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Scaling law of order-q power spectra for infinite time correlations near band-splitting points
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The description of an infinite number of time correlations associated with band-splitting phenomena

in chaotic systems is executed by means of the order-q power spectrum Iq(co) which was recently intro-

duced with the aim of elucidating various aspects of time correlations in a dynamical (temporal) fluctua-

tion. By sweeping the value of the parameter q, various parts of dynamical fluctuation are singled out.
Just before the band splitting, the temporal evolution of the state variable intermittently switches be-

tween two bands. Because of the long-time correlation, the order-q power spectrum exhibits a critical
behavior. It will be shown that this is described by the dynamic scaling law Iq(co) =~ I(q/~, co/yq)
with yq =~y(q/~), where ~ is a characteristic value of q, which tends to zero as the system approaches
the band-splitting point, and Zq is the width of Iq(co). Numerical results are compared with theoretical
ones due to a simplified Markovian stochastic model.

PACS number(s): 02.50.+s, 05.45.+b

I. INTRODUCTION

Intermittent switching is a phenomenon in which the
phase point stays within a part of an attractor for a time
and intermittently migrates into remaining parts of the
attractor. Typically it is observed just before the band
splitting in chaotic systems. Band splitting is found in
various chaotic systems, such as the driven damped pen-
dulum [1,2], the driven Duffing equation [3], the Henon
map, the dissipative standard map [4], and many others.

Recently we have studied the long-time statistical
characteristics associated with band splitting with a new
approach [5,6]. This approach aims at a statistical
description of large fluctuations of a dynamical variable
and is especially powerful for intermittent switching as
observed in band splitting. Let P„(a) be the probability
density for the finite time-span average with a length n of
a dynamical fluctuation representing the band-splitting
characteristic to take the value a. P„(a) takes the
asymptotic form e " ' ' for a large n [7,8]. The fluctua-
tion spectrum tr(a) is a fundamental function describing
the long-time statistics of the dynamical fluctuation in
the sense that it is relevant to how fast fluctuations decay
as n goes to infinity. Complementarily introducing the
characteristic function P(q ), q being an intensive variable
( —oo (q, ~), we found the scaling law [9]

where ~ is the characteristic value of q before the band-
splitting point, and evaluate how the control parameter
behaves close to the band-splitting point. P and o are
scaling functions.

The fluctuation spectrum is unable to single out expli-
cit temporal correlations. As stressed in Ref. [13] by
reflecting the spectral structures of finite-span averages,
the temporal correlations have infinite aspects. These
multicharacteristics are shown to be singled out by the

order-q power spectrum Ie(to).
Roughly speaking the order-q power spectrum is a

power spectrum calculated with time regions whose aver-
age values take the same value a(q )[=d P(q ) /dq ]. In
this sense it singles out the correlation characteristic
specified by the intensive parameter q. The fundamental
aim of the present paper is to study the dynamic scaling
property of the order-q power spectrum for intermittent
switching observed near the band-splitting points of three
dynamical systems.

This paper is organized as follows. In Sec. II the
theory of the fluctuation spectrum and the order-q power
spectrum is briefly reviewed. In Sec. III the dynamic
scaling law for the order-q power spectrum is investigated
for three chaotic dynamical systems: (i) the logistic para-
bola, (ii) the double-well potential system subject to
periodic external excitation, and (iii) the parametrically
excited pendulum. Concluding remarks are given in Sec.
IV.

II. INFINITE NUMBER OF TIME CORRELATIONS
AND THE ORDER-q POKER SPECTRUM

n

a„Ik]=—g uj+(k i)
j=1

(2.1)

The probability density that cz„ takes a value a' is
represented by

In the present section we will introduce the order-q
power spectrum to single out various correlation charac-
teristics involved in time series. Before going into the
discussion of time correlation, let us briefly review the
thermodynamic formalism for dynamical (temporal) fluc-
tuations [8,10—12].

Let us take the dynatnical fluctuation I u ]," „which is
divided into N subregions. The kth subregion has the
average value
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N= lim —g 5(a„[k]—a'), (22)

p (~~) e
—na(a') (2.3}

for large n T.he j7uctuation spectrum (r(a') plays an im-
portant role for the long-time characterization of [uj J.

