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The training and generalization errors of three well-known learning algorithms are calculated using

methods of statistical physics. We focus in particular on inconsistent algorithms that are unable to per-

fectly classify the training examples, and show that the asymptotic behavior of these algorithms is

different from the case of consistent algorithms. Our results are in agreement with bounds derived by

computational learning theorists. We further find that the replica-symmetric theory is stable everywhere

for two of the algorithms studied, which leads us to conjecture that it is the exact solution in these cases.
We also demonstrate that one of the algorithms studied performs almost indistinguishably from the

Bayes learning algorithm, while having the advantage of being implementable in a single-layer network.

PACS number(s): 87.10.+e, 02.50.+s, 05.20.—y

I. INTRODUCTION

Much recent progress in the theoretical understanding
of the learning ability of neural networks has come from
two different sources. On the one hand, researchers in
the computational learning community have pursued a
line of investigation pioneered in the 1970s particularly
by Vapnik and Chernovenkins [1], which focused on the
analysis of the worst case performance of learning algo-
rithms. We refer in what follows to work along these
lines as the VC theory, although many new results have
been obtained since the seminal work of Vapnik and
Chernovenkins. While these analyses have produced an
impressive array of results under very general conditions

[2], it has not been clear how these results relate to
specific instances, or to the average case performance. In
particular, the VC results usually take the form of upper
bounds on the worst case performance of any consistent
learning algorithm for arbitrary probability distributions
over both the space of examples and the space of learning
tasks. Thus it is not clear how tight these bounds are and
how they are related to the average case performance of
specific learning algorithms in typical situations. The
term consistent refers in the learning context to algo-
rithrns which are able to learn the training examples per-
fectly, i.e., do not misclassify any of them.

A second line of research, initiated by the papers of
Gardner [3] and Gardner and Derrida [4], is concerned
with the calculation of the average case performance of
specific learning algorithms, under very restrictive condi-
tions. In particular, the results obtained so far are limit-
ed to the class of single-layer feedforward neural net-
works, with particularly simple probability distributions.
This approach suffers from the additional problem of not
being mathematically rigorous. We note, however, that
results obtained with this approach have in general given
very good agreement with computer simulations [5,6].

Moreover, at the present time we are not aware of any al-
ternative technique for calculating the average case per-
formance.

An initial attempt at bridging the gap between the two
approaches discussed above has been recently taken in
Ref. [7]. One of the main thrusts of that paper is that the
results obtained from the general VC dimension analysis
provide, in fact, rather tight bounds on the average case
performance as calculated by the statistical physics ap-
proach poineered by Gardner. In this paper, however,
we cover a situation which has only very recently been
addressed by VC-dimension theorists [8]. In particular,
we focus on learning algorithms that produce hypotheses
which are not necessarily consistent with the training ex-

amples, but that nonetheless produce small generalization
errors. Three batch mode algorithms are considered in
the present work: (i) the zero-temperature Monte Carlo
algorithm [9], (ii) the perceptron learning rule [10], and
(iii) the relaxation algorithm [11]. We will show that a
careful choice of a single parameter in the latter algo-
rithrn yields performance results which are almost indis-

tinguishable from the Bayes learning algorithm studied
recently by Opper and Haussler [12], while having the
merit of being implementable in a single-layer network.
The Hayes algorithm, on the other hand, requires a hid-
den layer in order to be implemented.

Our study incorporates a margin parameter ~ which
biases the algorithms to favor networks less sensitive to
the effects of noise in the training data. However, since
in this case the quantity to be minimized is not the
classification error [see the definition in Eq. (2.10) below],
but rather the training error, such networks can in fact
produce nonzero classification errors for large enough
training sets. Thus the tuning of ~ allows us to distin-

guish between consistent and inconsistent algorithms.
We also find that the asymptotic dependence of the gen-
eralization error on the size of the training set is different,
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depending on whether the learning algorithm is con-
sistent or not. We note that Griniasti and Gutfreund [13]
have recently investigated these learning algorithms in
the context of recurrent neural networks, with particular
emphasis on their retrieval properties.

The remainder of this paper is organized as follows. In
Sec. II we introduce the model in detail, after which we
present in Sec. III the results of its analytic solution
within the replica symmetric theory. This section also in-
cludes a discussion of the stability of the solution, as well
as a comparison of the results with the annealed approxi-
mation. The results of the replica symmetric theory are
discussed in detail in Sec. IV. Finally we present a sum-
mary of our results in Sec. V, together with some open
questions.

P
E(W)= g C(W;S'), (2.4)

where the specific choice of the function 6(W;S) is up to
the trainer. The learning algorithm corresponding to a
particular choice of error function would then just be
given by the gradient descent rule

dW;

dt BW;
(2.5)

In order to describe the error function it is useful to
define the variable

measures the cumulative error on the training set
S', . . . , S and is usually taken to be of the form

II. MODKI t N

5(W S t)= g 8;S, .J (2.6)

We consider the problem of learning from examples in
single-layer neural networks. We assume the examples
presented to the learning network, to be referred to as the
student, are drawn from another single-layer perceptron,
which we name the teacher. The examples are drawn
from a probability distribution v(S), while the teacher
function f is drawn from a probability distribution P(f).
The main question we address in this paper is that of ob-
taining average learning curves for the three algorithms
under study. By learning curve we refer to a plot of the
generalization error as a function of the size of the train-
ing set. The average will be taken with respect to these
two probability distributions. We then compare the per-
formance of these algorithms to that of the optimal Baye-
sian classifier, analyzed recently by Opper and Haussler
[12].

