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Entangled coherent states
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The nonlinear Mach-Zehnder interferometer is presented as a device whereby a pair of coherent
states can be transformed into an entangled superposition of coherent states for which the notion of
entanglement is generalized to include nonorthogonal, but distinct, component states. Each mode is
directed to a homodyne detector. We show that there exist nonclassical intensity correlations at the
output ports of the hamodyne detectors which facilitate a test of local realism. In contradistinction
to previous optical schemes which test local realism, the initial state used here possesses a positive
Glauber-Sudarshan representation and is therefore a semiclassical state. The nonlinearity itself is
responsible for generating the nonclassical state.

PACS number (s): 42.50.Wm, 42.50.D v, 03.65.Bz

I. INTRODUCTION

One of the most outstanding features of quantum sys-
tems is the property of nonlocal superposition which
was elucidated by Einstein, Podolsky, and Rosen [1].
Essentially such a system involves correlated spatially-
separated states and such systems have been used as tests
of quantum mechanics via the class of theories known as
local realism [2]. Thus far experimental evidence appears
to support the quantum theory [3]. A particularly simple
and dramatic realization of the nonlocal features of quan-
tum systems appears in the two-particle entangled states
[4]. Here we generalize the notion of entangled particle
states to allow for entangled coherent states and discuss
a method for generating such states.

A number of authors have discussed the violation of
classical inequalities in a quantum optical context [5—7].
In Ref. [5] it was shown that if the state has a positive
Glauber-Sudarshan P representation [8, 9], i.e., the state
can be given a semiclassical interpretation, then no non-
classical correlations can arise. In the work of Tan, Walls
and Collett [7] the state used was a single-photon entan-
gled state. As this state is derived from a number state
it clearly cannot have a positive Glauber-Sudarshan P
representation. In this paper we use entangled coher-
ent states. This state is produced by sending a coherent
state and a vacuum state into a nonlinear Mach-Zehnder
interferometer (NLMZI) which is a Mach-Zehnder inter-
ferometer that contains a Kerr nonlinear medium in one
(or in both) arms [10, 11]. Even though the input state
does possess a Glauber-Sudarshan P representation the
Kerr nonlinearity leads to an entangled state for which
no Glauber-Sudarshan P representation exists. Thus it
is possible to exhibit nonclassical correlations for states
which initially possess a Glauber-Sudarshan P represen-
tation via a nonlinear interaction.

We calculate the correlation function which is based on
intensity correlations from the output ports of homodyne
detection for each of the two modes of the entangled state
[6, 7] and show that the resulting intensity-correlation
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which has been discussed in the context of testing Bell' s
inequalities. It is important to note that the particle (or
photon-number) states are orthonormal vectors in the
Hilbert space, a condition which must be relaxed when
considering entangled coherent states.

In Eq. (2) the entanglement involves Fock number
states. On the other hand coherent states of the elec-
tromagnetic field are considered to be the closest quan-
tum counterpart to states of the classical radiation field
[8]. Whereas the Fock number states of the radiation
field exhibit highly nonclassical properties and are asso-
ciated with corpuscular features of the electromagnetic
field [12], coherent states are related to the classical wave-
like properties of light. However the quasiclassical fea-
tures of coherent states sometimes give way to distinctly
quantum eKects and these deviations from classical ex-
pectations can be noteworthy. For example a nonlinear
medium might cause a coherent state to become a su-
perposition of macroscopically distinct coherent stat, es

function has the same form as that found in Ref. [7],
with the intensity of the input coherent st;ate appearing in
place of the one-photon intensity. This indicates that the
phase sensitivity of these correlation measurements is not
due to the phase dependence of the coherent, amplitude
but rather probes the quantum-mechanical phase of the
entangled state.

