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Tilt bifurcation and dynamical selection by tilt domains in thin-film lamellar eutectic growth:
Experimental evidence of a tilt bifurcation
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In thin-film directional solidification of the CBr4-C2C16 eutectic alloy, we observe a quasi-
instantaneous transition from symmetric states to drifting parity-broken ("tilted" ) states as a result of a
sudden increase of the pulling velocity. We show that (i) the observed transition is essentially the
forward-tilt bifurcation that Kassner and Misbah [Phys. Rev. Lett. 65, 1458 (1990);66, 522 (1991)]have

recently found, numerically, in a model without anisotropy of the solid phases; (ii) crystal anisotropy, in

the eutectic system, makes the bifurcation slightly imperfect. In lamellar eutectics, phase diffusion is ex-

tremely slow, and permanent spatial modulations of the pattern wavelength are always present, generat-
ed at eutectic grain boundaries. We show that the tilt angle, i.e., the degree of parity breaking of the pat-
tern, adjusts itself locally to the wavelength in a very short time, in contrast with the slow phase
diffusion.

PACS number(s): 81.10.Fq, 64.70.Dv, 03.40.—t

I. INTRODUCTION

The symmetric, stationary, periodic patterns of direc-
tional solidification fronts can, und~. r some conditions,
break their symmetry with respect to the growth direc-
tion (i.e., the parity of their front profile with respect to
the coordinate perpendicular to the modulation; see Fig.
1) and switch to asymmetric patterns drifting along the
front. The existence of this possibility and its implica-
tions for the dynamics of cellular fronts, especially as re-
gards the well-known [1] wavelength-selection problem,
have been fully recognized only recently. To our
knowledge, attention was first drawn to the parity-
breaking or "tilt" instability [in the context of eutectics,
the latter term is more suggestive (see Fig. 1) and will be
used thereafter] by the observation of small domains of
tilted cells on a nematic-isotropic directional
solidification front by Simon, Bechhoefer, and Libchaber
[2]. Traveling sideways along the front, these "tilt
domains" erase the preexisting symmetric ("untilted')
cellular pattern and leave behind them a new untilted
pattern, which, under certain conditions, has an average
value and a distribution of its wavelength different from
those of the preexisting one. A similar observation was
made by other authors on a lamellar eutectic
solidification front [3], and on a hydrodynamic analog of
directional solidification fronts [4], attesting to the gener-
ic character of these dynamical "objects."

The following was almost immediately inferred from
these observations, in particular by Coullet, Goldstein,
and Gunaratne [5].

(1) The system is likely to have a bifurcation from
space-filling ("extended") stationary untilted states to tilt-
ed ones.

(2) The emission and propagation of tilt domains is a
wavelength-selecting mechanism of a particular type; a
convincing phenomenological model of this "dynamical
selection, " based on the assumption of a tilt bifurcation,
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FIG. l. (a) Symmetric "untilted" stationary state of direc-
tionally solidified lamellar eutectics. The lamellae of one of the
two solid phases are hatched (in the case shown, the volume

fraction of this phase is g=0.7). Oz is the pulling or growth
direction (see Fig. 2), Ox the lateral, and Oy (not shown) the

transverse direction. (b) Generic "tilted" stationary state. The
pattern drifts in the lateral direction, leaving behind lamellae

with the tilt angle P.

was devised by Coullet, Goldstein, and Gunaratne [5] and
further improved by Goldstein et al. [6] and Caroli,
Caroli, and Fauve [7].

Direct experimental evidence for the tilt bifurcation
has been lacking, however. In this article, we present
such evidence, which we have obtained on the system
where we had previously observed tilt domains [3] (called
tilt waves in that first report): the lamellar eutectic alloy
CBr4-C2C16, directionally solidified in thin films. We
have also carried out a detailed investigation of the
dynamical wavelength selection by tilt domains in this
system; those results are planned to be presented in a fur-
ther article (hereafter, we refer to this article as paper II).

The well-known geometry and setup [8—10] of thin-
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film directional solidification experiments is sketched in
Fig. 2. The transparent eutectic alloy CBr4C2C16 has
been studied by many researchers [8,9,11,12], but only re-
cently with the view of investigating its dynamical behav-
ior as such. The dynamics of this system is rich, includ-
ing, in particular, several oscillating regimes (see Ref. [13]
for a rapid survey). For clarity, we shall focus here, as
much as possible, on the parity-breaking instabilities
only.