Let us introduce the characteristic function [8] P(q) by

Mq(n ) —= (exp(nqa„) ) =Qq(n )e~'q'",

where

(2.4)

where ( ) is the ensemble average and P„(a') approaches
5(u' —a„}as n ~ aD, where a„ is the ensemble average
of a„. In many systems P„(a') asymptotically takes the
form [7,8]

I (co)= lim (F„(tv)eq" )/M (n) .
gf —+ oo

(2.9)

We call this the canonical method. In some cases this ex-
pression is more convenient than the formula (2.7).

In general, if there is no continuous branch of eigenval-
ues, Iq(co) is obtained as [13],

K'"sinh[y'"+ ice(')]
(1%0) .

'"+iso'"
sinh

Iq(co) =
—,
' g'

I
+sin

2

whose averages are all a(q} and calculate the power spec-
trum with them. This is hereafter called the microcanon-
ical method. There is another way to get I (co) [13]. By
noting the asymptotic behaviors P„(a)- e " ' ' and
M (n)-e~(q)", the order-q power spectrum (2.7) can be
rewritten as

(I}(q)= lim —lnM (n) .1

n~ oo 71
(2.5) (2.10)

The functions cr(a) and P(q) are related via the Legendre
transform

(T(a) =qa —P(q ),
d(T(a)

(2.6)

F„(cu)=—
II —1

g u,.e
71 J- —O

(2.8)

is the spectral intensity. I (co) is the power spectrum
over time regions where the averages a„ take the same
value a(q}. From many subregions we take subregions

I

The o (a) function discussed in the present paper and
the f(a) of Halsey et al. have the same mathematical
structure, which is called the thermodynamic formalism.
Contrary to the fact that f(a) deals with the distribution
of singularities in a strange set, the present o'(a) describes
the distribution of "averages" over finite time regions in
the temporal fluctuation. The above thermodynamic
functions cannot describe the explicit time correlations
embedded in [u ] because, as seen in (2.1), a„[k] is in-
variant under any change of u [k,~„, u [k & ~„+&,

u[k, ~„+2, . . . , u[k &]„+„.One easily sees that the ex-
plicit temporal correlations are contained in Qq(n).
However in order to ascertain the explicit time correla-
tions it is convenient to use the order-q power spectrum
Iq(co} defined as [13]

Iq(co) = lim (F„(to)5(a„a(q) ) ) /P„(—a(q)), (2.7)
ff —+ (X)

where

Here the Xq("'s are expansion coeScients (see the Appen-
dix}, and gI means summation over l except l %0 corre-

sponding to the largest eigenvalue. y'" is a decay rate
and co'" is a characteristic frequency in subtime series

q

specified by the parameter value q.
Furthermore Qq(n) is usually written as [14]

Q (n) =J' '+ gJ("e (2.11)
q q

I'

Therefore the poles of the order-q power spectrum agree
with the complex decay rates in Qq(n).

III. DYNAMIC SCALING LAWS FOR BAND MERGING

p(j+1)=Hp(j ), (3.1)

where p(j)=col(p)(j),pz(j)). H(=[H~ ]) is the transi-
tion matrix ( g,.

) H;& =1), which yields the steady-state
distribution p, (=Hp, ). So we consider the following
generalized transition matrix:

h 2,e q h, 2eqH: —
q q

(h': 1 h'') (3 2)
h2&e h &2e

where we set a, = —1 and a2=1 without loss of generali-
ty. The eigenvalues v of H give P(q), y, I (co), etc.
(see the Appendix). The eigenvalues of H are

Before going into concrete calculations, let us briefly
discuss the generalized transition-matrix approach
[14—16] in the two-state Markov model which plays a
significant role near the band-merging point. Let a;,
(i =1,2) be a typical value in the ith state. Let p, (j) be
the probability that the phase point at time j is in the ith
state (p) +pz =1). The Markov process can be written as

h ')~e +h 2,e +( [h ', 2e —h 2)e I +4h)qhq) )'
v+(q) =

2

Its largest eigenvalue determines the characteristic function P(q) as

(3.3)
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hize'+h, ',e '+(Ih'„e' —h,',e ']'+4hizhz, )' '
q =ln

2

which yields

h I2e —h &le
a(q) =

[(hize —hz, e ) +4h, h ]'

By putting h z, e « —h', ze«= A Eq. (3.5) is solved as

V 4hizhzi a.
&1—az

(3.4)

(3.5)