A two-particle entangled quantum state can be ex-
pressed as

gr )= 2 ifz ([rr )i [p )z +e'+(7 )i ~b )2) (1)

for ~rr &i and ~p &i pure states of particle 1 and similarly
for ~p &z and ]b &z for particle 2. Moreover the state
cannot be reduced to the product state ~e &i ~rl &z for
any c or g. An optical analog to a "particle" corresponds
to an excitation of the electomagnetic field in a given
mode, i.e., a photon; thus the optical case might involve
the entangled photon-number state such as [7]
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[13] which presents an optical analog to "Schrodinger's
cat" being in a superposition of being dead or alive [14].
As the philosophical di%culties associated with applying
quantum mechanics at the macroscopic level remains a
controversial topic, this research continues to be relevant
[»]

The study of macroscopic superpositions of distinct
coherent states is interesting but does not involve the
important nonlocal properties of quantum physics. On
the other hand the tests of local realism which involve
the generation of states of light from a common source
are generally not amenable to simple classical interpre-
tations. Here we introduce a scheme for producing an
entangled superposition of coherent states of light. The
individual coherent states retain the desirable quasiclas-
sical properties of coherent states but nonlocal features
arise due to the entanglement. Here we combine two
desirable features: from the first category we desire an
entanglement of two essentially classical states of the ra-
diation field and, from the second category, we seek to
have the correlated states spatially separated. Moreover
the entangled state is obtained from an initially semi-
classical state of the electromagnetic field (the coherent
state).

II. NONLINEAR MACH-ZEHNDER
INTERFEROMETER

The scheme essentially involves a Mach-Zehnder inter-
ferometer which possesses two input ports and two out-
put ports. Within one arm of the interferometer a non-
linear Kerr medium is placed which we approximate as a
nonlinear oscillator in a single-mode treatment [16] and
this interferometer with an internal nonlinear medium is
referred to as a nonlinear Mach-Zehnder interferometer
[10, 11]. For simplicity we assume that the nonlinear in-
terferometer is lossless and a single-mode treatment is
applied. The dynamical description involves two input
modes a and b, with corresponding annihilation opera-
tors i and b. The input fields for modes a and b are
the coherent states In & and Ip &&, respectively, for the
coherent state with the number-state representation [8]

( nln &= exp( —Inl /2)(n!) ' n".

The NLMZI is composed of two beam splitters with a
nonlinear Kerr medium in one arm and the corresponding
unitary transformation for the input fields is [17]

U =BKB
for

B = exp[(is at b + abt )/4]

being the beam-splitter transformation and

Ii = exp[—ig(ata)']

the Kerr transformation. In Eq. (6) the nonlinearity coef-
ficient y is proportional to the nonlinear coeKcient y& ~

of the medium and the interaction length. The initial

state which enters the NLMZI is assumed to be the co-
herent product state In &, Ip &b and the output state
1S

I& &out=~In& Ip».
The beam-splitter transformation given in Eq. (5)

transforms the input product state In & Ip &t into

Bln &. Ip»= I2
' '(n+ ip) &; I2

' '(p+ in) &;

(8)

for a and 6 the two beam-splitter output fields. Thus the
output state is also a direct product of coherent, states at
its output given a direct product at the input. There is
no entanglement of states at this stage. The effect of the
nonlinearity in one arm of the medium is interesting in
that it can transform a coherent state into a superposi-
tion of two macroscopically distinct coherent states [13 .
The I&err medium transforms the coherent state to [16

OO

Ii In &= exp (—Inl'/2) ) exp( —ign')ln & .
n!n=O

Henceforth we fix y = ~/2; therefore

Kln &= 2 ' '(e ' 'In & +e'
I

—n &). (10)
These superposition states have proved to be very useful
in constructing optical analogs to Schrodinger's cat state
[14].