In the search for the tilt bifurcation, we were guided by
the recent theoretical findings of Kassner and Misbah
[14—16]. They assume a "minimal" model, minimal
meaning here that they make all the simplifying assump-
tions that are reasonable in a first approach to thin-film
directional solidification [17]. Of particular importance
for what follows is that crystal anisotropy is ignored: all
interfacial energies are supposed isotropic (orientation in-
dependent).

At fixed thermal gradient G and alloy concentration C,
the pulling velocity Vis the only control parameter of the
system. The possible lateral drift of the pattern being
taken into account, two variables are needed, at given V,
to parametrize all the conceivable periodic stationary
states of the system, e.g., the wavelength A, and the tilt
angle P—it being understood that a tilted (/%0) pattern
is stationary not in the laboratory reference frame but in
a frame drifting sideways at velocity V, = V tang [see Fig.
1(b)]. It has been shown by Brattkus et al. [18] that, for
given V and A., the minimal model cannot admit a contin-
uum (in the variable P) of stationary periodic solutions:
it can at most have a discrete set of solutions, including
the untilted solution /=0. Kassner and Misbah, in-
tegrating numerically the equations of the minimal model
for material parameters corresponding to the CBr4-CzC16
system, have established the following results.

(1) For a given wavelength A, , extended tilted states ap-
pear via a forward bifurcation from the untilted states at
a critical pulling velocity Vz.

(2) In accordance with previously established similarity
relations [14], the bifurcation diagram can in fact be plot-
ted, to a first approximation, as a function of the parame-
ter A, V (Fig. 3). The essential condition for this assertion

to be valid is a small Peclet number Pe=A, /I, where
I =D/V is the diffusion length and D is the chemical
diffusion coefficient of the solute in the liquid. The condi-
tion is clearly fulfilled in the experiments reported below
(D=500 pm s ' [19], V&4.3 pms ', A, &16 pm, so
Pe & 0.15). Then, the exact statement is as follows: P is a
function of two variables, k V and G/V, but the depen-
dence on G /V becomes negligible when this ratio is much
smaller than a certain value which for our system, is of
the order of 0.02 pm sK. In our experiments, G/Vis
less than 0.01 pm s K.

(3) The steepness of the tilted branch near the bifurca-
tion threshold is primarily determined by the ratio d/1 of
the capillary to the diffusion length. In our experiments,
d =-10 p,m [19], so that d/l &10; as a consequence,
the tilt bifurcation is very steep: for A, V a few percent
above the critical value, ((i is about 25'.

(4) The critical value (A, V)r for the tilt bifurcation is
about 4 times larger than the Jackson-Hunt [9]
minimum-undercooling value (A, V) =)i, ( V) V. Since

( V) varies as V ', we can state equivalently that the
A, threshold at given pulling velocity is approximately
2A

The experimental procedure prescribed by these
theoretical results is, in principle, straightforward. The
most well-known (but unexplained) observation concern-
ing lamellar eutectics is that, when pulled at a fixed veloc-
ity for a long time, they stabilize in the untilted periodic
pattern with a more or less closely selected wavelength
near the minimum-undercooling value for that velocity
[9,20]. The procedure we used is then simply, first, to
pull the sample at some velocity V, for a time long
enough for the system to stabilize in the untilted pattern
of wavelength A, , =A, (V, ); second, to switch the pul-
ling velocity to a value V2 =R V„with R & 1. According
to the bifurcation diagram in Fig. 3, when R )Rz —-—4,
and on condition that the number of lamellae be con-
served during the transient, the system should become
unstable and subsequently restabilize in the tilted pattern
of wavelength A, i and tilt angle P(A, , Vz), where P
denotes the value of (t in the stationary states represented
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FIG. 2. Thin-film directional solidification setup. A film of a
transparent alloy, enclosed between two parallel glass plates (g)
is placed in a fixed thermal gradient (directed along Oz). The
sample is pulled at velocity V in the Oz direction. The position
of the solid-liquid front (f) is fixed in the laboratory frame, and
moves at the imposed velocity V with respect to the liquid. The
front is observed with an optical microscope (m) connected
with a videotape recorder.
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FIG. 3. The tilt bifurcation as calculated by Kassner and
Misbah [16] (sketch); m: minimum undercooling; T: bifurca-
tion threshold.
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by the solid lines in the bifurcation diagram of Fig. 3; it
should not do so when R )RT. This is essentially what
is observed, as we shall show shortly. However, the be-
havior of the real system is more complicated than that
implied by this simplified vision. The significant addi-
tional complexities have two sources: the extreme slow-
ness of phase diffusion and the presence of surface-
tension anisotropy. The conjunction of these two
features results, in particular, in permanent gradients of
the local wavelength (often termed lamellar spacing in
the case of eutectics; similarly, the "cell" is called the
pair of lamellae). To make this article self-contained, we
summarize our recent findings on this subject [21].