We focus on the binary input/output case here, where
both the input and the output of the student and teacher
networks are binary +1 variables. We assume the stu-
dent is exposed to a stream of P =aN input/out-
put examples (S', t'), (S,t ), . . . , (S,t~', where
S'=(SI,Sz, . . . , SN) and the outputs t' are assumed to
be generated by a single-layer perceptron. Thus the tar-
gets t'are given by

N
t'=sgn g 8'~S' (2.1)

j=1

The response of the student network to an input S' is
similarly given by

8 (W;S)=(»—b, )8(»—b, ), (2.8)

while the third function considered is the relaxation func-
tion (R) [15],

8 (W;S)=(»—6) 8(»—b, ) . (2.9)

The three error measures we focus on have been well
known for many years, although except for the first one
we do not know of any analytic calculation of the learn-
ing curves for these algorithms. The learning algorithm
corresponding to the choice (2.8) is just the celebrated

The first form we consider is just the 0, 1 loss function,
studied in detail by Gardner and Derrida (GD) [4]. Al-
though this error function does not give rise to a
gradient-descent learning algorithm through Eq. (2.5), as
it is piecewise constant, it is still useful to investigate its
properties since it is directly related to the actual
classification error [see Eq. (2.10) below]. Moreover, the
GD error function can be minimized through simulated
annealing methods [14], although this approach is of
course much more computationally expensive than
gradient-descent learning. Following Gardner and Derri-
da [4] we define

(W;S)=8(»—6) . (2.7)

Obviously for ~=0 this choice of error function corre-
sponds to the number of misclassifications. The second
function we are interested in is the perceptron function
(P) [10,15],

o'=sgn g WJSJ' (2.2) perceptron learning algorithm [10] (performed in batch
mode), while that corresponding to (2.9) is the relaxation

The objective of the learning process is to be able to
predict the outcome of a random input with as small an
error as possible. To quantify this notion we define a gen-
eralization error which measures this probability, and is
simply given by

e(W) =fdv(S)8( to)—'(2.3)

where the Heaviside function 8( to) is 0 or 1 depend-—
ing on whether the network output o is correct or not.

Another quantity of interest is the training error which

algorithm, introduced by Agmon [11] as a method to
solve a set of linear inequalities, and later generalized by
Mays [16] to include the margin parameter». In fact
these authors were concerned with the on-line version of
the learning process, where the weight adaptations are
made after each pattern presentation. The relaxation al-
gorithm has recently also been studied in the context of
neural networks by Anlauf and Biehl [17].

It is important at this stage to emphasize the difference
between the training error given by (2.4) and the
classi+cation error E, (W ), which measures the number of
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misclassifications on the training set. This distinction is
only relevant, of course, in the case ~)0. For ~=0, both
the classification and the training error will be shown to
vanish for any a. Thus we define

P
E,(W)= g e( t'o—'),

1=1
(2.10)

P(W)=Z 'e ~~'w'-
where the partition function Z is given by

Z= dpWe

(2.11)

(2.12)

and p= 1/T is the inverse "temperature. " In order to
impose a measure dp(w) on weight space, we follow

with t' and o being given by (2.1) and (2.2), respectively.
As we point out in Appendix B, the classification error
(2.10) becomes nonzero above a critical value of a, after
which it increases to a maximum and then decreases to
zero for a~ ~. The fact that the classification error is
nonzero substantiates our claim that for ~)0 the algo-
rithrns are in fact inconsistent. It may be argued at this
stage that introduction of the margin term ~ does not
seem to make much sense, since it produces a nonzero
classification error. However, as we show below, if the
training set is of limited size, it is always better to train
the network with nonzero ~, thus sacrificing a nonzero
classification error for a minimal generalization error.
Moreover, Mays [16] has shown that training with ~&0
speeds up the learning, although this is an issue we do not
address here.

It should further be noted that if a ground-state energy
of zero exists for one of these error functions, it exists for
all three. Thus we expect that as 1ong as the number of
training examples is not large, so that the training error is
zero, all three error functions will produce identical re-
sults. The difference between them becomes apparent
when the training error is nonzero. It should also be not-
ed that with these definitions it is quite possible to have
the generalization error smaller than the training error
for ~ & 0. This is due to the fact that we have defined the
generalization error in Eq. (2.3) as the probability of
misclassification, without reference to ~, while the train-
ing error vanishes only if b(W, S, t) &x for all training
patterns. We believe that this is the sensible definition in
this case, since the generalization error should not be
defined with respect to the learning parameter ~.