(3.6)

So we get

A+(A +4hizhz )'
cT(a) = —a ln

2h 2I

(A +4h', h', )' +(A +4hizhzi)'—ln
2

(3.7)

The order-q power spectrum is obtained, provided that h, 2+ h2, & 1, as

I (c0)=
K«sinh(y«)

2 sinh
~q . 2 N

2
+sin

2

(3.8)

where

hize +hz, e +[(hize —hzie ) +4hizhzi]'
h', e +h', e —[(h', e —h', e «) +4h, h, ]' zy =ln

J

(3.9)

and

4h I2h2I

(hize —hzie ) +4hizhzi
(3.10)

A. Logistic parabola

We take the logistic map

X,+,=F(X,)=a —X, . (3.16)

cr(a) =tco (a), (3.11)

o (x)= + x —[b(1—x z) ]'/z,
2 2

(3.12)

I«(co)= I—1 N

K K
y =leg

K
(3.13)

where the scaling functions are

I(x,y) = b 1
'2 3/2, . (3 14}

b +1 1+y
x x(b —1)+—

2

g(x)=[4x 4(b —1)x—+(b+1) ]' (3.15)

If we set b =1 the two attracting states are statistically
equivalent, and the scaling functions are written as
o(x}=1—(1—x )'/ and I(x,y)=(x +1) (1
+y ) '. This situation holds for the following three
diferent concrete examples.

We set h2I=K hI2=bK and take the limit K~O,
which means that the two states are two parts of an at-
tractor, respectively. In the limit q ~0, K~O by keeping
x =q/x finite, the following scaling laws hold:

As the control parameter a is increased, two chaotic
bands merge into one band at a =ai —-1.543 689 [6,17].
The attractor consists of two bands for just below a =a,
as shown in Fig. 1. At a =al the two bands collide with
an unstable fixed point and continuously merge into one
band for a)a, . An orbit [Xz, ] (t=0, 1,2, . . . ) of the
secondly iterated map FoF(X) stays within one of the
two bands for a long mean lifetime ~ and then intermit-
tently hops into the other. Let us set

+1, X2, )X~
1~ X2t +4

(3.17}

where X, means the fixed point of Fo F (X).
Figure 2(a) shows how the order-q power spec-

trum I«(co) changes for different values of
q( =0.0,0.005,0.01,0.015), for e—:(a —ai)/ai =0.000 17
being fixed. We used the canonical method by putting
n =2', and the number of each ensemble is 2X10 . The
comparison of the scaling form with the theoretical result
(3.8) is shown in Fig. 2(b). The solid line is the Lorentzi-
an, where the decay rate y was obtained from the half
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Numerical results of order-q power spectra for
E= ( —,

' ), ( —,', ), and ( —,', ) for a fixed q value (=0.005) are
shown in Fig. 2(c). From this we find that the scaling law
of Iq(co) holds. The line shape is well explained by the
single Lorentzian. The decay rates y are calculated
from the half widths of I (co) which are shown in Fig. 3.
The solid line is the theoretical scaling form
g(x)=2(1+x )'/. We conclude that the order-q power
spectrum satisfies the (dynamic) scaling law and the scal-
ing functions are well approximated by those derived
from the simplified two-state Markov model.
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0 200 400 b00 000 .'000 B. Double-dwell potential system subject
to periodic external excitation

The particle motion in the potential U(x) subject to
periodic external excitation obeys

(r.l)
I,

I .

.j
jol(,i) i .

/

/

(1 I
—Q 1

I

o A. ,

x(t ) = —yx — +F cos(co, t ),d U(x)
dx

(3.18)

where x (t) is the particle position at time t and y is the
damping rate. F and co, are the amplitude and the angu-
lar frequency of the external excitation, respectively. The
U(x) is the double-well potential,P cY.

U(x) =
—,'c,x + —,'czx (3.19)

FIG. 1. Time series tXzr I (t =0, 1,2, . . .) of logistic parabola
before band merging (a) and after band merging (b) and (c),
where the e's are —5.77X10 ', 7.19X10 ', and 2.66X10,re-
spectively. (d) and (e) are FDF(X), respectively, for @=0and a
small e(0(e(&1).

where c&((0) and cz()0) are constants, and
U( —x) = U(x ) and U(x) has two minima at
x+ =++—c, Icz. In the present paper F is chosen as
the control parameter and other parameter values are set
as c, = —10, cz = 100, y = 1, and co, =3.5 [5,18,19].