(1) The growth fronts of our samples are always com-
posed of "eutectic grains, " i.e., regions of homogeneous
crystal orientation of the two solid phases. The action of
surface-tension anisotropy, whatever its nature and
strength, is uniform within a grain, and different in
different grains.

(2) There are two distinct types of eutectic grains de-
pending on whether the generalized Wulff plot of the aP
interphase interface is smooth or has cusp singularities.
We shall be concerned here only with the first case,
which we have called "floating grains. " For these grains,
surface-tension anisotropy acts as a smooth, weak pertur-
bation of the ideal system represented by the minimal
model. For the other type of grains, the "locked" grains,
surface-tension anisotropy is strong enough to lock the
aP interfaces onto singular epitaxy directions.

(3) For floating eutectic grains, the generic situation is
that surface-tension anisotropy breaks the parity symme-
try of the system. Then, even the basic stationary states,
i.e., those states that would be untilted in the absence of
anisotropy, are slightly inclined by an angle $0, which is a
function of the particular orientation of the grain. The
value of $0 is found to be at most 5' in basic states with X

close to k
(4) A straightforward consequence of point 3 is that a

perfectly uniform basic state cannot exist in a sample
containing several eutectic grains. At the boundary be-
tween two adjacent (floating) eutectic grains, the lamellae
of one grain are constrained to run towards (away from)
the lamellae of the other grain, if the boundary is "con-
verging" ("diverging"), i.e., if the difference of the $0
values in the two grains is negative (positive). The system
reacts to this constraint in a variety of ways, but, because
phase diffusion is ineffective, the net result is that a
trough or bump of the A. distribution is permanently at-
tached to each boundary, extending typically over 10
pairs of lamellae on both sides of the boundary. This is,
at least in our samples the main origin of the well-known
(see, e.g. , [12]) basic-state irreducible 10—20% A, disper-
sion of the "selected" wavelength.

II. EXPERIMENTAL PROCEDURES

The description of the thin-film directional so-
lidification setup we used can be found in other places
[22,23]. The two parallel glass plates containing the crys-
tallizing film (Fig. 2) also ensure the conduction of the
heat from the hot to the cold end of the sample. The

temperature profile at the growth front has been mea-
sured with a thermocouple. It is satisfactorily linear and
stable when the pulling velocity is kept constant, but
shifts slightly towards the cold end when the pulling ve-
locity is suddenly increased. It takes about 10 s for the
temperature to stabilize to its new profile. The velocity
jumps of the growth front are smoothed by this effect. In
practice, this means that the conditions during the first
10 s or so of the post-jump transients are relatively ill
defined.

We used here very thin ( = 16 pm thick along Oy) and
wide ( =6 mm wide along Oz) samples. By very thin, we
mean a thickness comparable with, or smaller, than the
lamellar spacings in the pattern. This specification is im-
portant and demands some explanation. It has to do with
the above-mentioned condition that the average wave-
length be kept constant, thus that no lamella be created
during the transients. We shall give elsewhere experi-
mental evidence that tip splitting is not, in lamellar eutec-
tics, the mechanism by which new lamellae are created.
The nature and conditions of occurrence of the lamellar-
birth mechanism have not yet been studied in detail.
There seem to exist two types of instability from which a
lamellar birth can result. Both are "transverse, " imply-
ing a distortion of the preexisting lamellae in the Oy
direction [24]. One of them is local (i.e., involves one pair
of lamellae only) and has a k threshold ) 2A, . The other
is extended and can occur at k (A, . To allow the tilt bi-
furcation to take place, the latter instability must be
prevented. This condition is clearly more easily fulfilled
in very thin samples, thanks, probably, to the stabilizing
effect of the wetting forces at the glass plates [25].

Two more issues turned out to be, in practice, crucial:
first, the purity of the alloy; second, the size of the eutec-
tic grains. Residual impurities play a role in the well-
known cellular-dendritic instability that occurs in impure
and/or off-eutectic alloys at high pulling velocity [26]. In
our carefully purified samples [19], the threshold for this
instability, in the extended tilted state, was observed at
-5 pm s '. When V2 is lower than this value, the tilted
state is apparently stable (see below), but dendrites never-
theless appear in certain perturbed regions, e.g. , near the
lateral borders of the film; these localized dendrites pro-
gressively perturb the remainder of the front (an instance
is visible in the upper left corner of Fig. 5.) This limits
the utilizable range of values of Vz and the period of time
available for the study of the dynamics in the extended ti-
lted state.

