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A key part of the early thermodynamic work on blackbody radiation by Wien, Stefan, Boltzmann,

Planck, and others involved the thermodynamic behavior of a movable piston sliding in a cylinder con-

taining classical electromagnetic thermal radiation. This early work used only classical physics con-

cepts. Here, this analysis is reinvestigated with the change that the implicit assumption is not made that

the thermal radiation spectrum reduces to zero at the temperature T =0. Previous work has shown that

this consideration may be an important one to yield agreement, or at least better agreement, between

classical physical theory and the actual physical behavior of molecular, atomic, and subatomic systems

in nature. Indeed, the present analysis on "cavity thermodynamics" accounts for the thermodynamic be-

havior of Casimir forces between the walls of the cavity. Using only the traditional thermodynamic

definition of T =0, the form of the classical electromagnetic zero-point (ZP) radiation spectrum is de-

duced. From the second law of thermodynamics, two forms of Wien's displacement law are obtained

and generalized to include the possibility of ZP radiation. The entropy is then explicitly calculated for

the parallel-plate case. Also, the limiting situation of high-temperature radiation between the plates and

low temperature outside is examined to recover the early analysis by Wien, Planck, and others. Most of
the analysis is carried out for two parallel conducting plates bathed in thermal radiation; the Appendix

extends this analysis to a rectangular conducting box with a movable interior wall.

PACS number(s): 05.90.+m, 03.50.De, 05.40.+j

I. INTRODUCTION

Researchers in the second half of the 1800s and in the
early 1900s made extensive investigations on the thermo-
dynamics of blackbody radiation via the use of classical
physics. Some of the more significant developments dur-

ing this time period were carried out by Kirchoff,
Boltzmann, Stefan, Wien, and Planck. Reference [I] re-
views the historical developments of this subject. Also,
this reference describes the transition from classical to
quantum concepts that researchers found necessary to
adequately describe the physical properties of thermal ra-
diation within a cavity.

Here, we will attack this problem once more, but we
will always remain completely within the context of clas-
sical physics. The major difference in the analysis
presented here and the much earlier work just mentioned
is that an implicit assumption is buried in the earlier
analysis that is not a necessary one and may even be a fa-
tally flawed one for classical physics. Specifically, the as-
sumption was generally made that at the temperature of
T=O, all classical electromagnetic radiation within the
cavity must vanish. If the world can indeed be described
via classical physics, then atoms consisting of negatively
charged particles orbiting about more massive, positively
charged nuclei must continually be radiating and absorb-
ing electromagnetic energy, even at T=0. Hence, just
from the standpoint of the question of thermal equilibri-
um between classical charged particles and classical elec-
tromagnetic thermal radiation, the concept of nonzero
fluctuating radiation at T =0 is an important point to in-
clude within the thermodynamic analysis of classical sys-
tems. This random radiation is usually referred to as

classical electromagnetic zero-point (ZP) radiation. If
after including this notion of ZP radiation within the
analysis we still obtain that classical physics fails to agree
with observation, then we can reasonably conclude that
classical physics is inadequate for describing the physical
world around us. Making this conclusion before account-
ing for the presence of ZP radiation may very well be in
error.

The idea that classical electromagnetic ZP radiation
may be an important concept is not a new one. A num-
ber of researchers have made advances along these ideas
for more than 30 years; this field of study is often referred
to as stochastic electrodynamics (SED). Some fairly ear-

ly, yet very significant papers on these ideas were by
Marshall [2,3] and Boyer [4,5]. For reviews and research
papers that serve as good introductions to SED, see Refs.
[6—11]. (Much earlier references are discussed in Ref.
[8].) Also, Ref. [12] presents a good semipopular account
of SED, and the introduction to Ref. [13] contains a re-
cent qualitative overview of SED.

The present article analyzes the behavior of certain
thermodynamic operations performed upon a cavity con-
taining blackbody radiation. In particular, here the ther-
modynamic operations are investigated of (i) quasistati-
cally displacing two conducting parallel plates from each
other that are bathed in classical electromagnetic thermal
radiation, as well as (ii) slowly changing the temperature
of the system. The Appendix (see Ref. [16]) indicates
how this analysis can be extended to a hollow box with
conducting walls, where one of the walls of the box can
be displaced. Thus this analysis is closely connected to
the early work by researchers around 1900 involving a
closed cylinder at some temperature, with a movable pis-
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ton at one end.
As we will see, by including the possibility that the

thermal radiation spectrum is nonzero at T =0, the clas-
sical electromagnetic ZP spectrum of p(co)=@co /c can
be deduced strictly from the thermodynamic definition of
absolute zero temperature. Other points obtained here
include (i) thermodynamically accounting for Casimir
forces in the analysis, (ii) derivations of two distinct
forms of the Wien displacement law when ZP radiation is
present, and (iii) a calculation of the entropy associated
with classical electromagnetic thermal radiation between
two plates, as a function of both temperature and volume.
These last properties have not been found before when
ZP radiation is taken into account.

The general ideas, analysis, and results described here
complement the recent thermodynamic analysis of a
different physical system in Refs. [14] and [15]. There,
the operation was investigated of quasistatically displac-
ing simple models of atoms consisting of nonrelativistic
simple harmonic electric dipole oscillators bathed in
thermal radiation. Again from the thermodynamic
definition of absolute zero temperature, the thermal radi-
ation spectrum was shown to reduce at T =0 to the clas-
sical electromagnetic ZP spectral form of p(co) =aco /c,
where ~ may be nonzero. This spectrum has previously
been deduced by others [3,4] from the demand that the
spectral form of classical electromagnetic ZP radiation
should appear identical in difFerent inertial frames. Com-
plementing this deduction, Ref. [14] contains the first
strictly thermodynamic analysis involving both radiation
and charges to specifically require this spectrum at T =0.
Section X discusses these different restrictions in more
detail.

References [14] and [15] also investigated several other
properties for linear oscillators and free space that mill

briefly be shown here to also hold for cavity thermo-
dynamics. In particular, (1) the third law of thermo-
dynamics, (2) one form of Wien's displacement law (both
forms will be analyzed here), and (3) a required generali-
zation of the Stefan-Boltzmann law were deduced. Push-
ing this work further, other properties unique for a cavity
will be obtained here.

An advantage of the thermodynamic analysis here on
cavity radiation over the analysis in Refs. [14]and [15]on
dipole particles, is that the present analysis much more
closely parallels the early 1900s work on blackbody radia-
tion. Hence this article pinpoints more clearly what
points were missing in this early work to prevent it from
being sufficiently general to include the concept of ZP ra-
diation. Another advantage is that the mathematical cal-
culations for parallel plates, or for a rectangular cavity,
are much less involved than for electric dipole oscillators.
However, as should also be mentioned, an advantage of
the simple harmonic oscillator analysis is that the reso-
nant nature of the oscillators enables more restrictive
demands to be imposed on the thermal radiation spec-
trum than in the case of the cavity.

As for the specific content of this article, Sec. II
discusses what aspects of the early thermodynamic
analysis around 1900 were insufficiently general to ac-
count for nonzero random radiation at T =0. Section III

Here, ( Q) equals the amount of heat in the form of clas-
sical electromagnetic thermal radiation energy that flows
into V during the thermodynamic operation on the
plates.

The quantities ('N) and (b,Q;„,) are evaluated in Sec.
IV for two cases corresponding to the two volumes illus-
trated in Figs. 1 and 2. The first case deals with the heat
flow into the volume V enclosed by plates A and C in

Fig. 1, while the second case involves the region enclosed
by plates A and B in Fig. 2. The key difference between

I

Plate A Plate B Plate C

FICx. 1. Three parallel conducting plates that extend
infinitely in the y and z directions. Here, the volume V encloses
a part of plate B and has faces at plates A and C that lie in the
y-z plane; the remaining surface of V has its normal component
perpendicular to the x direction.

then discusses the statistical properties of thermal radia-
tion. The remainder of the article largely deals with the
first and second laws of thermodynamics as applied to the
case of two conducting parallel plates bathed in thermal
radiation. The comments in the Appendix [16) on a rec-
tangular conducting box enable a connection to be made
to radiation in a finite-sized cavity.

If we consider the volume V shown in Fig. 1 that en-
closes part of two or more infinitely extending parallel
plates, energy conservation demands that any operation
performed on these plates must result in EVl;„,=Q+'N,
where b,Q;„, is the change in internal energy within this
volume V, Q is the electromagnetic energy that flows
into V, and %V is the work done by external forces.
Operations we will consider here are a displacement of
the interior plate and (or) a change in temperature of the
plates. We will treat b Vl;„, as being due entirely to the
change in the electromagnetic thermal radiation energy
within V. A less idealistic and more realistic analysis
would also take into account the nonzero specific heat of
the plates; here this quantity is ignored, as we will restrict
our attention to thermal radiation bounded by approxi-
mately perfectly conducting wa11s.