By combining the I%err medium and two beam splitters
in the NLMZI we obtain the result, for g = n'/2,

VIn &. Ip&t, =2 ' '(e ' 'Iip&. Iin &t,

+e"'I —n&. Ip») (»)
for a' and 6' the output fields from the NLMZI. At
this stage it is worth reflecting on the subtle nature of
Eq. (11). The state is essentially a superposition of co-
herent state ln & in one mode and Ip & in the other
mode (ignoring phases). The state is an entanglement
of the quasiclassical product state of a coherent state in
each mode, Drawing a distant analogy to Schrodinger's
cat, this would be like having two distinct cats, n and P,
in two separated boxes, a and b. The state is analogous
to a superposition of cat n in box a and cat P in box b

with cat n in box b and cat P in box a.
Although the states ln & and lp & are not orthonormal

we see that the inner product

I & nlP & I' = exp (—ln —Pl') (12)
rapidly tends to zero provided that the distance between
n and P becomes large on the complex plane. It is essen-
tial here to generalize the notion of entangled states to
include entangled coherent states. Earlier it was noted
that the entanglement in Eq. (1) consisted of orthonormal
states. The state (11) does not satisfy this requirement
except in the limit that the coherent field amplitudes o.

and P are macroscopically separated in the complex plane
and Eq. (12) tends to zero. If P = +n the state is not an
entanglement. Hence the entanglement of two coherent
states is a state which satisfies Eq. (11) and for which
expression (12) is negligible. Essentially the overlap be-
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tween the two coherent states, perhaps considered as the
overlap of the Wigner functions for the coherent states
in the phase plane, must be small for the states to be
distinct. The separation of coherent amplitudes is anal-
ogous to the earlier statement that the cats n and P are
distinct. Orthonormal states satisfy the requirement (12)
as the inner product is trivially zero for distinct states.

As a special case of (11), we fix P = 0 and obtain

b
a

KERR

a'
bl

Crln). 10)~= 2 "'( ~ "'lo)" lan)~

+ e"~'l —n &, l0 &h ). (13)

III. INTENSITY MEASUREMENT
OF ONE MODE

which is simpler than expression (11) and permits a sim-
ple description of the nonlocal features of entangled co-
herent states. There is a similarity between this state and
the entangled photon-number state in Eq. (2) which has
been discussed in the context of testing Bell s inequali-
ties [7]. In order that the states are distinct, the overlap
between lo ) and ln ), given by exp( —lnl /2), must be
small; thus we assume that n is large.

FIG. 1. The nonlinear Mach-Zehnder interferometer with
an internal Kerr medium in one arm and two input modes a
and b. Each output mode (a' and b') is directed to a separate
homodyne detector where the field interferes with a local os-
cillator (LO). The intensity correlations at the outputs of the
homodyne d.etector are directly measured.

the state

e ' i" lin )i, +e' i'exp( —lnl'/2)lo &i,

/I y exp( —lnl')

The nonlocal nature of the state in Eq. (13) is revealed
by performing an intensity measurement at one of the
spatial modes. In this model, an intensity measurement
corresponds to photon counting. Thus we take the in-
tensity operator for output mode a' to be the number

operator I,I = a'~a'. Once again drawing an analogy
with a cat in a superposition of being in "box a'" and
in "box b'", we expect that detection of the presence
(absence) of the "cat" in box a' requires that the cat
is absent (present) in box b' More pr.ecisely an ideal
photodetection performed at port a' and producing the
photon-number value nv collapses the a' state to the Fock
number state lm &, . A count of m photons at port a'
thus prepares the port b' state as

i, ' = ) . In )i,', ( ml i,'( nlvln & lo»
n=o

=N '(e '
b olin)i, +e' exp( —lnl /2)

for

x([—n] /v'm!)lo )i, ) (14)

N = exp( —lnl ) +6 o.

Thus a measurement of m = 0 photons at a' produces

For sufficiently macroscopic coherent states (lnl ~ oo),
the state in port b rapidly converges to lin ). Similarly,
a measurement of m g 0 photons results in the b' state
being reduced to the vacuum state with an unimportant
phase factor.

IV. NONCLASSICAL CORRELATION
FUNCTIONS

The two output modes of the NLMZI are directed
towards two spatially separated homodyne detectors as
shown in Fig. 1, Mode a is mixed with a coherent lo-
cal oscillator of amplitude p while mode b is mixed with
another coherent local oscillator of complex amplitude
7e'~. Thus p is the phase difference between the two lo-

cal oscillators. This phase difference is analogous to the
difference in the local polarization settings in the experi-
ment of Aspect and co-workers [3]. This detection scheme
has been discussed by Grangier, Potasek, and Yurke [18]
and by Tan and co-workers [6, 7].