At this stage it is useful to introduce a probabilistic ele-
ment into the problem. Since the only information avail-
able to us is the training error, we would like to consider
the space of all networks of a given training error. As we
are assuming no prior knowledge, it is natural to require
that all networks of a given training error are equivalent.
Within the space of all networks (of a given architecture)
it is useful to introduce a probability distribution which is
constrained solely by the given average training error.
Using the maximum entropy principle, which requires
that we pick the probability distribution of maximal en-
tropy which obeys the constraints (in this case on the
training errors), we are immediately led to the standard
Gibbs distribution

Gardner [3] and restrict the weights to be real variables,
confined to lie on the surface of the N-dimensional sphere
of radius N,

dW;
dp(W)= g 5(W W N—) .

217e
(2.13)

Having defined a probability distribution over the
space of networks we may proceed now to define the
average training and generalization errors as follows:

e, (T&,~)=& '(( (E(W)), &),

e (T,Z~)=(& (e(W))

(2.14)

(2.15)

where the thermal average ( ) T is taken with respect to
the probability distribution P(W) and (( )) is an average
over the probability distribution of the examples v(S).
We assume that the examples S; are independent, identi-
cally distributed +1 variables, with Prob(1)
=Prob( —1)=—,

' . Note that in principle we should also

average over the probability distribution of the teacher
P(f). However, as we point out in Appendix A, if cer-
tain assumptions are made about this distribution one can
do away with this further average. The free energy is
given by the quenched average

F(T,P, ~) = —T((lnz )), (2.16)

for which the training error as well as the entropy may be
obtained by the thermodynamic formulas

1 a(PF)
ap

BFS=-
c}T

'

(2.17)

(2. 18)

where E, (W) is given by (2.10). It is not difficult to see
that e, obeys the relations e, e„as well as 6' E'g.

In what follows we will concern ourselves with the
zero-temperature limit p~~. However, as we are in-

terested in deriving explicit expressions for the training
errors we must consider the nonzero temperature case
first, then taking the limit in Eq. (2.17) after calculating
the derivative. We note that learning at nonzero temper-
ature has been shown to be advantageous when the train-
ing examples themselves are noisy [18]. We limit our-
selves in this study to the case of error free examples.

Probably the most interesting question one can ask
about the above learning algorithms is how well they gen-
eralize. Using the framework of statistical physics, as ap-
plied by Gardner and Derrida [4] to this class of prob-
lerns, we are able to answer this question. As we show in
Sec. IV, the three algorithms have difterent generaliza-
tion abilities. We do not address here the issue of the
convergence properties of these algorithms. For a discus-
sion of this issue the reader may consult the textbook by
Duda and Hart [15].

It is also useful to define the average classification error
~c~

(2.19)
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III. THE REPLICA APPROACH

The mathematical problem we are faced with at this
stage is the calculation of the average free-energy density
in the thermodynamic limit N~ Oo, where the average is
taken with respect to the probability distribution of the
examples dv(S). Since the free energy is related to the
logarithm of the partition function, we resort to the well-
known replica trick

lim ((lnZ)) = lim lim
N~ con~0 n

(3.1)

In order to proceed we follow a common strategy in the
physics literature, by first calculating limz „((Z"))and
then taking the limit n~O. While this interchange of
limits has been shown to be valid for the spin-glass prob-
lem [19],we do not know of any arguments for its validi-

ty in general.
Using the standard approach to these problems [3,4]

we proceed to evaluate limz „((Z")),obtaining the fol-

lowing expression:

Thus we see that q p is related to the correlation between
two solutions a and P, while R is related to the overlap
of a solution a with the teacher.

q p=q, q p=q Va&P,

R =R, P =P Va.

(3.7)

(3.8)

With this ansatz in mind, one proceeds to obtain the
following expression for the free-energy density in the
limits N ~ 00 and n ~0:

A. The replica symmetric solution

To proceed further, one is required to solve the
saddle-point equations for general n and then take the
limit n~0. This procedure is in general very complex.
In order to make progress, however, it has been cus-
tomary to make an ansatz concerning the solution of
these equations. In particular, the most commonly used
replica-symmetric assumption is just that all the variables
take on values independent on the replica index, i.e.,

1 1 —r
Pf =—— +ln(1 —q) +aG&(q, r) .

2 1
(3.9)

a(p

dR.dk.
~ ~ 2 '/N

The specific forms for the functions 6, at nonzero tem-

perature, for the three cases studied, are again given in
Appendix A, as they are rather lengthy. The variable r
appearing in (3.9) is related to R by

—NF(.q p, g p, R,P )o' s' R (3.10)

N
(3.3)

where xo is the saddle point at which BF/Bx =0, and it is
assumed that the Hessian matrix 8 F/Bx;Bx, evaluated
at xo, is a positive definite matrix (i.e., the point xo is a
true minimum).