All of the quantities b Q;„„Q,and 'lV are actually de-

scribed by probability distributions, since they depend
upon the particular realization of the fluctuation thermal
radiation. Typical accessible quantities that can be mea-
sured in the laboratory deal with the expectation value of
these three quantities. The first law of thermodynamics
is just the expectation value of this energy conservation
law:
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Plate A & Plate B

FIG. 2. Here the volume V is assumed to be of a similar

shape to the volume indicated in Fig. 1, but the ends of it now

fall halfway between the middle of plates A and B, rather than

between the middle of plates A and C.

the two cases is that in case 1 the plate being displaced is

entirely enclosed within V, but not in case 2.
To make our calculations tractable, let us assume that

the plates are nearly perfect conductors. Let us also as-

sume that the radiation pressure on each side of each
plate may be singular, but that the sum of the opposing
radiation pressures on any one plate must be nonsingular,
as this net pressure must correspond to what is measured
in the laboratory for holding the plates apart. Due to the
perfect conductor approximation, the thermal radiation
fields in the interior of the plates equals zero [17], result-

ing in thermal radiation impinging on only one side of
each plate in the volume V in Fig. 2. Consequently,
upon displacing plate B, the average work (%V) required
to overcome the force due to the thermal radiation acting
upon the left-hand side of plate B in Fig. 2 may be singu-

lar, as may be the average change in electromagnetic
thermal energy within the volume V between plates A

and B.
Thus, unlike case 1, the quantities ('N ) and ( 5'M;„, )

in case 2 do not correspond to physically measurable
quantities. Consequently, case 2 may seem rather
strange, particularly for researchers closely familiar with
Casimir forces [18—22]. Nevertheless, one quantity in

case 2 can be extracted that is, in principle, physically
measurable: namely, (6), the flow of heat into the re-

gion between the plates. As should be physically
demanded, (Q) must be nonsingular for finite tempera-
ture changes or for finite displacements of the plates,
which requires from Eq. (I) that any singularities in
(b,Q;„,) and (%') must cancel.

Besides directly extracting ( 6 ) for a single pair of
plates, two other reasons exist for wanting to consider
case 2. First, this case involves fewer calculations than
the first one for extracting the generalized Wien displace-
ment law. Second, and most important, case 2 corre-
sponds closely to the thermodynamic analysis by Planck
and others of displacing a piston in a cylinder [23], since
only the radiation pressure on one side of the wa11 of a
plate is considered.

Section V A examines the thermodynamic behavior of
the radiation between the plates during quasistatic dis-
placement operations at T =0. Here we wi11 deduce that
the thermal radiation spectrum must reduce to
p(co)=~co Ic at T=O to yield no radiation heat flow.
Section V B then finds what sc must be to agree with ex-
periment for the force between conducting parallel plates.
Here is where Planck's constant enters the analysis. Sec-
tion V C then considers the third law of thermodynamics
for this system.

In Sec. VI, the demand is made that the second law of
thermodynamics must hold. The temperature and fre-

quency form of the generalized Wien displacement law is

then deduced. This law is found without the restriction
of considering only adiabatic operations, which is a limi-

tation of Wien s original analysis. Section VII then cal-

culates the caloric entropy as a function of temperature
and plate separation. Section VIII uses this entropy re-

sult to derive the frequency and volume form of the gen-

eralized Wien displacement law, which was not treated in

Ref. [15]. Section IX then shows that in the regime of
high temperature between the plates one can directly re-

cover the early analysis by Wien, Planck, and others.
Closing remarks are contained in Sec. X.

II. COMMENTS
ON EARLY CLASSICAL ANALYSIS

OF BLACKBODY RADIATION

Parts I and II of Planck's treatise in Ref. [23] give a
very detailed and elegant presentation on the physical
properties of blackbody radiation, all from within the
context of classical physics. Although the thermodynam-
ic analysis described in the present article is largely self-

contained, still, a close understanding of Planck's careful-

ly described physical reasoning will help to clarify some
of the points made here on including ZP radiation in the
analysis. In particular, Part II of Planck's treatise on the
Stefan-Boltzmann law and the Wien displacement law is
particularly relevant.

In the present section I will briefly mention some re-
strictions to the reasoning around 1900 that prevents this
early analysis from being sufficiently general to include
the case of nonzero random radiation being present at
T =0. These points are made here not to diminish the
important advances made by early researchers, but sim-

ply to clarify the difference between the work contained
here and this much earlier work. We should note in de-
fense of early researchers that the need for including ZP
radiation in the thermodynamic reasoning is not at all ob-
vious. Indeed, once one deduces the form for this T =0
spectrum, the opposite is more the case, since one's intui-
tive reaction to the singular energy of ZP radiation is un-

doubtedly that the concept of ZP radiation is quite un-

physical. Not until after Casimir showed in 1948 [18]
that changes in this singular energy were associated with
nonsingular forces, which were later experimentally ob-
served [24], did ZP energy begin to acquire a real physi-
cal acceptability to researchers.

Section IVA in Ref. [15] already pointed out a few

ways in which the early 1900s analysis on blackbody radi-
ation was not sufficiently general to include the possibility
of ZP radiation [25]. In particular, if the radiation spec-
trum does not reduce to zero at T=O, the expectation
value of the total electromagnetic radiation energy at any
temperature within the cavity can be shown to be singu-
lar [26]. Treating this total singular internal energy

U,„,= ( R;„,) as being equal to the volume V of the cavi-

ty, times an energy density u that is independent of the
size and shape of the cavity [23,25] will not enable one to
properly deduce finite changes in the total electromagnet-
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ic energy due to changes in the placement of the cavity
walls. To accomplish this aim one must take into ac-
count changes in the distribution of the modes of the
standing waves in the cavity.

To make the early cavity radiation thermodynamics
more general, and to also ensure that the net pressure on
any plate is finite and, therefore, physically realistic, re-
quires that the radiation outside the cavity must also be
included within the analysis. If the radiation does not
reduce to zero at T =0, then the pressure of the radiation
on both the inside and outside of the walls of the cavity
will be singular [26].

In the work I am familiar with by early researchers,
the radiation outside the cavity walls is not considered.
For a movable piston in a cylinder, the force on the pis-
ton was treated as arising entirely from the radiation
within the cylinder. Although I have not seen the as-
sumption explicitly stated, my guess is that these
researchers ignore the outside radiation pressure because
they are thinking that the outside temperature is either (i)
zero, and no radiation is assumed to be present, or (ii) the
outside temperature is much lower than the temperature
of the cavity radiation, and consequently the effects of the
outside radiation are assumed to be negligible. We can
certainly understand why these assumptions would be
very natural ones to make; however, they are not valid if
the radiation spectrum is nonzero at T =0.

Of course, we should also expect there should be a re-

gime where these implicit assumptions of (i) or (ii) appear
to be true; otherwise, major faults with the analysis
would have been uncovered long ago. Section IX
discusses this point in some detail. For now, a brief and
somewhat loose explanation may be sufhcient. When the
temperature of the radiation outside the cavity is much
lower than the temperature inside the cavity, the pressure
due to the difference in the "T=0 part of the spectrum"
inside and outside the walls, is small compared with the
pressure due to the high-temperature spectral part from
inside the cavity. The net pressure is then approximately
due to the total radiation from inside the cavity, minus

the corresponding T =0 spectral part, which is effectivel
what was done by early researchers.

In contrast, when the above high-temperature condi-
tion is not met and when the standing wave modes in the
cavity are considered, then significant changes, as ad-

dressed here, are required in many of the deductions
made by early researchers. For example, in See. 66 in
Ref. [23], Planck concludes that the radiation pressure
for a perfectly reflecting surface should be the same as
the radiation pressure on a black surface. Indeed, at the
end of this section he says, ".. . it may be stated as a gen-
eral law that the radiation pressure depends only on the
properties of the radiation passing to and fro [within the

cavity], not on the properties of the enclosing substance
[i.e., the walls of the cavity]. "

However, when the normal modes of radiation within a
cavity and the different boundary conditions demanded

by different materials are taken into account, this state-
ment is no longer true. For example, if two parallel
plates are slightly separated from one another, with
thermal radiation at temperature T;„existing between

them and thermal radiation at temperature T,„t existing
on the outside of both plates, then the pressure one must
exert on one plate to keep them apart will certainly be of
equal magnitude and opposite direction to the required
pressure on the other plate. If we change the material of
one or both of the plates, this fact must still always be
true, which is essentially the reasoning Planck was using.
However, in contrast to what he predicted, the magni-
tude of the pressure and whether the plates are attracted
together or pushed apart by thermal radiation, will vary
depending on the material of the plates. For example,
when the inside and outside temperatures equal zero, the
Casimir force is attractive for two conducting plates, yet
the force between a perfectly conducting plate and an

infinitely permeable plate is predicted by present theory
[27] to not only be of a different magnitude, but to also be
repulsive.