Each of the two homodyne detectors has two beam-
splitter output modes designated by annihilation opera-
tors a, c (for mode a) and b, d (for mode b) These four.
output modes are directed onto photoelectron counters.
The pure state which is measured by the photoelectron
counters is obtained from expression (11):

A A A ,.«& .~+7 . +7"'B, Bi, Uln), lP)i, e '
! i i

. i7 —n p+ ice'& 7 —in 7e'~+ip

,)
(17)
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Of interest is the correlation function

(:(It-, + Id)(I; + I;):&
where Ip is the intensity of mode A. We calculate this
correlation function for the state in Eq. (13). For sim-
plicity we take o, as real and write y as pe' for y real
and 0 represents the phase difference between the coher-
ent amplitude of the input state and the amplitude of the
homodyne detector for mode a. The result is

E(it) =
2

cosP.~2 + p2

We note that this result is independent of 0 and depends
only on the phase difference between the two spatially
separated local oscillators. When a = 1 this result is
identical to that obtained by Tan, Walls, and Collett for
the entangled one-photon state (apart from an unimpor-
tant phase shift) [7]. The fact that this correlation func-
tion depends only on the phase difference between the
two local oscillators indicates that this detection scheme
directly probes nonlocal quantum correlations in the en-
tangled state.

If the coefficient of cos P in the correlation function
E(P) has a magnitude greater that I/y 2, then a viola-
tion of the classical Bell inequality will occur [2, 6]. The
entangled quantum state discussed here will thus violate
the Bell inequality for an intensity ratio which satisfies
the inequality (p/n) ( ~2 —1.

Suppose that inefficient photodetection is allowed into
the calculation. A photodetector can be represented by
a beam splitter followed by a perfectly eKcient photode-
tector [19]. The signal field enters one port of the beam
splitter and a vacuum state enters the other port. One
output port of the beam splitter is detected by the per-
fect photodetector. For the coherent state ~n & being
detected by a photodetector with eKciency g, the re-
sult is equivalent to a perfect photodector which counts
photons for the coherent state ~~rtn &. Thus inefficient
photodetection of the state (17) does not change expres-
sion (19): the rl parameter cancels out of the expression.
Hence the violation of Bell's inequality is independent of
the detector e%ciency. Of course it is implicitly assumed
in the model that the photons which are not counted are
randomly selected by the photodetection process.

V. CONCLUSION

The model presented here presents a possible simple
scheme for producing entangled quasiclassical radiation

states. Moreover the entanglement consists of coherent
states and vacuum states which can be thought of in
a classical way: both are quadrature-phase minimum-
uncertainty states which possess a Glauber-Sudarshan
P-representation. Thus we have essentially a superpo-
sition of two spatially separated semiclassical states. By
producing states which are easily identified with classical
notions, an experimental realization of this scheme would
present a dramatic demonstration of quantum features.

We have shown that this state exhibits nonclassical
(nonlocal) intensity correlations which generalized a re-
sult for entangled single photon states previously ob-
tained [7]. In the case of single photon states there is
no semiclassical interpretation to begin with and the en-
tangled state is simply produced with a beam splitter ~

In the case considered here the input state does have
a semiclassical interpretation (in the sense of a Glauber-
Sudarshan P representation), and conversion of this state
to a nonclassical state requires a nonlinear device. Rather
than producing an entangled state from a nonclassical
state with a linear device (beam splitter) in the case of
Ref. [7], we produce an entangled state from a semiclas-
sical state via a nonlinear interaction in the NLMZI. Of
course it must be emphasized that it is easier to produce
single-photon states than to find a large Kerr nonlinear-

ity as is required in the scheme of this paper [20]. An

optimistic estimate of y which uses a large but realistic
value of y~ & suggests that over 1000 km of interaction
would be required to allow g = s/2 as required in these
calculations [11,21]. For this interaction length, assump-
tions involving the single-mode treatment and of no loss
require further attention. On the other hand the experi-
mental determination of nonclassical correlations should
be easier due to the large photon number in the input
state. In contrast to the measurements for single-photon
entangled states, which generally involve approximately
one photon in the apparatus at any time, this scheme
can involve large numbers of photons which reduces the
integration time necessary for the photodetectors.