Since the expression for F is rather lengthy, we direct
the reader to Appendix A where it is explicitly displayed.
The physically meaningful order parameters q p and R
are given by

~a ~p

1R = —W.W

(3.4)

(3.5}

where the averages are with respect to the probability
measure

The integrals are then evaluated in the limit N~ 00 by
the standard saddle-point method [20]

dx e '"'-(2m) N Det
BF

Bx;BXJ
J

where M=N 'g;(W; ) . We further assume that the
teacher weight components W, obey the lato of large
numbers [21] and thus M approaches a definite limit
when N~oo. We elaborate on this assumption in Ap-
pendix A. It is interesting to note at this stage that all
reference to the teacher probability distribution has van-
ished, since M was eliminated from the expression for the
free energy through a rescaling of the order parameter R.
Thus we conclude that if the replica theory is correct, the
properties of the system are independent of the specific
teacher distribution, as long as the random variable M
approaches a definite limit for large N. We note that this
situation occurs only because the student weights are
real. In the case where these weights are constrained to a
discrete and bounded set of values [6] we need to consider
the full probability distribution of the teacher weights.

Following Gardner and Derrida [4] we realize that in
the zero-temperature limit P~~ we may expect two
types of solutions. The first one, with q (1, is given sim-

ply by setting P= co in Eqs. (A9) —(All) of Appendix A,
obtaining an equation valid in all three cases,

—2

lim ( l3f ) =— +—ln(1 —q)
p ~ 2 1 —

q

de(W)= g dp(W )exp g q &W .W~
a=1 a,p

a(p where

+ DtH ( lnH (3.11}
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x+ v'q t

&I—
q

We have also introduced the standard definitions
2—r /2

Dt= dt

and

H(x)= f Dt .

(3.13)
We immediately observe that when x ~ ~ the training
errors vanish in all cases, which is consistent with the re-
sults obtained below a, . The fact that the three error
functions give rise to the same free energy below a, is ex-

pected, since it is clear from the basic definitions [Eqs.
(2.7)—(2.9)] that if a zero ground-state energy exists, it ex-
ists for all models simultaneously.

B. Stability of the replica symmetric solution

Solving the saddle-point equations resulting from set-
ting the derivatives off with respect to q and r to zero we
find that for a &a, (x.) they possess solutions with q & l.
At a„however, q ~1 and the equations become singular.
Note that for ~=0, a, = ~, so that there always exists a
solution with q (1 in this case. This transition to q =1
at a finite value of a has been observed already by
Gardner and Derrida [4] in the context of a random map-
ping and by Gyorgi and Tishby [18] in the context of
learning from examples with noisy input patterns. For
a) a„we must thus consider the limit when p~ ~ and
1 —

q ~0 while P( 1 —q) & co. Defining

x =P(1—q), (3.14)

2

f = — + —f Dt H (g)(a+t).
2X X —K

+2a Dt H (3.15)

we find the following expressions in the zero-temperature
limit:

appy( ( 1 (3.23)

where yo and y, are the transverse eigenvalues [22] of the
matrices 8 Gp and 8 G, evaluated at the replica-
symmetric saddle point. The expressions for Gp and G,
are given in Appendix A.

After some algebra, we obtain the following expres-
sions for the stability conditions in the three cases of in-
terest:

—K+ &2x
2a f Dt H(g) & 1, Gardner-Derrida

K

2a f Dt H (g) & 1, perceptron
K

(3.24)

(3.25)

As we mentioned above, the calculation of the integral
(3.2) in the limit N~ ~ was performed by the saddle-
point method. In order to check that the replica sym-
metric solution is in fact a minimum and not just a saddle
point, it is necessary to calculate the Hessian matrix ap-
pearing in Eq. (3.3) and check that it is in fact positive
definite. Following the analysis of Gardner and Derrida
[4] one can show that the local stability of the replica
symmetric solution is determined by the condition

1 —r +— Dt H ~+t
2X X —K

—a DtH x —2 z+t
—K+X

2
2x oo

2a Dt H & 1, relaxation
1+2x

(3.16)
where g is defined in Eq. (3.18).

(3.26)

1 —r + DtH ~+t 2 (3.17) C. The annealed approximation

~here

(3.18)

e, (T =0)=—lim
8( f)

a p~co ap
(3.19)

In the range a &a„where Eq. (3.11) is valid, we find

e, =0, while for a&a, we obtain

The values of the order parameter x and r are then ob-
tained by setting the derivatives of f with respect to each
of them to zero.

The zero-temperature training energy can be obtained
by Eq. (3.9) together with the identity

For the sake of completeness we present the results ob-
tained for the annealed approximation. As is well
known, in this case we replace ((InZ)) by In((Z)),
which greatly facilitates the calculation. The result, at
zero temperature, obtained for all three learning algo-
rithms is

lim ( pf ) = —,'ln(1 r—)+2af Dt H-
P~ oo 0

(3.27)

e
—k /2(1 —r )

(3.28)

The saddle-point equation resulting from setting df /dr
to zero is

=2 Dt H

e, =2 DtH v+t —x
K+X

'2

F., =2f DtH(g)

(3.20)

(3.21)

(3.22)

f DtH
0 1 r2—

which possesses a single solution with r ( 1 for any finite
a. This should be compared to the situation arising in

the replica symmetric theory where the saddle-point
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equations resu ting romitin from Eq. (3.11) become singular at a
value of a, thus giving rise to a phase transition in

th t case. Moreover, the annealed apprt at case.
d' that the training error vanishes for yf r an a, whichpre icts a

These resultscontra ic s ediets the replica symmetric resu ts. T
supply further support to the observation by eung,
polinsky, and Tishby [5] that the annealed approximation
gives quahtative y corre1' 1 rrect results in the consistent case,
while failing for the inconsistent one.