Finally, before turning to the quantitative analysis, we

should mention that the experimental importance of
Casimir-like forces in the thermodynamic behavior of
cavity radiation is only evident for small cavities, since
only here will such forces be experimentally detectable.
Planck and others were explicitly not attempting to de-

scribe the behavior of very small cavities (see Ref. [23],
Sec. 2), which is where the effects of changes in the nor-

mal modes of the radiation would be most noticeable
[28].

III. CHARACTERIZING CLASSICAL
ELECTROMAGNETIC THERMAL RADIATION

A. Mathematical description of Selds

The following discussion employs the usual method in

SED [6,8,29] for describing random radiation in free

space without material boundaries present, but differs in

its description of the random field between parallel plates

[30]. The differences are subtle, but critically important
for our analysis. Electromagnetic fields in free space can
be expressed as a sum of plane waves over propagation
vectors k and polarization vectors ek z.

E(x, t)= g g ez z[Ak icos(k x —cot)
k A, =1,2

+Bz &sin(k x —cot)],

B(x,t)= g g (kXEg q)[Az icos(k x—cot)
k A. =1,2

+Bt,&sin(k. co —cot)] .

(2)

(3)

As usual, co=c ~k~, k-Rz &=0, and ez q.ez z. =0 for kWX'.

Boundary conditions place limits upon the plane waves

included in the above sum. If we choose to describe the
fields only within a region of space consisting of a rec-
tangular box region, with one corner at the origin and ly-

ing in the positive quadrant with sides L, L, and L„
then the usual convenient mathematical simplification is
to treat the values of the fields as though they were
periodically repeated throughout space. Hence
k=2m. [x(n„lL„) +y(n IL )+z(n, lL, )], where n„, n,
and n, vary in integer values from —ao to ao. A point
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that should be noted, since it is often incorrectly stated in
the literature, is that this imaginary box has little to do
with a conducting box; the boundary conditions for this
periodic box structure are quite different than for the
conducting box case analyzed in the Appendix [16].

For thermal radiation, we are largely interested in the
statistical properties of the fields. We can imagine an en-
semble of similar regions of space described by Eqs. (2)
and (3), where each region will have a fixed set of definite

Ak& and Bk& values that accurately yield the correct
field values at each point x within the region. The ensem-
ble values of Ak & and Bk ~ then contain the necessary in-
formation to characterize the statistical properties of the
thermal radiation.

In what follows, a somewhat more convenient quantity
than A k & and Bk ~ is

so that

A„icos(k x cot)+—Bz &sin(k x—cot)

=Re(A e'"'* "") (5)
7

To compare with previous notations in SED, the quantity
A z ~ is most closely related to the quantity
a &=exp(ie &} [6,8,29], times the square root of the
spectrum and a factor proportional to I/(L„L L, )'

Presently, however, we will not specify any particular
realization of Az z, such as is often done in SED [8,29]
via the introduction of exp(iO, &), where 8, & is assumed

to be uniformly distributed from 0 to 2m. Instead, we will

only specify the statistical properties of A& &. An impor-
tant point to note, which is presently not universally
recognized by researchers in SED and which will be
clarified shortly, is that the statistical properties of A„z
are different if we deal with the radiation in, for example,
an imaginary box in free space, a box with conducting
walls, or a region between conducting parallel plates,
even though the associated lengths with these regions
may all have the same length L.

The conducting plates will be assumed here to be
infinite in size, so that we do not need to worry about
edge effects. If one plate is present in the y-z plane at
x =0, then we can describe the electric field in the x )0
region as (1}a sum of plane waves traveling in the minus
x direction, plus the reflected waves, as well as (2) a sum
of plane waves with k„=0:

Ez.(»t)= g [e~,~Re(Ar, ~~e'"* "")+[x(e«)„—y(ezra)»
—z(e„~),]Re(Ar. &ze

" ' * )]
k, A,

k„&0

+ g x Re(A . e'"'" "")
k

k„=0

= g Re(Ar. „ze ' ' 2[x(ez z)„cos(k„x)+[y(e„z) +z(ez z), ] isin(k„x)] }
k, A.

k„&0

i{k y+k z —cot)
+ g Re(xAr. „„e ' '

) .
k

k„=0

(6)

[In Eq. (6}, the added subscript T indicates a thermal ra-
diation field at temperature T.]

The sum of each plane wave traveling along —x, plus
the reflected wave, satisfies the boundary condition that
the y and z components of the electric field equal zero in
the conducting plane at x =0. Since there are no
reflected waves associated with the k =0 waves, the po-
larization vector of each wave must lie along +x; we can
arbitrarily choose the +x direction, with the as yet
unspecified phase residing in the complex amplitude writ-
ten here as Az-. k . Unlike the case with random radia-
tion present in space without a reflecting boundary
present, the properties of each plane wave specified by
k, k, k„and k are perfectly statistically correlated to
the properties of the corresponding wave specified by—k„, ky, kz~ and k.

If we place another conducting plane at x =L, the
new boundary condition is that the tangential com-
ponents of the electric field equal zero at x =L„. Any

single plane wave with k„AO will now undergo an infinite
number of reflections between the plates over the course
of all time. Nevertheless, we can still use the expression
in Eq. (6), since the additional boundary condition can be
satisfied by restricting the k„AO waves to have k„values
given by

k = mn
where n, =(—~, . . . ,

—2, —1) .
X

However, the physical significance of Az-. k z for k &0
has now changed considerably. A plane wave with k„AO
plus a plane wave specified by —k now mathematically
represent a coalescence of waves internally reflected back
and forth between the two plates, all of which are perfect-
ly statistically correlated with each other. For this
reason we should expect that moments such as
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&AT.z qA T.z q& may be different for this two plate case
versus what it would be if only one or no plates were
present, even though we would be considering the same
value of k in each case.

Let us restrict our attention to the electromagnetic
field values within a confined region of space between the
two plates: namely, between y =0 and L, and z =0 and

L, . Again, a convenient mathematical simplification is to
imagine that the values of the fields are periodically re-
peated throughout space in the y and z directions. At the
end of our calculations we will let L ~ ~ and L,~ Oc.

Hence

27T7lz

I.,
n~ and n, =( —oo, . . . , —1,0, 1, . . . , + &n ) . (8)

The associated magnetic field can easily be obtained
from Eq. (6) by writing B in a Fourier series and using
Faraday's law to require that the Fourier frequency com-
ponents satisfy

B„= VXE (9)

Hence

i(,k y+k z —a)t)
BT(x,t)= g Re(AT&&e ' ' 2[x(kXej, &) i sin(k„x)+[y(kXe&&)~+z(kXez~), ]cos(k„x)I)

k, A,

x x k, A, g k, A. z

k„(0

k
k„=o

(10)

Turning to the statistical properties of thermal radia-
tion, let us assume that the AT.k z and BT.k& coefticients
in Eqs. (2) and (3) are statistically independent of each
other, and of any other coefficient AT. k z and BT.k & for
which krak' and (or) A%A, '. Also, let us assume that the
ensemble average, or expectation value, of each
coefficient equals zero, and that for k„WO the second mo-

ment is given by

When we are discussing the difFerent physical situation of
nonreQecting waves, or k =0, let us assume that the
same form of Eq. (11) holds, but with Qr(co) replaced by
O'T(co), where O'T(co) may be different from QT(co). We
could of course generalize the above assumption by sim-

ply stating that Qr in Eq. (11) depends on k rather than

only on co, thereby covering both the k„=0 and the
k„AO cases just mentioned; however, as we will see, this
more general assumption does not appear to be needed to
obtain a direct connection with quantum theory and with
present experimental results.

The assumption of statistical independence of the
AT. k & and BT.k z Fourier coeScients, and the demand
that the thermal electromagnetic fields follow stationary
stochastic processes, yields that AT. k & and BT.k & are de-

scribed by Gaussian distributions [31]. Hence we only
need to specify the first and second moments of these
coefficients.

From above, we can find all the statistical properties of
AT.k &. In particular,

(12)

(13)

where Eqs. (7) and (8) relate k and n, and where O'T(co)

replaces QT(co) in Eq. (13) when k„=0. The main statist-
ical property needed for calculations in this paper is

& Re(A r.& & F& ~ )Re(A T.& ~ F~ ~ ) &

[Qr(co„)]

x y z

Here, Fk & is any complex, nonrandom variable depen-

dent on k and A, . The analysis in this article will investi-

gate the functional dependence of QT(co„) upon frequen-

cy and temperature.