Grain-boundary effects, as explained above, clearly im-

ply that samples containing wide floating grains are need-
ed. In practice, grains containing —100 lamellar spac-
ings turned out to be required. Currently, this
specification is hard to fulfill [27].

On the other hand, the precise values of the thermal
gradient and the concentration of the alloy are of secon-
dary importance for our present purpose, provided that
they are kept constant from one experimental run to the
other. The tilt phenomena being most easily triggered at
hypereutectic concentrations [13], the experiments were
done with C near the center of the eutectic plateau. The
in situ measured volume fraction of the a phase was
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TABLE I. The four successive runs of the experiment de-

scribed in the text. V& and V& are the pulling velocities before
and after the velocity jump, respectively.

Run
pms ')

+0.05
V2 (@ms ')

+0.2
R = V2/Vi

+0.2

1

2
3
4

0.85
0.85
0.85
0.85

3.3
3.6
4.1

4.4

3.9
4.2
4.8
5.2

r1=0.5+0.02 (the eutectic point of the CBr4-C2C1& alloy
is about r1=0..7). The thermal gradient was G =80+5
Kcm '.

All the samples examined have given very similar re-
sults concerning the tilt bifurcation. Let us, for clarity,
describe one particular experiment, from which most of
the photographs shown in this article have been taken. A
16-pm-thick, 6-mm-wide sample, filled with an g= —,

' al-

loy, was placed in the temperature gradient 6 =80
K cm, in a position where the film was almost com-
pletely liquid. It was maintained in this position for
about 1 h. The pulling was switched on, at velocity
V, =0.85 IMm s ', and maintained at this velocity until an
apparently homogeneous basic-state lamellar structure
was established within the widest eutectic grains. This
took approximately 0.5 h. The velocity was then
switched to V2=3.3 pms '. After a certain time of
pulling at V2, the velocity was switched back to zero.
The whole procedure was then repeated, with a different
value of V2. Four values of V2, hence of the ratio
R =V2/V„were explored in a row (Table I) before
reaching the end of the sample. The reproducibility of
the "initial state, " i.e., the state at the time of the jump
(thereafter taken as time t =0 and denoted by the index
0) was tested in several ways against possible drifts of the
concentration. A good test is, for instance, the normal-
ized A,o histogram of the system, shown in Fig. 4, for the
four runs. The reproducibility is satisfactory. The long
tail towards high A, values is a manifestation of the grain-
boundary effects; the fact that, in the case of run 1, it
takes on the form of a secondary maximum denotes only
an accidentally large number of small grains (the grains
were not conserved from one run to the next one).

FIG. 5. Velocity jump from V&=0.85 to V2=3.6 pms
(run 2 of Table I}. Photograph of the solid {the solidification
front is out of the image). Time is running upwards. Arrows:
velocity jump (t =0}. Bar: 200 pm. Numbers 1-4: eutectic
grains. The values of Po for grains 1-4 are +3', —2', +2.5',
—1.5, respectively. An incipient dendritic destablization is

visible in the upper left corner as are "sources" emitting tilted
lamellae at the 1-2 and 3—4 grain boundaries (sources and oth-
er "defects" of the tilted state will be described in paper II).

III. RESULTS

A. Evidence of a tilt bifurcation

The four velocity jumps of ratio R ~4 listed in Table I
all resulted in a quasihomogeneous tilting of the preexist-
ing pattern. Figures 5 and 6 show photographs of regions
of the solid corresponding to the velocity jumps 2 and 3
of Table I, i.e., to jumps of amplitudes R =4.2 and 4.8,
respectively. Let us explain, with the help of Fig. 7, how
such images are to be read. The photograph in Fig. 7 was
taken during the course of the pulling, a few seconds after
the velocity had been switched to V2. In Fig. 6, the same
region has been photographed much later, after the pul-
ling had been stopped. It is evident in Fig. 7 that the ap
interfaces in the solid give a time history of the trajec-
tories of the triple points where the a, P, and liquid
phases meet. Because of the extreme slowness of
diffusion in the solid, no change is perceptible from Fig. 7
to Fig. 6. Thus, a photograph of a region of the solid, ir-
respective of how far behind the front it lies, can be read
as a set of trajectories of triple points, i.e., a spatiotem-
poral diagram of the system evolution. Similarly, we can
obtain the A, (x) distribution of the system at any time by
taking the corresponding cross section along Ox of such
images.
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FIG. 4. Histograms of the lamellar spacings in the initial un-
tilted states of the four runs listed in Table I.