As was already reported in Ref. [18], for
F (F, =0.84925 the particle stays within one valley.
From the space-inversion symmetry, which valley it
remains is uniquely determined by the initial condition.
Above F, the particle migrates between two valleys and
intermittently hops from one to the other. As F departs
from F, the mean duration ~ in one valley decreases. In
order to see the long-time statistics of position fluctua-
tions we observe the particle position at times
t„=2rtn /co, (n =0, 1,2, . . . ). Figures 4(a) —4(c) show the
temporal evolutions of the particle position. Figures 4(d)
and 4(e) display the change of the phase portrait near
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FIG. 2. Order-q power spectra Iq(co) for the time series of the
coarse-grained position u for the logistic parabola. In (a) e is set
to be 0.00017 and q=0.0 (O), 0.005 (6), 0.01 (0 ), 0.015 (+).
(b) is the scaled form. In (c) q is set to be 0.005 and @=0.0001
(O), 0.00017 (8), 0.0004 ( ). (d) is the scaled form of (c). The
solid lines are the Lorentzian. For details, see the text.

FIG. 3. (a) The half-width y of Iq(co) for @=0.0001 (O),
0.000 17 (E), and 0.0004 ( ). Figure (b) is the y~ /sc vs q /~ plot
of data(a). The symbols are the same as in (a). The solid line is

yq/ra=2[(q/ra. ) +1]'i .

HIROSHI SHIBATA, SATOSHI ANDO, AND HIROKAZU FUJISAKA



45 SCALING LAW OF ORDER-q POWER SPECTRA FOR. . .

[1 ~l
~ ~ I I

k

I l I I
I

I I I f
I

~ I I~ I
I

I ~ ~ ~
I

I I I I
I

i I ~ I
I

I I I I
I

i I I I
I

I I I I

~WIIIHIII%llll%% Wllllllilll)IIIIIII Wllll%k

I ( )
Iq(~)
~q (o)

(~) o 8

4 I I I I I I I I I I I I I I I I I I I I I I I I I I I 11 I I I I I I I I I I I I I I I I I I I I I I I

~ ~ ~ I I I ~
I

~ ~ ~ ~
I

I I I I
I

I I I ~
I

~ I ~ I
I

I I I ~
I

~ I I I
I

~ ~ I ~

(I )
,=.
—

(P

)

1IIN(kk I
'=;=, IlkIkIrkk„. , „,„rrikrk, „„,„.(rki~~'ll. . . i

40 '-

+ O
R

+ 0 'a
0

~J I I I I I I

0.4

I I I I I +t~
I ~

I
I ~ ~ t ~ ~ 1 I

I
I I I &

I
I 1 I ~

I
I I ~ I

I
I ~ I ~

I
I 1 1 I I I ~ ~ ~

I
~ I ~ ~

I
I I I

t HINII QQ H kg) k I

,r%w', Irtktrc i, , ll'&

0 0 02 0 06

Iq (cu)
t" 'T' 'I f' 1~'

4.0 8.0
7$

0 200 400 Ii00 800 1000 (c} 0.8

(d

40

20— 0
0

p d

e

0.4

0.0:- 0 0 02 0 06 ~ 0 0 4.0 8.0
7g

-Q.3 00 03 X 03 00 03

FIG. 4. Typical time series before band merging (a) and after
merging (b) and (c). The e values are (a) 2.94X10 (b)
2.65 X 10 ', and (c) 7.36X 10 ', respectively. Slightly after the
band merging the intermittent hopping is clearly observed. The
phase portraits are shown before band merging for F=0.8 (d)
and after band merging for F=0.865 (e).

F=F, . Let us take

u„=+1, x(t„})0
(3.20)

C. Parametrically excited pendulum

u„= —1, x(t„)&0 .