B. Physical concepts involved

in thermodynamic operations on radiation

Let us now discuss certain useful idealized concepts
behind the physical operations available to us for analyz-

ing the thermodynamic properties of the radiation exist-

ing between conducting plates. Only reversible thermo-
dynamic operations will be considered here. Let us as-

sume, as in Ref. [15], that the temperature of our system
is changed quasistatically by the idealized operation of
placing the system in contact with an infinite series of
heat reservoirs ranging in temperature from T, to Tii.
(Section III in Ref. [13] contains a discussion that
clarifies some of the implicit physical assumptions involv-

ing "incident" radiation and an infinite series of heat
reservoirs. )

Immediately we are faced with a dif5culty not present
in Ref. [15]. Earlier we had made the stipulation that the
conducting plates be perfect electrical conductors, there-

by simplifying the mathematical description of the radia-
tion fields. Now we are faced with the problem of how

heat, in the form of electromagnetic thermal radiation,
can Bow from the region between one pair of plates to the
region between another pair. After all, a perfectly con-
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ducting plate is also a perfect reflector for the radiation.
Of course, if we only analyze adiabatic operations, then

we need not concern ourselves with this complication.
Otherwise, if we want to consider more general thermo-

dynamic operations such as simply raising the tempera-
ture of the thermal radiation without displacing the

plates, then this mathematically simplifying assumption
of perfectly conducting plates is not a very useful one for
physical investigations.

Of course, in reality there are no perfect conductors. If
very good, but not perfect conducting plates are dis-

placed, then after a long enough period of time the radia-
tion between one pair of plates wi11 certainly come to
equilibrium with the radiation between another pair of
plates. Several ways exist for modeling this effect while
still retaining our perfect conductor description. One ap-
proach is to assume that a small pinhole, or perhaps more
appropriately, an infinite set of pinholes to cover the
infinite plates, exists in each plate to allow radiation to
leak from one pair of plates to the other. If the holes are
very far apart in comparison to the distance between
plates A and B, then the force per unit area between
plates A and B will be largely unaffected. Adiabatic
operations can still be accomplished in the following way:
during quasistatic displacements of the plates, the tem-
perature of the heat reservoirs in contact with the plates
should be slowly changed so that no net heat flows
through the pinholes.

An alternative hypothetical, but useful approach, is to
imagine that a stopcock, or a set of stopcocks, exist
within each plate that can be opened and closed after
each infinitesimal displacement of one of the plates.
Whether we use this concept, or the pinholes, or some
other idea, the main point that should be kept in mind is
that our perfect conductor description is meant to only
simplify the mathematics. What we really want to dis-
cuss are very good, but not perfect conductors, which al-
low heat to leak if we wait long enough. Indeed, we can
expect that the net pressure needed to hold two perfect
parallel plate conductors apart is approximately the same
as the pressure on two good, but not perfect conductors,
provided the skin depth of the not perfect conductors is
small compared with the distance between plates.

After each small change performed upon the plates,
such as (1) a small displacement, (2} the opening of a
stopcock, or (3) an infinitesimal change in temperature of
a heat reservoir, we must then wait sufficiently long for
the radiation to achieve an approximately stationary
state. To ensure that this stationary state corresponds to
blackbody thermal radiation, let us assume that near each
pinhole or stopcock there exists a very small particle of
carbon between the plates, so as to scatter the radiation
in all directions. Alternatively, we can imagine that very
small patches of the plate walls have a roughness to
them, so as to diffusively scatter the radiation [32]. Of
course, we must also assume that the carbon particle, or
the rough patches, are sufficiently small that they
insignificantly influence the measured force on the plates.

Roughly speaking, the radiation will then reflect back
and forth o8'the walls of the plates. In reality, the good,
but not perfect conductors, will act to enhance the stand-

ing wave modes, but weaken the amplitude of the waves

that do not correspond to standing waves. Our analysis

of the electromagnetic energy between plates will only

deal with the standing waves. More specifically, after
each infinitesimal operation has been executed, we as-

sume that the radiation settles into an equilibrium state
that is closely represented by the standing waves obtained
in the preceding section. To obtain the probability distri-

bution of the amplitudes of these waves, we should imag-

ine an ensemble of such observations of the standing

waves, as described in Sec. IIIA. The average values

from this ensemble will then be assumed to equal the cor-
responding time average, which is the important entity in

experimental measurements of quantities like the mea-

sured force between the plates. The variances of Az. & &

and Bz.& ~ are assumed to depend upon the temperature
T and the distance L between the plates, as given in Eq.
(11), where L, appears in the denominator and in

co= ~k c via Eq. (7).

IV. CALCULATION OF (%V) AND ('9;,t)

A. Average work and force

(F,„,g(t)) = —(FL„g(t)), (16)

where F„„~ represents the electromagnetic Lorentz
force due to the thermal radiation acting on the indicated
region of plate B. Specifically,

F„„~(t)=f d x ps(x, t}Er(x,t)

+ J~(x, t ) X—B~(x,t)
1

C
(17)

where V' is the region of plate 8 enclosed by volume V
in either Fig. 1 or 2, and pz and J& are the charge and

Let F,„, tt ( t) represent either (1) the externally applied
force at time t necessary to hold fixed, with respect to
plate A, the region of plate B that is enclosed by volume

V in Fig. 1, or (2) let F,„,tt(t) represent the same quanti-

ty for the region of plate 8 enclosed by V in Fig. 2. The
expectation value of the work by this force during a qua-
sistatic displacement of plate B can be approximated by

('N) —= ( f dt Z(t) F,„, (t))
I

= f dt Z(t) (F,„,~(t)) . (15)
t)

Here, we have assumed that ~Z~, which represents the
speed at which plate B moves from plate A, varies very
slowly in time in accordance with our quasistatic dis-

placement assumption. In comparison, the fluctuations
of F,„,z are very rapid, since we will make the simplify-

ing assumption, for calculational purposes, that F,„,z
precisely balances the rapidly fluctuating electromagnetic
thermal fields. Hence the approximation in Eq. (15)
should be excellent.

Focusing attention now on (F,„,z ), clearly we expect
that
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current densities on plate B. Due to our perfect conduc-
tor assumption, pz and Jz are nonzero only on the plate
surfaces.

From the electromagnetic momentum conservation
theorem [33],

&F „, (t)&= f d'x, —&S,(x, t)& —V &T,(x, t)&
V' C2 Bt

(18)
where S=c/4'(ET X BT} is the Poynting vector and

1
TT,, = [2(ET;ET7+&Ti&TJ ) 5i J(ET+BT)] (19)

I

is the Maxwell stress tensor associated with the thermal
radiation field. In Eq. (18) we can assume that
(8/Bt)&ST(x, t)& makes a negligible contribution. If
plate B was not displaced from plate 3, but held fixed,
then this term would identically equal zero, since S7 (x, t)
would be described by a stationary stochastic process in
time. Due to our quasistatic approximation, we assume
that the term above can be made as small as desired by
making ~Z~ arbitrarily small.

Symmetry demands that the tangential components of
&F,„,7t & along the plates must equal zero. As for the
normal components,

&Fext, B2( }&x t + f d X &ETx +Ty +Tz+ Tx ~Ty Tz &

1

BK

F.= f—d'X «T, x ETy ETz+~Tx ~Ty ~Tz&
1

B~

(20)

(21)

(22)

Equation (20) denotes the required "externally" applied
force in Fig. 2 to balance the electromagnetic Lorentz
force due to the thermal radiation acting on the left-hand
side of plate B. Here, 4'z~ is the left surface of plate 8
within V. Similarly, Eq. (21) denotes the externally ap-
plied force in Fig. 1, which in this case is the force that
would be measured in the laboratory. This force equals
the sum of the forces F& and F„needed to compensate
the thermal radiation pressure on the left and right sur-
faces, 4'sr and 4'2t„, within V.

—oo &n, n & ooy' z

n„0

4 1— k,
'

k

n„X . [QT(CO„)]

L, L LyL,

(25}

B. Expectation value of force

We need the second moment of the field components to
evaluate the expectation value of the forces in Eqs. (20)
and (21), as well as to later evaluate the expectation value
of the electromagnetic energy. Using the following prop-
erty satisfied by the polarization vectors:

k;k.
g (@~7),(e„„),= g(kXe), (kXe), =5,, —

nZy'
n„&0

—co&n nyt g

n„&0

k
4 1—

k

2

n n„X [Q7 (CO„)]

L L LyL

(26)

(23)

the second moment of the field components can be calcu-
lated:

(27)

nzy'
n„&0

mn, X [Q7 (CO„)]
L L„LL,

—oo &n, n & ooy' z

n &0

k

k

nX [QT(CO„)].
L„L, L,

[Q'7 (CO„)]

—oo &n, n
LLL

y' Z

n =0
X

(24)

k, [Q'T(CO„) ]
k L LyL,

y' Z

n =0 (28)
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—oo &n, n & oo
Z

n &0

4 1—
k

2 tion that the sum over normal modes of (k„/k) in Eq.
(31) is approximately equal to the same sum, but with k„
replaced by either k or k, . Under that isotropic assump-

tion,

em„x [QT(a)„)]
Lx LxLyLz

1 1
(Fext, B 2( t) ~»

3 L L LAB y z

k [QT(a)„)]J'

k L LyL

We can now calculate Eq. (20). From above

(29)

X g [Qz.(co, ) ]
—co&n nyt z

n„&0

(32}
(ET» ET y ET»+Br~» BTy BT»)

k„[QT( c0„}]
8

k L ABLyLz—oo &n, n & ooy' z
n„&0

(30)

where L„B is the perpendicular distance between plates
A and B, and L and L, are described prior to Eq. (8}.
Two interesting points should be noted. First, the spatial
dependence on x in Eqs. (24) —(29) drops out upon sum-
ming the above field moments. Second, the contribution
of the sum of plane waves with k„=0 in Eqs. (6}and (10)
completely drops out in calculating the x-component
force. This result corresponds to our natural expectation,
since, roughly speaking, these waves do not "reflect" o8'
the conducting planes.