FIG. 6. Velocity jump from V&=0.85 to V2=4. 1 pms
(run 3 of Table I). See Fig. 5 for explanations. Only one eutec-
tic grain is visible in the image lPo = +0.5 ).
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FIG. 9. Subcritical velocity jump ( V& =0.85 pm s
V2=2. 26 pms ', R =2.7). Dashed line: velocity jump.

FIG. 7. Enlarged view of the same region as in Fig. 6. The
photograph was taken at t =65 s.

It can be seen in Figs. 5 and 6 that large domains of the
basic state change very rapidly (but not instantaneously)
to a quasihomogeneous, apparently stable, strongly tilted
state as a result of the sudden increase of the pulling ve-
locity by factor ~4. No lamella is created or destroyed
in the process. The lateral extension of the domains is
limited only by extrinsic factors, in fact by eutectic grain
boundaries: As we shall show below, each homogeneous
domain in Fig. 5, and the whole field of Fig. 6 (-100
lamellar spacings) corresponds to a eutectic grain. The
reversible character of the tilting when the pulling veloci-
ty is switched back to its initial value is demonstrated by
Fig. 8.

On the other hand, no homogeneous tilting of the basic
state occurs when the amplitude of the velocity jump is

Lal~™RIkl jlkL
'

Ioo pan

FIG. 8. Velocity jump from 4.1 to 0.85 pm s ' (end of run 3).
Arrows: velocity jump.

substantially smaller than 4. In this case, a process of nu-
cleation and growth of tilt domains is observed (Fig. 9).
Its study is beyond the scope of this article; for our
present purpose, it will suffice to note that, undoubtedly,
there exists a critical value of A. V, close to 4, which
marks the lower limit for the homogeneous transition
from the basic untilted state to the tilted one. This is,
essentially, the bifurcation predicted by Kassner and Mis-
bah for the minimal model. We shall now characterize in
more detail the bifurcation we actually observe.

B. The transition delay: Local character of the bifurcation

The transition to the tilted state is not instantaneous.
Selecting a particular group of contiguous pairs of lamel-
lae and following their trajectories after the velocity
jump, one notes (see, in particular, Fig. 7) (i) a slight bulg-
ing of the a lamellae at the expense of the P ones; (ii) a
slow progressive tilting of the lamellae; (iii) a sudden ac-
celeration of the tilting, generally accompanied by a tran-
sient pinching of the a lamellae. These three stages of
the transient take typically 10 s. They are followed by a
fourth and final state (iv) in which the tilt angle, although
essentially stabilized at a large value (-25'), undergoes
slight variations on a much longer time scale.

We believe that the transition is complete after stage
(iii) and that stage (iv) belongs to the dynamics of the al-
ready quasistationary tilted state. This claim is support-
ed below. We shall focus on the duration of the transient,
i.e., the period of time covering stages (i)—(iii), called the
transition delay 5 thereafter. We shall not try to under-
stand the transient in detail. The conditions of our exper-
iment are not favorable for such a study, in particular be-
cause 5 is of the same order of magnitude as the instru-
mental stabilization time mentioned in Sec. II. Some sim-

ple remarks can however be made: First as is apparent in
Figs. 5 —7, 6 varies, sometimes rapidly, along the front;
this rules out the possibility that the observed transition
delay be of purely instrumental origin. Second, as we
shall show shortly, 5 decreases when the control parame-
ter of the bifurcation increases above the critical value,
which is indeed the behavior expected for an instrinsic
transient, whatever its detailed cause. Third, there is a
physical time in the system that has the same order of
magnitude as 5: the diffusion time over one or two lamel-
lar spacings in the liquid. It seems reasonable that the
transient would be scaled by this time. This would ex-
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plain why the transition delay does not significantly vary
with the absolute value of the post-jump pulling velocity
(data not shown), the average value of the lamellar spac-
ing being kept constant in our experiments.

The transition delay varies with x along the front; in
some cases (in Fig. 6, for instance), this is manifested by
the presence of a wavy white line, which is a contrast
effect caused by the pinching of the a lamellae at the end
of stage (iii). What is the nature of this position-
dependent transient? Is it an invasion, that is, does the ti-
lting of the lamellae occur first at some "weaker" place
along the initial pattern and then propagate down the
front? Figure 10 shows 5(x) together with the initial
A,o(x) plot, for the case corresponding to Fig. 6. There is
clearly a strong correlation between the local values of
the two functions. Eliminating the x variable leads to the
5(Ao) relation shown in Fig. 11; a $(Ao) relation also ex-

ists, which we shall discuss later on.
This result can be cross-checked in the following way,