The order-q power spectra are calculated for q=0.0,
0.005, 0.01, and 0.015 [Fig. 5(a)], for e= (F F, )/F-, —
=2.24X 10 . Scaling for the order-q power spectrum is
shown in Fig. 5(b}, where y was obtained by the half
width of I~ (co). Figure 5(c) shows the results for
q=0.005 and for different values of e, a=2.65X10
2.24X10, and 1.47X10 . %e take n=2 and the
number of the ensemble is set as 20X60. Figure 5(d} is
its scaling relation. Furthermore Fig. 6 shows numerical
results of the decay rates y derived for the logistic para-
bola. y turns out to satisfy the dynamic sealing law for
a =8. 17X 10, 1.10X 10, and 1.61 X 10 as shown in
Fig. 6.

external force. This equation describes, for example, a
pendulum excited by periodically changing the length of
the pendulum and also the particle motion in the periodic
potential whose amplitude is externally modulated. This
system has a space-inversion symmetry (x~ —x). A is
hereafter chosen as a control parameter, by setting
k=0.2, a =1/2m, and co, =2.0 [20].

By controlling the value of A, this system shows vari-
ous phases of motion. At A =0 the motionless state
(x,x }=(0,0) is stable. As A increases, this fixed point
becomes unstable at a certain critical amplitude A„and
a limit cycle is generated. As A is further increased, the
system begins to exhibit the diffusive motion in x space
for a certain region of A. This motion was reported pre-
viously [21]. To evaluate the long-time diffusive charac-

0.08:—

0.06:—

0.04:

0.02:—

p p
p Cl

p p
p a

b p p
Og P pPOa

0&
Ob ~&0

0 ~en& 00 00000

0 0

FIG. 5. The order-q power spectra of the coarse-grained par-
ticle position for double-well potential system. In (a) and (b)
E'=2.24X 10 ' and q =0.0 (o), 0.005 (6), 0.01 (0), 0.015 (+).
In (c) and (d) q is set to be 0.005 and e= 1.47 X 10 ' (o),
2.24X10 ' (6), 2.65X10 ' (0). Z~ are the half widths of
I~(co). The solid lines in (b) and (d) are the theoretical results
based on the simpli6ed two-state stochastic model. Figures (b)
and (d) imply the dynamic scaling law.

As the third example let us take a system obeying the
equation of motion -0.02 0 002

I . ~ . . I0 I. . . ~ I . ~ ~ I ~ ~ ~ I

-2 0 2 q/r.

x = —kx —[a + 3 cos(co, t ) ]sin2mx, (3.21)

where k is a damping rate, &2~a is the proper frequency
of damped osillation without excitation, A is the strength
of the periodic external force, and m, is the frequency of

FIG. 6. (a) The damping constant y~ obtained from I~(co) for
a=1.47X10 (o), 2.24X10 fA), and 2.65X10 (0). In (b)
y~/~ vs q/~ are plotted by use of data in (a). The symbols are
the same as in (a). The solid line is the same as in Fig. 3.
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teristics we introduce quantities obtained by the strobo-
scopic plot as follows: (a) e =-2.0 lO'

(b)
e =-2.&lOI

x„—=x(nTo}, x„=x(nTo),

N„= [x„],
un —=&a+i —&n

(3.22}

(3.23)

(3.24)

where To(=2m/co, ) is the period of the external force
and [ ] is Gauss's notation. X„stands for the valley
number where the particle stays at the time step n, and
u„ is the coarse-grained jumping number since the time
step n to n+1.

When 3 is slightly below 3 *=0.332 6. . . , u„ takes
either +1 or —1 depending on the initial condition. This
corresponds to a drift motion (rotation) on either the
right or left side on the average [Fig. 7(a)]. A stroboscop-
ic plot shows that two statistically equivalent attractors
exist, which correspond to the drift motion on the right
or left side (Fig. 8), and these are not connected with each
other. Above A ', u„can take three values 1, 0, and —1

X„-
— (c)

0.5
e= 2.0 lO-* e= 2.9 1

P . , s ' . , I

o.o '-.:- *-
. .
'. .

-

-0 5

-0.5 0.0 X„05
FIG. 8. Stroboscopic plot (x„,x„) before and after band

merging. This shows that there exist two equivalent attractors
for e &0, depending on the initial condition (a) and (b), and one
attractor for e & 0, independently of the initial condition (c) and
(d).

Sp-

6' =-2.Qv1Q 3
I

l
~ ~ ~ f ~ I

2000

(b)
2 O)x10 ~

I I I I I I I I I I I I I I I I I

1000
fl

for almost any initial condition, and intermittently hops
from one value to another except the transition from 1 to
—1 and vice versa. In this sense for 2 ) A ' there is one
attractor. The Poincare section shows two parts of an at-
tractor and one repeller coexist, and the system exhibits
the intermittent switching from one attracting set to the
other through the repeller as shown in Figs. 7 and 8. We
hereafter study this intermittent switching of time series

[u„] (n =0, 1,2, . . . ) by means of the fluctuation spec-
trum and the order-q power spectrum.