We obtain,

Provided we ignore the n„=O contribution in u, the
quantity in large parentheses equals u, thereby connect-
ing with Boltzmann and Planck. [Divide Eq. (37}below
by AL„s to obtain u. ] However, as we now know from
Casimir forces, the above approximation is not necessari-
ly correct. In particular, for a spectrum like zero-point
plus Planckian (ZPP) or Rayleigh-Jeans (RJ) radiation
[14], the above approximation is not valid. Instead, Eq.
(31) is a singular expression and the distribution over nor-
mal modes must be carefully taken into account when
making a connection with other quantities. Also, the iso-
tropic assumption is undoubtedly not valid for small cavi-
ties; rather, the distribution of the normal modes will de-
pend upon the detailed size and shape of the cavity [28].

In Eq. (31),

7T AB y z
r

[QT(a), ) ]2,
k

so that

~n„ +
LAB

'2' 1/2
277nz

r

277ny +
Ly Lz

(33}

n„&0

(31}
(F,„,sz(t) )„=+

L L, „„„„qs"dL„s
y z M &ny nz& M

n„)0
where A is the area of the end face of V at plate B. The
force is negative, which means that an "external" force
must be applied in the negative x direction to compensate
the pressure of the thermal radiation between plates A
and B acting to push these two plates apart.

Equation (31) is closely related to the Maxwell radia-
tion pressure formula p =u /3 used by Boltzmann,
Planck, and others in analyzing the thermodynamics of
cavity radiation [34]. Here, p is the pressure and u is the
expectation value of the electromagnetic energy density.
Equation (31) reduces to this case if we make the assump-

I

X [QT(cozs )]

(34)

where the new label AB has been added to co and the sub-
script n is now suppressed. Since only (n„) appears in
Eq. (34) via Eq. (33), the sum over n„(0 was changed to
include only positive values of n„.

If we now turn to the case of Fig. 1, which involves the
physically measurable external force needed to hold the
region A of plate B in place, then Eqs. (21) and (22) yield

BCO AB(+..~, si(t) &.=+
L L g ~L [QT(~~a }]'

mL Ly z —~&n, ny' z
n„0

1 ~~ac
[QT(~ac }]'

~BC BC
(35)

C. Expectation value
of classical electromagnetic thermal energy f d x(ET+B'T) . (36)

The expectation value of the thermal radiation within a
volume V is given by

Changes in this quantity represent the thermodynamic
quantity of interest. Applying this formula to the region
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between plates A and B yields

&'K. ,.a&=
L L X
A

—oo &n, n z
n 0

[QT(~a )]'

+ g [Q'r(co&~ ))' . (37)
47TL L

y I z
n„=0

The second term on the right-hand side of Eq. (37) is in-
dependent of the distance between the plates.

As a side note, when we choose A =L L„we can im-
mediately see that this expression will agree with the fa-
miliar quantum theory (QT) prediction at T =0 of

& +int, AB ~ QT

%cog

X X—oo &n, n

n„0

when

[QT o(co)] =Mco,

[O'T=o(co)] =2rrhco .

(39)

(40)

In Eq. (38), the sum is over all normal modes, where A.

takes on two values when n„WO and one value when
n„=O. We will indeed obtain that Eq. (39) must hold;
however, we will deduce this result in a more solid way
than from just the above simple comparison between en-
ergy expressions, since we will make use of the fundamen-
tal thermodynamic definition of T=O and with experi-
mental measurements.

The expression in Eq. (37) may be singular, as it is for
RJ, ZP, and ZPP radiation. Even upon computing a
change in this energy due to a displacement of plate B,
the result may still be singular. However, upon adding in
the energy between plates 8 and C,

&z,'+a,') =
8m

n„)0

[QT(co„}]

Lq~L Lz

[Q'r(co, )]

—~&n n &~yl z

n„=0

co [Qr(co)]
dN

0 2K c
(42)

Here, possible di6'erences between the forms of the n„=0
and the n & 0 terms were ignored. We identify

change the electromagnetic energy between these plates
as well as between plate B and the rest of the universe.
Here, the rest of the universe will be assumed to be far re-
moved from plate B in comparison with L ~&. At the end
of our calculations, we will let (Lzc/Lzz)~ ~. Thus
plate C is simply a mathematical aid in modeling this
physical concept. An unproven assumption here due to
the difhculty of the mathematics, but one that seems
physically reasonable, is that the same result occurs if we
replace plate C by other objects taken at a large distance
from plate 8 [36].

Finally, before proceeding with our thermodynamic
analysis, let us relate [QT(co)] to the function
[h;„(co,T)] and the continuous spectral energy density
p;„(co, T) in Refs. [14] and [15] [see Eqs. (15) and (16) in
Ref. [15]]. Even though the discrete normal mode distri-
bution of the radiation between two plates cannot in gen-
eral be ignored when calculating quantities like the force
between plates, still we can make a connection between
the discrete and continuous distributions, which wi11 en-
able us to compare the results obtained here to those in
Refs. [14] and [15]. For the region between plates A and
B, a continuous approximation yields

& +int, BC ~ ~L L,
y' z

n„)0

[Qr(co~c ) ]
co [QT(co)]

pm(co& T}=
277 C

(43)

+ y [Q',(~„)]',
4+L L —oo &n, n & ooy' z

n„=0

(41)

[Qr(co) ]
h;„(co,T}=

27T3
(44)

and upon computing a change in the total energy due to
Lzz~Lzz+dL~& and Lac~Le dL&a, then a finite
change is obtained for RJ and ZPP radiation [35]. The
singular gain in energy between two of the plates is com-
pensated by the singular loss in energy between the other
plates, to yield finite change in energy. This result corre-
sponds to the physical demand that the work done as well
as the heat transfer during an isothermal displacement of
plate 8 should be finite quantities.

Of course, including plate C in the calculation is clear-
ly very artificial, since experimental setups do not
measurably depend upon the presence of some plate C at
a large distance from plate B. We include plate C here to
simplify the mathematics, while still including the physi-
cal concept that displacing plate 8 from plate 3 will

V. THE THERMAL RADIATION SPECTRUM
AS T—+0

A. Derivation of the T=0 spectrum

A system is defined as being at the temperature of ab-
solute zero when no heat can How into or out of the sys-
tem during any reversible isothermal process performed
on the system [37]. Hence, let us examine under what
conditions no heat will Sow from between plates A and B
upon a quasistatic displacement of plate B, when the en-
tire system is held at a constant temperature. From Eqs.
(1), (15},(34), and (37), for an infinitesimal change in Lzz,



45 REINVESTIGATION OF THE THERMODYNAMICS OF. . . 8481

A ~~AB ~&'T(~AB ) f1'T(~AB )

~aB
y 7 g

n„&0

(45)

T =0( )CO]
=2' KCO, (46)

where K is an arbitrary constant. The factor of 2~ was
inserted here to correspond with the constant K used in
Ref. [14] [see Eq. (44) here, and Eq. (68}in Ref. [14]]. We
note that, as one might expect, displacement operations
on the parallel plates do not let us determine [O'T —o(co)]
for unreflected plane waves with k„=O.

At T =0, ( 6)
~ T must equal zero for any length L„B and

any arbitrary displacement 5L ~B.
This condition is analogous to Eq. (67) in Ref. [14] for

simple harmonic dipole oscillators. However, in Ref. [14]
the simple harmonic oscillator system enabled a reso-
nance approximation to be applied to the analog of Eq.
(45) above, to result in the demand that the quantity in
large parentheses must equal zero. Here we do not have
a resonance approximation to enforce this demand,
which exposes one weakness of the present parallel plate
analysis. Instead, here we must introduce the additional
assumption that each sum of terms in Eq. (45) that in-
volves a single value of ~~B, rather than the entire sum,
must equal zero at T =0. An argument to support this
contention is that the sum of terms for each co&B in Eq.
(45) should represent the heat fiow into the region be-
tween plates A and B at frequency co&B. If we make the
demand that not only the total heat flow should equal
zero at T =0, but also that the heat flow at each frequen-
cy should equal zero, then we obtain that for n„)0,

B. Force on plate at T =0

The measured Casimir force between conducting paral-
lel plates fits our present needs. The measurements by
Sparnaay in Ref. [24] were done at room temperature for
a range of gap separations such that the room-
temperature correction to measurements near T =0
should be negligible [38]. (For larger gap separations the
temperature correction is expected to be important [38].)
Hence, let us evaluate this force at T=O, since we can
then use the T=O spectrum already deduced to make a
reasonable connection with Sparnaay's experiment.

