory the term V2 causes

transitions that partially delocalize the state, i.e., transi-
tions from n to n —1 for the occupation number of the lo-
calized state. From Eq. (49) the binding energy of the n

state relative to the n —1 states is

E„&k E„=(n—2n—/3)Jp +J(kR) (52)

The calculation of the soliton lifetime defined as the in-
verse of the transition rate from the soliton state to the
n —1 states is a straightforward generalization of the
n =1 case, provided np is not so large as to cause the
continuum approximation to fail. The generalization of
the condition given in Eq. (42) for a sufficiently stable sol-
iton is

(JT/k~8 ) p/n &10

The 1/n factor makes this condition only slightly easier
to satisfy. It is not applicable for large n. Apart from the
continuum approximation, the analysis that yields this
condition requires that the binding energy of Eq. (52) be
small compared with the Debye energy, which sets the
scale for the energy of the phonon absorbed or emitted in
the transition. Consequently the Davydov soliton as
originally proposed with n =1 or 2 is not a likely candi-
date for localized energy transport in protein.

The viewpoint that n should be a small number is

VI. DISCUSSION

Our calculations show quite clearly that the iD2)
Davydov soliton with n =1 or 2 is not a likely candidate
for a mechanism for localized energy transport in pro-
tein. Parameter values would have to be vastly different
from those previously assumed for the soliton to be
sufficiently stable, i.e., satisfy Eq. (42) or its generaliza-
tion, Eq. (53). Since our calculation is a straightforward
application of quantum-mechanical perturbation theory,
we have complete confidence in this conclusion. As ar-
gued in Sec. IV, the lifetime estimates should only be re-
duced by effects that are neglected in this lowest-order
perturbation treatment. Also, we showed in Sec. IV that
results in the literature that are inconsistent with our re-
sults are clearly unreliable for specific reasons.

Our proposal in Sec. V, that a single soliton with a very
large excitation number could provide a mechanism for
localized energy transport, is admittedly based on quali-
tative arguments. Clearly the continuum approximation
should not be used since pn =(3co/J)' =25, therefore
the term "soliton" may not be appropriate for this entity.
However, the Bose character of the exeiton plus the cou-
pling with the lattice will allow a stable large-n entity
with an energy of the order of the relevant biologiea1 en-
ergy. A quantitative study of this entity will require go-
ing beyond the continuum approximation. Also, it is
very probable that anharmonic terms that are neglected
in the simple Davydov model must be taken into account
to obtain a reasonable description of the physics of a
molecular chain with a localized large-n excitation.
These generalizations are currently under investigation.
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APPENDIX A

The approximation Eq. (40) for the time integral in Eq.
(36) follows from an analysis of the functions g(t) and
b(t). For the soliton velocity set equal to zero and the
phonon frequency toe approximated by &w/m lqlR, g (t)
can be exactly evaluated in terms of the digamma func-
tion and its derivative.

g (t)= (2J—p/ktt8)[ixg'(1+ix)+g(1+ix) g(—1)),
(A 1)

the small x dependence and therefore the Gaussian ex-
pression is a good approximation in that limit.

APPENDIX B

In order to demonstrate that the uncertainty in energy
as defined by Bolterauer does not give a correct estimate
for the lifetime of the Davydov soliton, we consider the
very simple dynamics associated with the free phonon
Hamiltonian H h given in Eq. (5). Let the phonon system
be initially in the coherent state given by Eq. (32), which
is the phonon part of the Davydov soliton state. The
probability P(t) that the phonon system is in the same
state at time I;is given by

(B1)

P(t) provides the quantitative measure of the decay of
this coherent state. For this simple Hamiltonian the ex-
act evaluation of this expression is trivial. The result is

2

P(t)= exp ——g lf l (1—e ' )

b(t)= (tt JT/k—tt8 )(mxcothttx —. 1) . (A2)

where x =pktt8t/n. h. Also, b(t) can be approximated
for T/8 ) 1 as follows.

eg(, t)+g *(t) (B2)

where this is the same g (t) that was previously defined in
Eq. (37). Using the asymptotic formula of Eq. (A5), one
sees that

For x & 1, both g and b have power-series expansions. To
lowest order as x ~0,

—4Jp/k 8
P(t) — (e'+rpktt8tlnk). (B3)

g(t)= (2'/k—tt8)[itr x /6+3((3) x],
b(t)= —(n JT/3ktt8 )x

(A3)

(A4)

Hence the coherent state decays only as a power of I,. For
small Jp/ktt8 this gives essentially an infinite lifetime.

One can easily calculate AE defined by

(B4)
As x ~~, the leading terms in the asymptotic formulas
are The result is

g(t) = (2Jp/ktt8—)(itt/2+lnx+1+y), (A5) (B5)

b(t)= —(n'JT/ktt8 )x . (A6)

Except at low temperatures, the x-dependent term in the
real part of g (t) is small compared with b (t) for parame-
ter values of interest and can be neglected. Approximat-
ing g (t) and b (t) by Eqs. (A3) and (A4), one obtains the
Gaussian expression of Eq. (40) for the integral. The Eqs.
(A5) and (A6) would instead yield a Lorentzian expres-
sion. If ~ JT/k~8 )&1, the integral is determined by

which for small p is approximately 0.15k&SJp . If the
energy-time uncertainty relation were applicable, this
would yield a lifetime that is orders of magnitude shorter
than that implied by Eq. (B3). This procedure is only val-
id when the quantum state consists of a superposition of
energy eigenstates where the probability distribution is
Gaussian or near Gaussian. This is not the case with our
coherent phonon state, where higher-order cumulants are
of the same order as the variance that is used for the hE
calculation.
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