At first the thermodynamic quantities P(q), a(q),
g(q)[—=da(q)/dq], and a(a) are calculated with the
two-pole approximation, which is shown in Fig. 9 for
several values of e[ = ( A —A '

) / A ' ]. The static scaling
laws

I I I I I I I I I I I I I I I I I I I

1000
n

&(q)
0.2 .

,
~(q)

(a) i - (b)

'I 1 I I I 0 0 I I l I 1
@= 2 Px10-~ 0.1 0

-1 J

I I I I I I I

II

I t I I

1000
n
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-0.2

&(q)

40

20-

0.2 -0.2

c (a)
( )

'. 0.06 '

(di

0.04

0.02-

I

0

I

I
I

I
I

I
I

I
I

0.2

I I I I I I I

L I, ,

I I

U g & j.

I I I I I I I

2000

FIG. 7. Typical temporal evolution of rotating rate in a
parametrically excited pendulum before band merging (a) and
after band merging (b), (c), and (d).

0 —,I

0 00.2-0.2 -1 1
q CX

FIG. 9. Characteristic functions obtained with the two-pole
approximation. P vs q (a), a vs q (b), y vs q(c), and a vs a (d)
are calculated, respectively, for e= 2.0X 10 ( ),
2.0X10 ( . . ), and 2.0X10 '

( ———). As e~0 the ther-
modynamic functions exhibit critical behaviors.
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P(q)=xP(q/ir), a(q)=a(q/a),
1

y(q) =—g(q/i~), cT(a) =Ko (a)
K

(3.25)

(3.26)

Iq (u))
r, (o)

hold as shown in Fig. 10. The solid lines are the results
from the two-state model by setting b = 1. In the level of
time series Iu„I the expanded tiine series resemble the
time series whose transition probability is small.

Dynamic properties are studied with power spectra.
The a's were nuinerically obtained by the slopes of a(q)
obtained with P(q) which was numerically calculated ac-
cording to the original definition P(q) =n '1riM (n) with

q
7l wi

a sufficiently large averaging span n. For @=1.0X10
8.0X10, and 2.0X10, the sc values are found, re-
spectively, to be 1.44 X 10 1.09 X 10 and
6.97X10 . Figure 11(a) shows how Iq(co) changes for
different values of q( =0.0,0.005, 0.01,0.015) for
@=8.0X10 being fixed, where the span length is
chosen as n=2, and the number of each ensemble is9

20 X 60. The canonical method is used for the calculation
of Iq(co). Iq(co)/Iq(0) are plotted in Fig. 11(b) with the
use of data in Fig. 11(a). The damping rates y were
evaluated from the half widths of Iq(co). The solid line in
Fig. 11(b) is the theoretical result, the Lorentzian. Nu-
merical results for e=2.0 X 10, 8.0 X 10, and
2.0X10 for q=0.005 are shown in Fig. 11(c). From
this Iq(co) turns out to be scaled as the Lorentzian. yq's
evaluated from Iq(co) are given in Fig. 12. The solid line

is g(x ) =2(1+x )'~ which is from the two-state model.
As the system approaches the transition point the effect
of the repeller decreases. This is seen in Fig. 12(b) for
~=1.44X10, 1.09X10, and 6.97X10 . So, as the
system approaches the transition point the yq's become
well approximated by the theoretical result due to the
simplified two-state model.

0 —,

-3 0 3
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IV. CONCLUDING REMARKS

It was shown that the order-q power spectrum satisfies
the dynamic scaling law just before the band-splitting
point.