The measurable force on plate 8 is given by Eq. (35).
Letting L =L~B+LBc, then

dmBC

dI.Bc

Hence

dNBC

dLqB

No radiation being present at T=O is satisfied by
choosing K=O. However, we again see that null radiation
is not the only radiation spectrum that can satisfy the
fundamental thermodynamic definition of absolute zero
temperature. Several qualitative arguments were given in
Ref. [14] that a nonzero choice for ~ will yield the closest
agreement between classical theory and physical observa-
tion. Now we turn to one specific experimental means of
deducing the appropriate value of K.

2~~1CA C}

t, B1(r) ) L L gL X (AB+Bc }
y z AB —oo &nny' Z

n &0

f" dk, I" dk, y .
n„=1

2

+k +k,
AB

1/2
m.n„

L —L~B
+k2+k,

1/2 '

(47)

AKC77(F,„,B,(t) )„=
AB

(48)

For nonzero x the first line in Eq. (47) expresses the result
familiar from quantum theory: at T =0 the force on one
of the plates is obtained from a potential function that is
just a constant times the sum of the frequencies of the
normal modes of the system. The above sums are diver-
gent. However, a number of techniques exist to regular-
ize the sums and arrive at a finite physical answer [39].
For our analysis, which involves the derivative with
respect to L„B in Eq. (47), Fierz's method in Ref. [39] is
quite convenient. To begin, in the second line above Ly
and L, were taken to infinity so that a continuous spec-
tral distribution was obtained for k and k, . Following
Fierz's method, for L &)L„B,one obtains

I

Agreement with experimental measurements of this force
as a function of the distance between the plates [24,12], as
well as with quantum theory predictions [18], is obtained
when

2H (49}

In this way Planck's constant natural1y enters into the
thermodynamic analysis of classical electromagnetic ran-
dom radiation. From Eqs. (46) and (43), this spectrum
corresponds to what has been termed the classical elec-
tromagnetic ZP radiation spectrum [2—11]. Equations
(46) and (49) recover our earlier side note of Eq. (39) that
was obtained by simply comparing energy expressions be-
tween the quantum and classical situations.
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C. Third law of thermodynamics

While discussing the T~O limit of classical elec-
tromagnetic thermal radiation, we should also mention
that the analysis in Ref. [14],Sec. VII, for the applicabili-
ty of the third law of thermodynamics for displacement
operations of classical dipole oscillators, also carries over
immediately to conducting parallel plates. The calcula-
tions are essentially identical. Thus, for displacement
operations of the plates, ZPP radiation satisfies the
Nernst-Simon form of the third law, while RJ radiation
violates it.

Here we should also mention that the further work in
Sec. VIII of Ref. [15] shows that (i) the demand of a
finite specific heat for classical electromagnetic thermal
radiation in free space imposes an even stronger restric-
tion on the thermal radiation spectrum than (ii) the re-
striction on the spectrum from the Nernst-Simon form of
the third law, as applied to displacement operations on
dipole oscillators and conducting parallel plates. To ob-

tain (i), a generalized Wien displacement law was used
that was derived by applying the second law of thermo-
dynamics to operations involving dipole oscillators. We
now turn to show that a similar result holds for thermo-
dynamic operations on conducting parallel plates.

VI. A CONSEQUENCE OF THE SECOND LAW
OF THERMODYNAMICS

From the second law of thermodynamics,
dS„~—=d(Q)z/T must be an exact differential. Here,
the subscript "cal" stands for "caloric," to distinguish
this entropy from one calculated according to alternative
probabilistic ideas [40], while 'R" indicates a thermo-
dynamic reversible operation. We will express dS„& in
terms of two independent thermodynamic coordinates:
the temperature T and the distance L „~, where
L =L„~+Lzc is again held fixed.

The change in caloric entropy for the volume V in Fig.
1 is then given by

1
dS„) „~c=—[d((R;„,q~ )+(Q;„,sc)) dL~~(F,„,—~, )„]

d((Q;„,—„s) dLq~F—q)+ d(("—M;„, ~c ) dLq~F—„)

dS„) qa+dS„) ac (50)

Thus dS„& „~& equals the sum of the change in caloric entropy associated with the regions between plates A and 8 and
between plates B and C. Here, F& and F„ in Eqs. (20)—(22) equal the expectation value of the x component of the
"external" forces, or the part of the external forces, needed to oppose the pressure on plate 8 due to radiation between
plates A and B, and between plates B and C, respectively [41].

Concentrating now on the entropy S„& zz associated with the volume V in Fig. 2 [42],

BS]AB 1 8 (;„,, „,)
aS... „, 1 a(e,„,„,)

BLq~ T BL~~

Equating the two expressions that can be obtained above for 8 S„~~a IdL „sd T yields

A ~cosa T df) r( aa ) ~&r(~ ~a ) 10= + II'r(~~a )
LL,T2 „„.„„BL„co„dT

n„)0

(53)

This condition must be satisfied for any temperature T
and for any length Lzz. From Eq. (43), Eq. (53) is very
analogous to the condition of Eq. (20) in Ref. [15] for
simple harmonic dipole oscillators. Reference [15] used
the simple harmonic resonance approximation to demand
that the analogous quantity in square brackets in Eq. (53)
must equal zero. As with Eq. (45), there is no such reso-
nance condition for parallel plates. We must again make
an additional assumption. Physically, this assumption
seems reasonable if we consider the heat, and consequent-
ly the entropy, associated with each frequency, much as
what Planck was describing in Ref. [23], Part II, Chap.
IV. Demanding that the second law of thermodynamics

then holds for the entropy associated with each frequency
of the radiation, would then yield that the quantity in

square brackets in Eq. (53) must equal zero.
Making the substitution of T =co/0, and using Eqs.

(23) and (25) in Ref. [15],we obtain

CO

Q~&(co)=2' c cd;„ (54)

where f;„(8)«0 and f;„(8) is a continuous function of
8. The factor 2~ c was included to yield agreement
with Eq. (43) here and with Eq. (27) in Ref. [15]. From
Eqs. (46) and (49), one restriction on f;„(0)is that
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lim f;„(8)=e~ ao

(55)

Equation (54), or from Eq. (43) in the near continuum

case, p;„(co,T) =co f;„(co/T}, represents one form of what

is often called Wien's displacement law. However, our
result holds even when nonzero radiation is present at
T =0, or when v+0, thereby providing a generalization

of this result. Moreover, even without the inclusion of
ZP radiation this result is more general in the following
sense. Equation (54) describes how Qr(~) must depend

upon ~ and T for the second law of thermodynamics to
hold during arbitrary reversible changes in temperature
and displacement. Similarly, Wien s original result found
the corresponding dependence for p;„(co,T) upon co and T
during reversible changes in temperature and displace-
ment, but where these changes were restricted to adiabat-

ic ones. This restriction was not made here.
In Sec. VIII we will obtain the second form of Wien's

displacement law, which involves frequency and volume.
We will see, however, that this second form is not as gen-
eral as the first since it becomes increasingly less accurate
for small distances between the plates.

VII. DETERMINATION
OF THE ENTROPY FUNCTION

Now let us find the change in entropy between plates A

and B when passing from a thermal equilibrium state
specified by ( T, ,L„rr =L, ) to one specified by

(Trr, L&rr =Lrr }. For convenience, let us drop all "AB"
references, so that S„izz ~S„&and cozz ~co. Choosing
any reversible path from (T„L,) to (T»,L»), one ob-
tains

2m'c'A
r(Trr L»} ~ r(Tr Lr}=

y z —cc&n, n &~y' z
n„&0

w

w

n t

7

TI 7

it
I )

d 8 I~ n

H
8~

~
y z ~ ~ ( n n (

i)f;.(8)

yf Z

n„=0

Tiq dT QQ'2~

T BT

(56}

where 8=co/T and co is given by Eq. (33).
The above result is quite general. As required, the en-

tropy difference appears as a function of state. However,
without knowing more about f;„(8)and 0'z, or without
making an approximation, particularly in the summation
over n„, we cannot explicitly evaluate the above quantity.

Of course, one simplification is to convert the sums
over n and n, to integrals via

(57)
n

and likewise for n„since we can arbitrarily make Ly and

L, as large as we like. The same approximation for the
sum over n„ is not in general valid, and it becomes in-

creasingly worse as the plate separation and the tempera-
ture become smaller. Shortly we will see an example to
illustrate this point.