which requires no knowledge of the exact moment of
transition. The conservation of the number of lamellae
during the course of the transition entails a definite rela-
tion between the gradient of 5, A, , and P before (state 0)
and immediately after (state TO) the transient, which
reads as [3]

d
dx =[pro(x) Ap(x)]/[Ao(x)tan[/To(x)]]

where it has been supposed that Pp=O. Ap A Tp and Pz'p

can be measured as functions of x and then d5/dx calcu-
lated from Eq. (1). However, in applying such a formula,
we are of course limited by the experimental uncertainties
on A, and P (-0.2 pm and -0.5', respectively), so that
we must content ourselves with a qualitative exploitation.
Within experimental uncertainty, one can certainly take,
in Eq. (1), Ao(x )tan [Pro(x ) ] constant, i.e., consider
A, zo(x) —Ao(x) to be proportional to d5/dx. Now it can
be seen in Fig. 10 that A Tp(x) A,p(x) is roughly propor-
tional to dk, o/dx (in particular, the signs of both quanti-
ties change at the same places). The same relation was
found in all other cases. Thus, within experimental un-
certainty, d5/dx is found to be proportional to dl, o/dx,

in agreement with the results shown in Fig. 11.
In conclusion, the transient cannot be of the invasion

type: were that the case, the tilting would probably start
where the lamellar spacing is the largest, as observed
here, but then propagate with a velocity (equal to
Vd5/dx) varying as a function of A, (x). This is not what
is observed: the transition delay, not its gradient, is a
function of A,(x). Apparently, one or two pairs of lamel-
lae are sufhcient to constitute a local system behaving
more or less independently of the neighboring ones. We
shall thereafter refer to this fact as the (pronounced) local
character of the bifurcation. Further information on this
somewhat surprising aspect of the dynamics is given
below.
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C. Imperfection of the bifurcation

It can be seen in Fig. 5 that the drifting of the pattern
in the final state goes either to the left (P) 0) or to the
right (P) 0), or even does not occur, depending on the
region considered along the front. This can be very easily
explained on the basis of our previous observations con-
cerning the role of surface-tension anisotropy [21]. For
instance, it is clear that the field shown in Fig. 5 contains
four different eutectic grains. This can be seen from the
instabilities attached to the boundaries (lamellar deaths in
a row at the 2—3 converging boundary, oscillations and
evanescent tilt domains at the 1 —2 and 3—4 diverging
boundaries), and confirmed by the fact that the basic-
state anisotropy-driven tilt angle is different in the
different grains. The values of Po for the grains of Fig. 5

are given in the caption of this figure. It appears that the
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FIG. 10. Initial (A,o) and post-transition (A, zo) lamellar spac-
ing, and transition delay (5) against position. Same region as in
Fig. 6.

FIG. 11. Transition delay 5(x) against initial lamellar spac-
ing Qixl; and tilt angle croix) against post-transition lamellar

spacing A,». Same region as in Fig. 6.
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FIG. 12. Probable form of the tilt bifurcation under the effect
of capillary anisotropy ($0&0).

D. The bifurcation threshold

The regions in Fig. 5 where the tilt bifurcation does not
occur are those occupied, before the velocity jurnp, by the
A, gradients attached to the grain boundaries. Figure 13
shows the corresponding initial A,o(x) plot. In this figure,

direction (right or left) chosen by the system for the tilt
bifurcation is unambiguously determined by the sign of

Qe

It is natural to infer from this observation that, in a
system with surface-tension anisotropy, the tilt bifurca-
tion is imperfect. The plausible form of the bifurcation is
sketched in Fig. 12 [28]. The continuous branch (at P & 0
in Fig. 12) accounts for the observed transition, while the
isolated branch (at P &0) is not observed in the experi-
ments reported here.

The available data do not allow us to be more specific
on the bifurcation characterization. Actually, the steep-
ness of the bifurcation will probably prevent any accurate
experimental study of the shape of the continuous branch
near the threshold; such a study would rely on the unrea1-
istic assumption that initial A,(x) distributions bf width
& 1% can be obtained. Note also that, according to our
interpretation, the exact shape is bound to be grain
dependent, being determined by the value of the parame-
ters characterizing the surface-tension anisotropy, which
varies from grain to grain.

specific symbols are given to the pairs of lamellae that do
not undergo the tilting at t & 0 (this procedure is unambi-
guous, except for one or two pairs of lamellae at the limit
between regions that undergo the tilt and those that do
not). The same analysis was performed for the four runs
listed in Table I. The results are shown in Fig. 14 as a
plot of the quantity A.oV2 (i.e., A, V at t =0+) against x.
A lower limit for the transition to occur appears clearly.
Within experimental uncertainty, it depends on the value
of AoV2 and not on that of V2 (the dependence of the re-
sults in 6/Vis not detectable, within experimental uncer-
tainty). We identify it with the (imperfect) bifurcation
threshold, in conformity with both the scaling laws and
the local character of the bifurcation. An additional sup-
port to this identification is given by the obvious similari-
ty between the process that takes place after a subcritical
velocity jump, illustrated in Fig. 9, and the one visible in
the region attached to the 2-3 grain boundary in Fig. 5.