By keeping the control parameter fixed, the order-
p wer spectrum has a Lorentzian shape, which implies0
that the time correlation decays exponentially. We also
calculated the decay rate yq of the order-q time correla-
tion, which is the Fourier transform of the order-q power
spectrum. Just before the band-splitting point, for the
three systems investigated the y' are concave with

q
respect to q, and tend to vanish for q=0 as the systems
approach the transition points (critical slowing down).
Near the band-splitting point, the order-q power spec-
tl uiil Iq ( co ) and the linewidth (decay rate) y» turn out to
obey the dynamic scaling law with the scaling function

FIG. 11. The order-q power spectra for the rotating rate of
the parametric ally excited pendulum. In (a) and (b)
E'=2.0X 10 and q =0.0 (O), 0.005 (6), 0.01 (D), 0.015 (+). In
(c) and (d) q=0.005 and a=2.0X10 (O), 8.0X10 (6),
2.0X10 (D). The solid lines are the same as in Fig. 2. The
dynamic scaling law holds for the order-q power spectrum.
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0.02
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~&a~oppE~ g p

a.)
I

-0.02 0 0.02 -2
q/~

FIG. 10. Scaled thermodynamic functions are plotted for
E'=2.0X 10 (0), 2.0X 10 (E), and 2.0X 10 ' (D). The solid
lines are the theoretical curves for b =1 in the simplified two-
state model. The thermodynamic functions satisfy the static
scaling law.

FIG. 12. (a) The damping rate y~ obtained from I~(co) for
E'=2.0X 10 (0), 8.0X 10 (A), and 1.0X 10 ( ) in (a). In
(b) y~/a vs q/'~ are plotted by use of data in (a). The symbols
are the same as in (a). The solid line is the same as in Fig. 3.
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APPENDIX: ORDER-q POWER SPECTRUM
FOR THE FINITE-STATE MARKOV MODEL

We derive the order-q power spectrum for the Marko-
vian stochastic process. The probability of the ith state
at the nth time step is presented by p;(n) [g,.p;(n)=1].
The probability p(n) at the nth step

p(n ) =col(p, (n),p, (n), . . . ,p„(n))

obeys the evolution equation

p(n+1)=Hp(n),

(Al)

(A2)

(3.15) derived from the simplified two-state Markov mod-
el.

Present analyses are based on the fact that two or three
eigenvalues become degenerate near the band-splitting
point. Recently Just and one of the present authors ob-
tained general expressions for the thermodynamic func-
tions and for the linewidth when two or three eigenvalues
of the generalized transition matrix become degenerate at
certain control parameter values [22]. The present re-
sults agree with their general results. However when
many poles are degenerate the two-pole approximation or
the three-pole approximation of the characteristic func-
tion M~(n) cannot be used, and the order-q power spec-
trum is not a superposition of Lorentzians.

In the present paper we showed that a dynamical Quc-

tuation has an infinite number of temporal correlations.
We again stress that almost all of them cannot be ex-
plained with the ordinary power spectrum, which is
relevant only to the q =0 statistical characteristic of the
dynamical function.

n —1

a„=—gn
(A5)

(H )„,=H„„exp[qv' '] .

Its eigenvalue equation is written as

H, Iq, 1 & =v,'"Iq, 1 &,

(A6)

(A7)

where Iq, l & is the eigenvector corresponding to the ei-
genvalue v'q". We set

v' '=maxI lv'"I], (A8a)

(y( )+I ( ))
( I)' =e

~(0)
Vq

By defining

(v )„„=—v'"'5„„,

the matrix v is assumed to be uniquely expanded as

v lq, l &
= & a, (l, l')lq, l'&,

(A8b'I

(A9)

where a (1,1') is obtained as follows. Using the adjoint

vector & q, 1"I, we get

&q, l"Iv Iq, I &
= g&q, l"Iq, l'&a~(l, l') . (A 10)

By introducing the matrices u and k with the elements

In order to evaluate the order-q power spectrum for the
m-state Markov model, we use the definition (2.9). Let us
introduce the generalized transition matrix H with the
pv element

where H is the transition matrix with the pv element

H„. The normalization condition requires
(v, )t t= &q, l" Ivlq, l—&, (k, )t i.——&q, l" Iq, l'&,

Eq. (Al 1) can be easily solved to yield

(A 1 1)

H„=1 . (A3)
a (l, l')=[k 'v ].. . (A12)

The invariant probability is the solution of

pg =Hpg . (A4)

Let u. take the value u'"' if uj is in the pth state
(p=1,2, . . . , m). Its average over n time steps is given

by
Kq =a (0, 1)a (1,0) (1%0) . (A13)

k being the inverse matrix of k .
After a tedius calculation using those equations we

finally arrive at the formula (2.10) with the expansion
coefficients [13]
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