0.5—

0.4—

0.3—

0.2—

IV. ANALYSIS OF THE RESULTS O. l

& 1, perceptron (4.1)a

1, relaxation .
2aK

(4.2)

1.0—
I

I

I

I

0.8—

The first question we address in t..ethe context of the
1 - metric solution is its stability. Thus, usingrep ica-symme

hat are the re-qs. (3.24) —(3.26) we would like to know what a
gions in the (a,a) plane where the replica-symmetric

able. We lot in Fig. 1 the curve v„T(a),
above whic t e rep

'h' h h lica-symmetric solution becomes un-
bl for the Gardner-Derrida error function ( . . e

second line appearing in the figure, K, ,a, is
hnea ovew ib hich learning with zero training error is im-

of the (a,z)possi e. s we'bl A e can see, there is a large area o
'

n is stable.s ace in which the replica-symmetric solution is
The situation in t e case oh f the perceptron and relaxation
algorit ms is even1

'
h

'
ven better. We find that the replica syrn-

ouldt bl for every a and K. Thus it wou
seem like the replica-symmetric solution is the exact so u-
tion for t is pro em.h' bl To show this we present the stabil-
it conditions (3.25) and (3.26) for a~~, thereby
demonstrating that our solution

'
e

' '
is stable even in this re-

gime. We find in this limit

e
—2/2

0.0
IO

FIG. 2. Generalization error versus aa for the Gardner-
Derrida error function for a=0 (solid line) z =0.5 (long
dashes), and K= 1 (short dashes).

These equations are obviously satisfied for any K, and
lude that the replica-symmetric solution isthus we conc u e a

ble for the erceptron and relaxation error unc
'

We note that in the context of the random mapp' g pma in rob-
i and Gutfruend [13] have also demonstrat-lem, Griniasti an u ru

of the re lica-e e id th 'ncreased range of stability o t e rep
'

ion er-symmetric so u ion1 tion for the perceptron and relaxatio
ror functions as opposepposed to the Gardner-Derrida unc-
tion.

Having established the stability of the replica-
symmetric so ution in ethe three cases, we wish to stu y

the theor . In ig. 2th 'r performances as predicted by the theory. In ig.eir
inst a for thewe po e1 t the generalization error against

K=O 0.5, 1.0. AsGardner-Derrida error functions for K=,
can be seen in t e gure, i a '

h fi if a is small, the generalization
error is minimize ord f r large K. It is also interesting to

~ ~ ~

note that for K & 0 the generalization error changes its e-
havior drastica y a a„11 t the point at which the training

~ ~ ~ ~

u
'

t from zero. Qualitatively similarerror starts to eviate rom
h

'
be observed in Figs. 3 and 4 for the percept-

ron and relaxation algorithms, respectively, a oug

0.6—

0.4—

0.2—

0.0 I

IO
CX

I

l5 20

0.5—

0.4—

0.3—

0.2—

FIG. 1. Phase diagram in the (a,~) plane.lane. The solid line
marks the critical above which the training and classification er-
rors are nonzero. e as e

'
the. Th d hed line is the instability line for the

Gardner-Derrida error function, above which the rep ica-
s mmetric solution becomes unsta . pble. The re lica symmetric
solution for the perceptron and relaxation modedels is stable
everywhere.

O. I

0.0
lO

FIG. 3. Same as Fig. 2 for the perceptron error function.
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e (~&0)= —f Dr
77 0

1
per ceptron

a
(4.3)

es(x )0)=
' 1/2

1
Dt (~ t) — —,relaxation

7TK 0 a

(4.4)

while Opper and Haussler [12] find for the Bayes algo-
rithm

+yes 0.44
a (4.5)

We note, however, that the prefactors to the 1/&a
terms in Eqs. (4.3) and (4.4) vanish for ~=0. It is thus
clear that a nonzero value for K changes the asymptotic
behavior from a ' to a ' . In fact, for K=O we get

0.62
e (a=0)=

g
(4.6)

which holds for all learning algorithms, and agrees with
results of Opper and Haussler [12] and Seung, Sompolin-
sky, and Tishby [5]. An interesting observation at this
point is that the asymptotic expressions we obtained in

curves are much smoother in this case.
In order to compare the error functions we have plot-

ted in Fig. 5 the generalization errors for the three mod-
els studied at K=0.5. For comparison we also present
the results for the Bayes algorithm, taken from Opper
and Haussler [12]. Similar curves can be obtained for
other values of K. We have found that the generalization
error for the relaxation algorithm is always smaller than
the other two. We also present a comparison of the train-
ing errors at K=1 for the three error functions in Fig. 6.
We observe that for large values of a the training error of
the relaxation algorithm is always lowest, followed by
that of the perceptron.