The threshold for the tilt bifurcation determined by
this procedure is

(A, V)r=680+40 pm s (2)

The relatively small scatter ( & 10%) indicates that
surface-tension anisotropy hardly shifts the threshold.
The value found for (A, V)r is to be compared with the
minimum-undercooling value (A, V) . The evaluation of
the latter is difficult and will be discussed elsewhere [19].
For g=0.5, our current best estimate is

(A, V) =190+20 pm s (3)

(for V=0.85 @ms ', k =—14.5 pm; note the compatibil-
ity with the histograms in Fig. 4). So, we find

(A, V)r/(A, V)~ =3.7+0.6 . (4)

1600

This value is clearly compatible with those calculated by
Kassner and Misbah [16].

The upper limit of the A, V window for the tilt bifurca-
tion that appears in Fig. 14 does not reflect an intrinsic
property of this bifurcation. It is, however, interesting,
as an example of the interplay between several modes of
instability, a situation which seems typical of the dynam-
ics of our system (see Ref. [13] and paper II). It can be
seen in Fig. 5, and more clearly in Fig. 15, that the re-
gions with the largest lamellar spacings are oscillating be-
fore the velocity jump. This oscillating regime with twice
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FIG. 13. Initial distribution of lamellar spacings of the re-
gion shown in Fig. 5. Open squares: lamellae that do not tilt
after the velocity jump.

FIG. 14. Plot of quantity A,OV2 against position (bar: 10
pm), for the four runs listed in Table I. Inset: values of V2.
Open squares: as in Fig. 13.
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FIG. 15. Enlarged view of the region of Fig. 5 where the va-

cillating mode is present in the initial state.

the basic wavelength (the 2A,-oscillating [13], or
vacillating-breathing [29] mode) is already known to
occur in our system when the wavelength of the basic
pattern is substantially larger than A, . The result of the
velocity jumps in these oscillating regions is that the local
lamellar-birth instability (see Sec. II) is triggered, decreas-
ing the local lamellar spacing below the critical value for
the tilt bifurcation. Thus, the upper limit of the A, V win-
dow in Fig. 14 is actually the lower threshold of the vacil-
lating mode in the basic state; for q=0. 5 and V=0.85
pms ', it is at A, -=1.2A,

E. Stability and phase dynamics of the extended tilted state

16-
15-
14

I I I I $ ~ I I I

Fauve, Douady and Thual [30] have suggested that ex-
tended tilted states may be unstable to long-wavelength
perturbations near the bifurcation threshold. Within the
experimental limitations explained in Sec. II, we have
found that the extended tilted states that are reached by
means of velocity jumps have from the onset a nonuni-
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form A,(x) distribution inherited from the preexisting
basic state (the A, Tc distribution of Fig. 10). Figure 16
shows how this A. distribution evolves, in the tilted state.
In this figure, A, is plotted against position in the frame
drifting at the average drift velocity of the pattern. It can
immediately be seen that apart from a hardly significant
attenuation of its amplitude, the A, modulation shifts
without deformation with respect to this frame. Thus,
the width of one particular pair of lamellae, correspond-
ing to points having the same abscissa in Fig. 16, changes
relatively rapidly. However, a rigid shift of the distribu-
tion does not mean that any phase diffusion is taking
place but rather that the evolution is entirely driven by
the rapid adjustment of P to the local value of A, [31].
Thus, a natural assumption is that (()(x) is always near the
stationary value /[A(x )]. Clear-cut experimental
confirmation of such a conclusion obviously cannot be
obtained because of the large experimental uncertainty of
the local values of P, and because P is grain dependent;
confirmation is, however, further supported by the fol-
lowing observations: Figure 11 shows a series of mea-
sured values of the local tilt angle versus local lamellar
spacing in a given grain and at a given time. Several
series of such measurements are shown in Fig. 17 (for
clarity, the individual measurements have not been plot-
ted: all the measurements made in a given grain and at
given V, but at different times, are presented by an area
with a specific hatching). In spite of the data scatter, the
two expected trends clearly emerge: namely, the sensi-
tivity of ((I to crystal anisotropy, and, within a given grain
and at a given pulling velocity, the increase of P with A, V
following a law similar to the calculated stationary P(A, )

law. Whether (() really decreases at fixed A, V as V in-
creases (see Fig. 17) is not certain, since the series of mea-
surements at different velocities also correspond to
different eutectic grains.