ACKNOWLEDGMENTS

I thank S. J. Carter and R. McDuff for helpful discus-
sions about nonlinear interferometers, S. L. Braunstein
for discussions about Bell inequalities, and J. D. Cresser
for his suggestions and comments. Finally G. J. Milburn
has provided many valuable suggestions and constructive
criticisms which I gratefully acknowledge.

' Electronic address: barry@macadam. mpce. mq. edu. au

(internet).
[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,

777 (1935).
[2] 3. S. Bell, Physics (N. Y.) 1, 195 (1964); J. S. Bell,

in Foundations of Quantum Mechanics, edited by B.

d'Espagnat (Academic, New York, 1971), p. 121; see also
S. L. Braunstein and C. M. Caves, Ann. Phys. 202, 22
(1990).

[3] A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett.
49, 91 (1982); A. Aspect, 3. Dalibard, and G. Roger,
ibid 49, 1804 (1982). .



45 ENTANGLED COHERENT STATES 6815

[4] M. A. Horne, A. Shimony, and A. Zeilinger, Phys. Rev.
Lett. 62, 2209 (1989).

[5] M. D. Reid and D. F. Walls, Phys. Rev. A 34, 1260
(1986).

[6] S. M. Tan, M. J. Holland, and D. F. Walls, Opt. Com-
mun. 77, 285 (1990).

[7] S. M. Tan, D. F. Walls, and M. J. Collett, Phys. Rev.
Lett. 66, 252 (1991).

[8] R. J. Glauber, Phys. Rev. 131, 2766 (1963).
[9] E. C. G. Sudarshan, Phys. Rev. Lett. 10, 277 (1963).

[10] N. Imoto, H. A. Haus and Y. Yamamoto, Phys. Rev. A

32, 2287 (1985); M. Shirasaki, H. A. Haus, and D. Liu
Wong, J. Opt. Soc. Am. B 6, 82 (1989).

[ll] B. C. Sanders and G. J. Milburn, Phys. Rev. A 39, 694
(1989).

[12] R. Loudon, The quantum Theory of Light, 2nd ed. (Ox-
ford University Press, Oxford, 1983).

[13] B. Yurke and D. Stoler, Phys. Rev. Lett. 57, 13 (1986);
P. Tombesi and A. Mecozzi, J. Opt. Soc. Am. B 4, 1700
(1987); A. Miranowicz, R. Tanas, and S. Kielich, Quan-

turn Opt. 2, 253 (1990).
[14 E. Schrodinger, Naturwissenschaften 23, 812 (1935).
[15 G. C. Ghirardi, A. Rimini, and T. Weber, Phys. Rev. D

34, 470 (1986); L. Dioisi, Phys. Rev. A 40, 1165 (1989).
[16] G. J. Milburn, Phys. Rev. A 33, 674 (1986).
[17] B. C. Sanders and G. J. Milburn, J. Opt. Soc. Am. B (to

be published).
[18] P. Grangier, M. J. Potasek, and B. Yurke, Phys. Rev. A

38, 3132 (1988).
[19] H. P. Yuen and J. H. Shapiro, in Coherence and quantum

Optics IV, edited by L. Mandel and E. Wolf (Plenum,
New York, 1978); IEEE Trans. Inf. Theory IT-26, 78

(1980).
[20] P. Alsing, G. J. Milburn, and D. F. Walls, Phys. Rev. A

37, 2970 (1988); H.-A. Bachor, M. D. Levenson, D. F.
Walls, S. H. Perlmutter, and R. M. Shelby, ibid. 38, 180
(1988).

[21] B. C. Sanders and G. J. Milburn, Phys. Rev. A 45, 1919
(1992).