Looking at Fig. 5 we observe that the Bayes learning
algorithm seems to decrease faster than the other algo-
rithms we have presented. In fact, solving the saddle-
point equations for large a we find to leading order in
1/a

1/2

0.5—

03—

0.2—

0 I

0.0
10

FIG. 5. Generalization error vs a for the Gardner-Derrida
(upper solid line), perceptron (long dashes), relaxation (short
dashes), and Bayes (lower solid line) learning algorithms. We
used ~=0.5 for the first three algorithms.

0.5—

Eqs. (4.3) and (4.4) seem to violate the upper bounds ob-
tained from VC dimension analysis by Haussler, Kearns,
and Schapire [7]. However, this is not the case. The re-
sults of the above authors assume that the learning algo-
rithm learns the training set perfectly, while we show in
Appendix B, that with a nonzero value for K the
classification error is positive above a, . Thus the algo-
rithms we have discussed do not fall in the realm of prob-
lems investigated by Haussler, Kearns, and Schapire, and
thus need not obey the bounds. We note that Seung,
Sompolinsky, and Tishby [5] have recently also found an
a ' asymptotic decay of the generalization error for a
related problem. However, in their case the replica-
symmetric solution was unstable in the regime o.—+~
and it was not clear whether this behavior would persist
if the exact solution were obtained. In our case, on the
other hand, since we find the replica-symmetric theory to

0.5—
0.4—

0.4—
0.3—

0.3—
0.2—

0.2—
O. I

O. I

0.0
I

Io

0.0
IO

FIG. 4. Same as Fig. 2 for the relaxation error function.

FIG. 6. Training error vs o. for the Gardner-Derrida (solid
line), perceptron (long dashes), and relaxation (short dashes)
learning algorithms at ~= 1.
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be stable everywhere, we believe the above asymptotic re-
sults are exact.

In the annealed approximation we find that the asymp-
totic results obtained for the consistent case ~=0 behave
similarly to the replica-symmetric results. On the other
hand, in the inconsistent case sc & 0, we find very different
asymptotic behaviors in the two theories. This result
provides extra support to the observation of Seung, Som-
polinsky, and Tishby [5] that the annealed approximation
provides a reasonable approximation in the consistent
case, while failing badly in the inconsistent case. In par-
ticular we find for the annealed approximation

(4.7)

CL
O

4 —
i

I

I

I

I
1

t

t
I I

\

I
1

\

I I

8 IO

e'g(x) 0)= sc 1

2 ina
(4.8)

In Fig. 7 we present the learning curves for ~=0,0.5, 1.0
obtained using the annealed approximation. While they
seem to agree qualitatively with the replica-symmetric re-
sults, they scale very differently for a~ao. In fact, the
result (4.8) for the inconsistent case violates the upper
bound of Haussler [8]. Moreover, as mentioned above,
this approximation predicts zero training error, and thus
zero classification error, which contradicts the replica-
symmetric results.

From the above results it would seem that while it is
advantageous to set ~)0 for small a, keeping a positive
give very poor asymptotic behavior compared to the x =0
case. It is therefore interesting to choose an optimal ~ in
such a way that for every a the generalization error is
minimized. We plot in Fig. 8 the curve ~' '(a) for the
three algorithms studied. Note that the curve for the GD
case coincides with the curve for the critical K, Kq(a),
given in Fig. 1. In all cases we find that to minimize the
generalization error, for a given a, it is always best to
train with Ic)0, and slowly decrease ~ as the size of the
training set increases. It is interesting to observe that
minimization of the generalization error for the percept-
ron and relaxation algorithms is achieved with nonzero

FIG. 8. Optimal value for Ic vs a for the Gardner-Derrida
(solid line), perceptron (long dashes), and relaxation (short
dashes) learning algorithms.

training (and classification) errors, even in the absence of
noise in the examples themselves. We believe that in this
case the finiteness of the training set (i.e., the fact that a
is finite) introduces an effective sampling noise. This re-
sult is similar to that of Gyorgi and Tishby [18], who
found that optimal generalization for noisy examples is
achieve by training at nonzero temperature, i.e., forcing
the training error to be nonzero. We show here that this
is the case even in the noise-free situation. In distinction
to the results of Ref. [18], however, we find that as the
size of the training set increases the classification error
needed to achieve optimal performance decreases to zero,
since the sampling noise vanishes for large a. We plot in
Fig. 9 the optimal generalization curves for the three al-
gorithms, taken at x=~'"', and again compare them to
the Bayes algorithm. On the scale of the figure, the per-
formance of the Bayes and relaxation algorithms and of
the Gardner-Derrida and perceptron algorithms are in-
distinguishable. We note that in order to get a transition

0.5— 0.5—

0.4— 0 4

0.3— 0.3—

O. I 0 I

0.0
0

I

IO
0.0

0
I

IO

FIG. 7. Generalization error vs a in the annealed approxima-
tion for Ic=0 (solid line), re=0. 5 (long dashes), and Ic= 1 (short
dashes).