In summary, the transition is local primarily as a result
of the overall ineffectiveness of phase diffusion in our sys-
tem. More specifically, the diffusion of the phase along
the front over distances of the order of a few A, is ex-
tremely slow compared to the =10 s necessary for the
front profile to readjust itself over the same distances.
What is striking is that this holds true in spite of the
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FIG. 16. Evolution of the A,(x) distribution in the tilted state,
in the reference frame attached to the lamellae. Curves a, b,
and c: 200, 300 and 400 s after the transition. Same region as in
Fig. 6.

FIG. 17. Local tilt angle P(x) against local A, V(x). One area
represents a series of measurements performed in a given eutec-
tic grain at a given pulling velocity (see inset).
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large amplitude of the A, (and thus (()) modulations. On
the other hand, the slowness of the phase diffusion does
not allow any definitive conclusion about the phase stabil-
ity of the extended tilted state; however, the evolution in
Fig. 16 shows that the state is stable.

IV. CONCLUSION
e i

The main conclusions of this work are as follows.
(1) The good agreement between the observations

presented here and the theoretical results of Kassner and
Misbah leaves no doubt about the existence, in lamellar
eutectics, of a parity-breaking bifurcation occurring, for a
given value of the pulling velocity, at about twice the
minimum-undercooling wavelength. The fact that clear
experimental evidence of the bifurcation was obtained
only by using very thin samples and limiting the concen-
tration range explored, does not invalidate the general va-
lidity of the result, but highlights another important as-
pect of the dynamics (not studied here), namely the fre-
quent and complex interplay between different modes of
instability.

(2) The role played by surface-tension anisotropy in
breaking the parity symmetry of the pattern is now well
understood: It acts as a weak perturbation of a tilt bifur-
cation which is essentially spontaneous, i.e., which would
occur practically in the same way if there was no anisot-
ropy in the solid. Several pieces of evidence of this role
have been given above. However, considering the impor-
tance given in the metallurgical literature to the question
of the epitaxy between the two solid phases [32], it may
be useful to insist again on the necessary distinction be-
tween "Aoating" and "locked" eutectic grains. As men-
tioned, our conclusions about the tilt bifurcation concern
the Aoating grains only, i.e., those grains in which no epi-
taxy orientation exists between the two solid phases.
How can a Qoating grain in a homogeneously tilted state
be distinguished from a locked grain, as the lamellae
make a large angle with the pulling direction in both
cases (Fig. 18)? The most obvious distinguishing features
are as follows. (i) The front shapes are clearly different:
In the locked case, the triple-point pinning angles are
small, revealing a low surface tension of the solid-solid in-
terfaces (Fig. 18; see also Refs. [8,11]). (ii) During tran-
sients, the lamellae are smooth in the floating case,
whereas they bear sharp kinks in the locked case (Fig.
18). (ii) A downward velocity jump provokes a smooth
return to the untilted state in floating grains (Fig. 8),
whereas, in locked grains, the lamaellae retain their slant-
ing direction. Thus, in our system, the distinction be-
tween the two types of grains is unambiguous. It may be

FIG. 18. (a) Floating grain in a
(k—=21.5 pm', V=1.54 pms '); (b):
V=3.4 pms ').

homogeneous tilted state
locked grain (k—=56 pm;
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less clear-cut in other systems, if the minima of the solid-
solid interface Wulff plot happen to be shallow cusps or
no cusp at all. This is possibly the case of metallic sys-
tems where a dynamics which is clearly of the Aoating-
grain type coexists with preferential orientation relations
between the two solid phases.

(3) An important feature of the dynamics of lamellar
eutectics in the pulling velocity range of our experiments
is its pronounced local character. This means, first, that
phase diffusion is almost absent and relatively large per-
manent gradients of the lamellar spacing, generated by
the boundary conditions, generally present. This fact is
not surprising. Phase diffusion was previously observed
to be extremely slow in the basic state and an approxi-
mate calculation of the phase diffusion coefficient 2)
showed that for A, -k, 2)(10 D Pe [21]. What is
demonstrated here, in addition, is that the tilt angle, thus
the front profile, adjusts itself to local conditions (namely,
here, to the local value of A, V) in a short time, which
must probably be identified as the chemical diffusion time
in the liquid over a distance of the order of a few lamellar
spacings.
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