However, for now let us evaluate Eq. (56) in the regime
where Wien, Planck, and others considered cavity radia-
tion, namely, where the wall separation L is large com-
pared to the more critical wavelengths of interest, which

—g~ —fdk„1 1

L „m (5g)

is a good one.
To connect with Wien and Planck, we need to inter-

change the operations of integrating over 8 with the
summations over n in Eq. (56). One way to do this is to
first break up the integral over 8 into two parts, where T
is held fixed and then L is held fixed:

are the wavelengths at which most of the heat enters the
region between the plates. If we jump ahead of ourselves
and use our anticipated result of the ZPP spectrum to ex-
plain this point, then although an infinite range of wave-
lengths are included in the above sums, the major contri-
bution to the change in entropy will largely be due to the
sum of waves where the ZPP spectral energy density
minus the ZP spectral energy density is large. We know
that the wavelength at the peak of this curve satisfies
A,M T =const. Hence, for L &&A, , we can anticipate that
the continuum approximation of

2/c'A
S„r{T», Lrr }

L, L,,
a~ f;n

CO

—~&n n &~ ~L
y' z

n„&0

—~&nn &~ T 8~ c ~&nn
Z Z

(59)

n„&0 n„=0
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Now making the approximation that we can neglect
the n„=O terms, and using Eqs. (57) and (58), plus

'2

()L L k
(60)

one can show that

S ai(Tii Lit) S ai(Ti Li)= io (VnTii ViTi ) ~

or

S„i(TL)= 4cr'VT +S(), (62)

where

4~ in
O' =

4
dO" 0

0 QO~
(63)

V=AL, and Ski=const. Thus we have connected with
the entropy of radiation in free space [see Eq. (61) in Ref.
[15]]by considering the regime of large plate separations
compared to the wavelength at the peak of the spectral
energy curve above the ZP spectral energy part. Other-
wise, one must return to Eq. (56) or (59). Equation (62)
yields the VT form of the traditional result for the
caloric entropy of blackbody radiation [see Eq. (80) in
Ref. [23]]. However, here o ' accounts for the presence of
ZP radiation, which was particularly evident in our
analysis by the need to take singular forces and singular
changes in energy into account. From Eq. (39) in Ref.
[15],another form of Eq. (63) above is

cr'= f dee' f (8)—
C

(64)

ASca), n )o
—oo (n, n ( oo

JP 2
n )0

coBf;„/r}T

r

f "de 8'aI,„/ae
1 cm p

LT 4 f dec
(65}

Hence, for T and L suSciently large, this ratio is negligi-
ble. However, when a cavity becomes small in size, or if
the temperature is quite low, then our continuum approx-
imation in Eq. (58) is not in general valid and we cannot
ignore the discrete difference between the n =0 and the
n )0 terms. Although the n =0 terms do not inhuence

In the early analysis of cavity radiation, the second term
in large parentheses above was missing [see Eqs.
(101}—(104) in Ref. [23]], due to the implicit assumption
of no zero-point radiation.

Now let us roughly estimate the ratio of the n =0
terms to the total terms in Eq. (59) when L is held fixed
and when T, and T«differ by a small amount dT. Using
the approximations of Eqs. (57) and (58), and assuming
that Eq. (54) also holds for the n„=O terms in order to es-
timate the following ratio, then

coBf;„/dT
—oo(n ny' 2

n =0
X

the force on the plates, they do possess a specific heat
content that becomes proportionally larger as LT be-
comes smaller. Clearly, discrete mode corrections such
as this one will be important when analyzing the behavior
of very small cavities [26].

VIII. THE (cg, V) FORM
OF WIEN'S DISPLACEMENT LAW

Here we mill deduce the frequency and volume form of
the Wien displacement law, which holds for adiabatic dis-
placexnent operations. Moreover, evidently this law only
holds when the plate separations are not so small as to
focus attention upon the discrete standing wave nature of
the cavity radiation. In contrast, the frequency and tem-
perature form of the generalized Wien displacement law,
Eq. (54), is not restricted to adiabatic operations, and it
holds even for small plate separations.

From Eq. (62),

VT3=const (66)

Bp 1 N Bp

BV s V 3 BN
(68)

which enables us to find dpi+=(dp/dV)sdV due to a
small change d V.

As originally noted by Boyer [5], the co form of the
classical electromagnetic ZP radiation spectrum results in

(Bp/i}V)ls =0. We are now in a position to better under-
stand the physical significance of this result. Upon ignor-
ing the discrete nature of the cavity radiation and consid-
ering only the effective spectral energy density p(co, T),
the thermodynamic argument of Sec. VA requires that

p ~ m at T =0. From Eq. (68), we then see that displace-
ments in the walls of the cavity will not alter p(~, T) at
T=O. This result is intuitively satisfying because at
T =0, an adiabatic operation is the same as an isothermal
operation [43]; otherwise, these two operations are not
generally equivalent. Consequently, when TAO we ex-
pect the temperature to change as the plates are adiabati-
cally separated, so that p(co, T) will also change; only at
T =0 should p(co, T) remain fixed.

However, we must also note that this effective spec-
trum p(co, T) is not the most accurate way to characterize
thermal radiation at low temperatures and for small plate
separations. A much better way is to calculate the
modes, specified here by n and A., and to deal directly
with the function Qz(co ) that governs the average elec-
tromagnetic energy within each mode. As the plates
move apart, the frequencies of the modes shift via Eq.
(33), thereby changing the value of Qr(co„) at a normal
mode frequency. Also, the value of T will change for
each mode, unless T=O. If we reexamine the T=0 dis-

for adiabatic displacement operations at large plate sepa-
rations. From Eqs. (43), (54), and (66),

p;„(co, T)l~ =~'9'(~'V),

where ls indicates constant entropy. This result is the
solution for the differential form of the (co, V) Wien dis-
placement law:
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placement operation from the point of view of QT(ro„),
rather than p(co, T) above, then the change in QT —p(N )

will be given by

Bco BQ y —0
d(QT p(co ))=dL„

a
(69)

An adiabatic condition is ensured if QT p(ra) satisfies the
ZP form of Eq. (46}; no heat then escapes at any mode.
Nevertheless, Q T=p(N ) will change in proportion to
dL„(den, ldL, ) =5'„.

Further important connections and distinctions exist
between Wien s original work, as described in Ref. [23],
and the present analysis. Wien's analysis began with the
(co, V) form of his displacement law, in contrast with our
(co, T) form in Sec. VI. He dealt with a single frequency
of radiation. Via the conservation of energy, he demand-
ed that the energy of an incident wave on a slowly mov-

ing wall in a time dt must be equal to the energy of the
wave reflected off the wall in time dt, plus the work done
by external forces to move the wall against the pressure
due to the reflected wave. A careful account was made of
the change in frequency of the reflected wave from the
slowly moving wall.

However, the discrete modes of radiation were not ad-
dressed. Consequently, Wien was able to average over a
continuum of incident angles on the wall to deduce the

3

factor in the second term in Eq. (93) in Ref. [23]. Other
than this approximation, however, his (co, V) analysis
largely did account for the possible presence of ZP radia-

tion. Since only one frequency component was con-
sidered, no complications occurred due to singular quan-
tities. Of course, one should really supply an additional
argument as to why each frequency component could be
analyzed separately; the reason lies in a physical assump-
tion, included in our own work as well, involving the sta-
tistical independence of electromagnetic waves with
difFerent frequencies [6,8].

When proceeding from the (co, V) to the (co, T) form of
Wien s law, here is where the possibility of ZP radiation
was not taken into account. The problem largely lies
with the manner in which the adiabatic curves
VT3=const were derived (see Ref. [23], Chap. II), which
involved the use ofp =u /3, where the pressure p and the
energy density u were treated as nonsingular quantities.
The following section helps identify some of the problems
here.

IX. HIGH-TEMPERATURE REGIME
BETWEEN PLATES

We can recover the analysis of early researchers by
considering the case when the temperature of thermal ra-
diation inside a large cavity is much greater than the tern-
perature outside. Let T&B be the "inside" radiation tem-
perature between plates A and B in Fig. 1, and let TBc be
the "outside" temperature between plates B and C. Us-
ing the continuum approximations, we obtain, from Eqs.
(35), (54), and (60),

r '2

(F,„,~,(t))„=,f "dk„f" dk, f" dk,
"

j
—[QT (co)]'+[Qr (co)]'j

f dco co f;„3 0 AB
f;. —

BC
(70)

(F,„,»(t) )„
A 3~ f d~~ fin

T~B

K

C

in
TBc

K

C

3( T~a Tac )~', — —(71)

via Eq. (64). If T~c && T„z, now we can drop the second

From Eqs. (54) and (43), Eq. (70) equals A /3 times the
difference in the electromagnetic energy densities on ei-
ther side of plate B. The analysis of early researchers
would certainly agree with this result. However, if
TBc «T», their approximation would consist of assum-
ing the second term to be negligible. We cannot make
this approximation because of Eq. (55}, which implies
that each integral taken separately above is singular. In-
stead, if we subtract out the singular part of each term
via Eqs. (49) and (55), then

f d~~ fm
K oo Qj

dc'
3 0 2 3

Ace

[exp(fico lkz T ) —1 ]

~2I.B4

Z4
c %15

(72)

equals the familiar energy density due to the Planckian
spectrum alone, without any T =0 spectral contribution.