FIG. 9. Minimal generalization error vs a for the Gardner-
Derrida and perceptron (solid line) and relaxation and Bayes
(dashes) learning algorithms.
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0.5—

0.4—

0.2—

O. I

O.O
lO

FIG. 10. Simulation results for training (6), generalization
(0 ), and classification (~ ) errors for the relaxation algorithm
with x=1. The simulations were performed with N=69 and
averaged over 150 cases. The lines are the predictions of the
replica-symmetric theory.

from the 1/&a behavior for ir & 0 to the 1/a behavior for
a.=0, we must have z'i" ~1/a for large a. In their
analysis of the Bayes algorithm Opper and Haussler [12]
show that to get the optimal Bayesian performance re-
quires the addition of a layer of hidden units with H ~~
hidden units. What we find here is that, provided we are
able to determine ~' ', we can achieve a performance al-
most identical to Bayes, with a single-layer perceptron.
We hasten to add that we are aware of the fact that the
generalization error for the choice ~'~' still scales as
0.62/a compared to the Bayesian 0.44/a. However, for
any Pnite a we can choose ~ so that the generalization er-
ror is very close to the Bayesian result. For example, in
the range 0 ~ a ~ 10 we find the two results never differ by
more that 10

Finally, in order to demonstrate the validity of our re-
sults we compare the theoretical predictions for the train-
ing, classification, and generalization errors with comput-
er simulations. In Fig. 10 we present simulation results
for the relaxation algorithm with margin parameter ~=1.
As can be seen in the figure, already for %=69 the re-
sults fit the theory very well. The increase in the
classification error beyond a, can be seen clearly in the
simulation results. The expected asymptotic decay in e,
occurs beyond the range of a investigated. Similar agree-
ment has been observed for other values of the parameter
IC.

V. CONCLUSION

We have focused in this paper on the analysis of three
well-known learning algorithms for single-layer feedfor-
ward neural networks. While much work has been devot-
ed to the convergence properties of these algorithms [15],
we have studied their generalization performance as the
size of the training set a increases. Interestingly we find
that the algorithms which learn faster also generalize
better. Our main results can be summarized as follows.

(i) The replica-symmetric theory has been shown to be
stable for the perceptron and relaxation algorithms. It
would thus be challenging to try to derive these results in
a mathematically rigorous way (i.e, without using repli-
cas).

(ii) The scaling behavior of the generalization errors in
all three learning algorithms differ depending on whether
the margin parameter a. is zero or not, or equivalently on
whether the algorithm is consistent or not. In particular,
for ~=0, eg ~a ' while for a)0, eg a

(iii) The three learning algorithms studied yield identi-
cal behavior in the consistent case x=0 at zero tempera-
ture. Thus the easily implementable perceptron and re-
laxation algorithms should be preferred. Obviously for
nonzero temperature, the algorithms behave differently
even for x =0, since they give rise to distinct free energy
functions. In the inconsistent case ~ & 0, the performance
of the algorithms is markedly different, even at zero tem-
perature, with the relaxation algorithm clearly outper-
forming the other two.

(iv) It is possible to choose the margin parameter s. so
as to minimize the generalization error, in which case the
relaxation algorithm is almost indistinguishable from the
Bayes algorithm. The optimal value of x is a decreasing
function of the training set size a, approaching zero when
a~ ~ with a power-law behavior a . This result is im-
portant since the latter algorithm has been shown to be
exactly irnplementable in a neural network setting only
with H~ ~ hidden units. We hasten to add that we do
not claim, of course, that the two algorithms yield identi-
cal results.

(v) We find that for finite a, optimal genera. ization is
achieved with a nonzero classification error of the train-
ing set, even though the examples are noise free. We be-
lieve this is due to the effective sampling noise introduced
by the finiteness of a. As the number of examples in-
creases, the minimal generalization error is obtained for
vanishing classification error.

(vi) The annealed approximation has been shown to
give qualitatively correct results for the generalization er-
ror in the consistent case ~=0. However, for ~ & 0 it fails
to predict the transition to a state with nonzero training
error, and thus yields grossly incorrect training errors, as
well as the wrong asymptotic results for the generaliza-
tion errors. Moreover, the latter results contradict the
upper bound of Ref. [8].

We first observe that the asymptotic behavior e ~ a
of the generalization error in the consistent case (where
the training error is zero for arbitrarily large a) agrees
with the results derived from the VC-dimension analysis.
As expected, the results fit neatly between the upper
bound [2] and the lower bound [23] derived by VC theory
for consistent learning algorithms. While the VC ap-
proach is very general and assumes very little about the
learning process, the statistical approach we have fol-
lowed has made very restrictive assumptions. In particu-
lar, we have (i) assumed a single-layer "network, " (ii) re-
stricted the probability distributions of the examples and
of the target function to particularly simple forms.
Moreover, and perhaps more importantly, the VC results
are worst case results, while our results are average case
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results. It would be interesting to see whether this kind
of agreement still holds for multilayered problems, for
which to the best of our knowledge, we at present have
no average case results (although some results have been
obtained for the random map problem in multilayered
networks [24—26]).

Remarkably we also find our average case results in the
inconsistent case ~ & 0 to be in agreement with a recent
VC theory analysis by Haussler [8]. The above author
finds that the generalization error in this case is bounded
above by a constant times a ' which agrees with our
average case results. It thus seems that the results ob-
tained by the VC theory and the statistical physics ap-
proach agree both in the consistent as well as the incon-
sistent cases. Since we do not know of a lower bound in
the inconsistent case, it is still possible that there are
cases for which the generalization error decreases faster
than a
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APPENDIX A: THE REPLICA EQUATIONS

We give below the expressions for «Z")) within the
full replica space, together with the expressions obtained
within the replica symmetric framework. We assume the
examples S; are independent, identically distributed +1
random variables with Prob(l)=Prob( —1)=—,'. While
the calculations are rather tedious, they have become
pretty standard by now and will not be repeated.

dq ttdq~p dR~dk~«Z"))=f g f g . exp N —g q &q & gR P—+G (q &P )+aG (q ~R2n.i /N 2ni /N p
(Al)

where

a&p a &p

and

n

Go= —lnf g dp{W )exp g q t3W W~+ gR W W
a=1 a&p a

(A2)

dXadxa
G1 =ln Dy exp 13f(y,x )+i g—x (x yR /v'M—)

Xexp —g x x&(q tt RR&/M) —,' gx (1——R—/M)
a,p a

a&p

(A3)

with

N
M= —g (W;) (A4)

I

energy density:

13f=— —+ln(1 —q) +aG&(q, r)
1 q

—r
2 1 g

(AS)

f (y, x )=6{a—sgn(y)x ),
f (y, x }={~—sgn(y)x )e(a —sgn(y}x },
f (y, x )=(a —sgn(y)x ) e(~—sgn(y}x ) .

(A5)

(A6)

(A7)

At this stage we make the assumption that the random
variable M approaches a definite limit as N —+ {x). This
assumption translates in fact into an assumption about
the probability distribution of the teacher function. For
example, assuming the components 8'; are independent,
identically distributed random variables, one can use the
law of large numbers [21] to prove that the fluctuations of
M vanish in the large-X limit. However, the law of large
numbers may hold under more general conditions.

The functions f (y, x ) take on the following forms in
the three cases studied:

(A9)

G1 =2 DtH

—p(&+ "t/'qt) /f1+2p(1 —p)]
Xln H(gz)+ v'1+ 2P( 1 —q)

(Alo)

2xH—
v'1+2P(1 —1)

where we have defined r =R /~M and

GpD =2f Dt H(g, )ln[H($2)+e ~H( —$2)],

G& =2f DtH(g, )ln[H($2)+e~"

XH( v'1 —
q

—gz) ],

Using the replica symmetric assumption [Eqs. (3.7) and
(3.8}], we obtain the following expression for the free- with g, and gz being given by Eqs. (3.12) and (3.13).

(Al 1)
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APPENDIX B: CALCULATING
THE CLASSIFICATION ERROR

In order to calculate the average classification error
defined by (2.19) we use the following identities:

Dv6 —yz e
e, = Dt Dy

where

(B5)

., =P-'(( &E,(~))„))
=P ' Z ' dpWE, We (Bl)

where

Z= f dp, (W)e ~ ( } (B2)

Multiplying numerator and denominator by Z" ' we

get
n

e, =P ' Z " dpW E, W'
a=1

z =Uv'I —
q +yr —t+q —r (B6)

and f (y, z) are given by Eqs. (A5) —(A7) depending on the
error function used (and replacing x by z).

It is not difficult to see that in the region a & a, where

q (1, one obtains e, =0 by setting P~ ac. This result is
expected since we know that e, ~e, and e, =0 in this re-
gion. For a & a, one must make the limit carefully, bear-
ing in mind that x =P(1—q) is finite. After some algebra
we get the following simple expressions for the percept-
ron and relaxation classification errors:

Xexp —E+E(W')
))

.
a

In the limit n ~0, Z "~1,and thus

(B3)

2 ~ rt+2ax
~c Dt H

V 1+2X 0

(B7)

n

e =P ' lim f p dlJ(W )E,(W')
n~o

Xexp —Eg EtW')
))

.
a

(B4)

At this stage we may go ahead with the usual replica
manipulations, finally obtaining within the replica sym-
metric theory

It is thus clear that the average classification error e, is
nonzero above a, . In fact, it displays a rather interesting
behavior, increasing from zero at a, until reaching a
maximum, after which it slowly decrease to zero. All this
time it remains bounded above by both e, and E'g decay-
ing asymptotically as a ' . As mentioned in the text,
the fact that the classification error is nonzero proves our
claim that for ~) 0 the algorithms are inconsistent.
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