With this consideration for the pressure, now let us
reexamine the conventional deduction of the Stefan-
Boltzmann law starting from

term. The total pressure is then approximately equal to
the first term in square brackets in the first line of Eq.
(71), which represents the pressure due to the amount by
which the T~B spectral contribution exceeds the T=O
spectral contribution to the total pressure. In the case of
the ZPP spectrum,
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TdS„)AB = a&e,„,„,&

BT
dT

AB

a&e,„,„,)
BLAB

(73)

a&'M, „, „~ &

~L AB y' 2
n )0

BCO AB

~LAB

how the implicit assumption of no ZP radiation was con-
tained in the early-1900s analysis:

The approach around 1900 involved approximating
& Vl;„, „~) by u„tiAL„ti, with u„~ assumed to be non-
singular and independent of AL „ti. Assuming that
Vz= —Att„s/3 results in the coefficient of dL„ti above
equaling —4A u zti. Equating the two expressions for
a S„tt /aTaL„ti then leads to the Stefan-Boltzmann law
that uAB T .

When & Vl;„, „~) and Vz are allowed to be singular,
then the appropriate analysis is as given in Sec. VI, re-
sulting not immediately in the Stefan-Boltzmann law, but
rather in the (co, T) form of Wien's displacement law. By
next following the continuum approximations in Sec. VII,
the generalized Stefan-Boltzmann relationship in Ref.
[15] for free space was shown to approximately hold for
the region between two conducting parallel plates.
Specifically, from Eqs. (51) and (62),

aT & +i t, AB ) ~L„aTIALAti(+ T )]4 (74)

which fits in with the ideas of physicists around 1900.
A few points are important to note regarding Eq. (73).

The change in heat TdS„, AB between plates A and 8
must be nonsingular for any arbitrary small changes of
dT or dL„s, so the coefficients of dT and dL„+ in Eq.
(73) must be nonsingular. Hence the specific heat
a& G;„, „~) /aT must be finite, and the singular part of

must cancel with the singular part of
a& Q;„, „~ ) IaL„ti. To connect with early 1900s analysis
for large values of L„B,L, and L„the continuum limits
of Eqs. (57) and (58) can be used in approximating
a & G,„, „~) /a T, Vz, and a& 'i4t;„, „~) IaL „ti. However,
with regard to this last quantity, one must first take the
derivative of &'ll;„, zz ) with respect to Lzs and then

make the continuum approximation of Eq. (58), rather
than vice versa. If &'M;„, „~) was nonsingular, the order
of these operations would not matter. More specifically,
the latter incorrect procedure yields

BLAB mL L,
2

&0

2 2(AL„ti) 3 3
deuce Qr

~L AB 2~ c

dc' co O~
0

(75)

This method corresponds to the treatment of &'g,„, „~)
around 1900, since the quantity in square brackets in the
second line down is just the volume times an energy den-
sity that is independent of L AB.

In contrast, if we now correctly make the continuum
approximation after differentiating, we can explicitly see

1 ~ BQ~
dco co

0 QQj

A—+-
27T C

co Qrio +3J deco Qr
0

1 A
dcoco +T .

32mc
(77)

Combining Eqs. (76) and (77), along with Eqs. (49), (54),
and (55), yields

a&+int AB) 4
~ 3 CO K

Vp 3A I dcoN f;„
AB 0 AB C

=4A(tr'T ) . (78)

In this way we recover the form of —', AuAB for the
coefficient of dL„ti in Eq. (73), where u „~=cr'T, as well

as seeing explicitly where the singularities enter into the
analysis.

X. CONCLUDING REMARKS

The analysis discussed here involved the thermo-
dynamic behavior of two parallel conducting plates, im-
mersed in classical electromagnetic thermal radiation.
Changes in separation of the plates and changes in the
temperature were investigated. The Appendix [16] ex-
tended this work to a conducting box with a movable in-
terior conducting wall. Throughout the analysis, the pos-
sibility that the thermal radiation spectrum may not
reduce to zero at T=O was taken into account. %ith
this, quite possibly, critically important physical con-
sideration, the thermodynamic analysis of blackbody ra-
diation compression by Wien, Planck, and others was
reinvestigated here, as well as extended to nonadiabatic
thermodynamic operations.

Two particularly noticeable results of this analysis
were the deduction of (i) the (co, T) form of Wien's dis-

placement law and of (ii) the thermal spectrum at T =0.
These results were deduced, respectively, from the
demands of (i) the second law of thermodynamics and (ii)
the thermodynamic definition of T =0. Both of these re-
sults bring us a bit closer toward understanding the full

(76)

The second term in the last line above is equivalent to the
last line of Eq. (75). Due to Eqs. (54) and (55), the first
term above is not only nonzero, but also singular. Only if
the thermal radiation reduces to zero at T =0 in such a
way that f;„(8)in Eq. (54) goes to zero faster than 1/8
as 0~ ~, will the first term above equal zero. Only then
are the approximations in Eqs. (75) and (76) equivalent.
Hence this implicit assumption of no ZP radiation was
buried in the early analysis around 1900.

Applying the continuum limit to 9'& given by Eq. (34),
we obtain
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set of requirements imposed by thermodynamic equilibri-
um conditions on the thermal radiation spectrum found
in nature. We now have two electrodynamic systems
namely, simple harmonic electric dipole oscillators
[14,15] and conducting parallel plates, that agree in their
predictions of the appropriate functional form of the
thermal spectrum needed to satisfy (i) and (ii).

The ZP radiation field has a number of interesting
properties, with two of the more important ones being
that (a) different inertial reference frames possess the
same radiation energy spectrum [3,4] and (b) no heat will

flow during reversible isothermal operations, at least for
the two systems mentioned above. The first condition
directly involves only the radiation, while the second con-
dition directly involves both radiation and systems of
matter. Either of these properties enable the functional
form of the classical electromagnetic ZP radiation spec-
trum to be deduced. However, the two properties do not
appear to be equivalent. Instead, these properties are re-
sults of separate conditions that must be met by the ZP
radiation field if it is to have an acceptable physical be-
havior, where here we are assuming that nature does
indeed obey rules of Lorentz invariance and of conven-
tional thermodynamics. Thus we could certainly con-
ceive of the situation where either (a) or (b) might be
satisfied, but not the other, in which case we would have
to conclude either that the classical physical framework
of SED does not correctly describe nature, or that we
were mistaken about nature exactly obeying the imposed
conditions. The former being the much more likely situa-
tion, then one immediate conclusion is that a minimum
condition for the classical electromagnetic ZP Geld to be
acceptable as a real part of nature is that (b) must hold
for all physical systems of matter found in nature. At
present we do not know to what extent this condition is
true, since (b) has only been verified for two very specific
physical systems [44].

Finally, one point we should emphasize here is the im-
portant physical significance of the generalized (to, T)
form of Wien's displacement law, which might easily be
overlooked. The (co, T) form of Wien's law is deceptively

very simple: specifically, that the thermal spectrum in
the near continuum case, or the variance of the elec-
tromagnetic mode amplitudes in the discrete case, should
be proportional to to f;„(to/T) and tof;„(to/T), respec-
tively. Consequently, one might suspect that the main
content of Wien's displacement law can be deduced by a
means as simple as dimensional analysis. Indeed, Som-
merfeld in Ref. [45], Sec. 20.C, uses a dimensional
analysis argument to deduce this spectral form [46,47].
Nevertheless, we can see that this sort of argument is
largely a plausibility argument, as Sommerfeld does
indeed suggest on p. 141 in Ref. [45], rather than a substi-
tute for the thermodynamic reasoning. Afterall, standard
dimensional analysis deals only with assumptions about
the physical constants and dimensions that might enter
into a problem and does not, otherwise, directly touch on
the governing laws of nature. Hence this simple ap-
proach cannot address the key content of the (co, T) form
of Wien's displacement law, which is that a condition for
the second law of thermodynamics to be obeyed is that
the thermal spectrum must possess this spectral form.
Indeed, as discussed here, the (co, T) form of Wien's dis-
placement law should be derived before the Stefan-
Boltzmann law, which previously had been the point
where researchers thought the second law entered the
analysis via the requirement that entropy be a function of
state.

Along a similar line of thought, one might suspect that
the classical electromagnetic ZP spectrum can be de-
duced from the generalized (co, T) Wien's law derived
here of p;„(co,T)=to f;„(co/T). After all, if we let T +0-
here and if lime „f(e) is a nonzero constant, then we
do indeed obtain the correct co form of the ZP spectrum
[48]. Certainly, this argument is helpful to note since it
makes this nonzero spectral form at T=O plausible.
However, this argument does not address the key point
we examined in some detail here as to whether this co

spectrum will satisfy the demand that no heat will flow
during reversible isothermal operations, and thereby
serve as a thermodynamically acceptable T =0 spectrum.
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