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Mechanism for spurious structures in photoionization calculations
in the independent-particle approximation
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A mechanism of unphysical structures in photoionization cross sections calculated in the
independent-particle approximation (IPA) has been identified, in a study of the nature of near-threshold
structures in the energy dependence of the krypton 3p photoionization, generated in the Hartree-Fock-
Slater-Latter approximation. We find that overscreening of the IPA potential due to the incomplete can-
cellation of the electron self-Coulombic interaction and the electron self-exchange interaction in the IPA
can lead to a spurious positive barrier in the effective central potential V,z= V+l(l +1)/2r for a con-
tinuum electron and a consequent spurious shape-resonance-like structure, such as the structure at about
8 eV above the threshold seen in the Kr 3p photoionization cross section.

PACS number(s): 32.80.Fb, 32.80.Hd, 32.70.Cs

I. INTRODUCTION

Recently unphysical aspects of the independent-
particle (or electron) approximation (IPA) in photoion-
ization calculations, especially for the Hartree-Fock-
Slater-Latter model (HFSL), have been discussed, with
special attention on the energy dependence of cross sec-
tions near but above inner-shell thresholds [l —4]. The
motive is to identify features of the calculations that are
not artifacts and should be observable. It has been shown
that the discontinuity in the derivatives of IPA poten-
tials, introduced at the switch point to a Latter-tail po-
tential, can lead to unphysical oscillatory structures in
the cross section. Here we wish to report another kind of
unphysical structure, which is of a shape-resonance char-
acter and can be produced by overscreening in an IPA
potential.

In a recent paper[5] Shanthi, Deshmukh, and Manson
performed calculations for the krypton 3p partial photo-
ionization cross section at different levels of approxima-
tion, such as the HFSL model, the Hartree-Fock (HF)
model, and the relativistic random-phase approximation
(RRPA), concluding that near-threshold structures found
in the partial cross section as a function of photon energy
are not due to shape resonances or Cooper minima, and
also that they have a physical basis and are not artifacts
of the calculation (since in appearance there was a
correspondence with structures obtained from approxi-
mations beyond the IPA). Here we want to examine in
detail these structures seen in the Kr 3p photoionization
cross section calculated from the HFSL model, trying to
understand exactly how in this model they come about.
To this end, we employ several other IPA potential mod-
els that differ from the HFSL in various ways to see how
the observed structures depend on features of the poten-
tial. We will conclude, contrary to Ref. [5], that in the
Kr 3p photoionization cross section calculated with the
HFSL potential (Fig. I), the second maximum at about
100 eV above threshold represents the rise from a zero
(Cooper minimum) below threshold; the first maximum,

at 8 eV, which only exists in the HFSL model, is a
shape-resonance-like peak, rejecting the fact that there is
a small positive barrier in the effective central potential
seen by the outgoing photoelectron. This positive barrier
is a result of the overscreening near the Latter-tail switch
point of the HFSL potential, originated from the incom-
plete cancellation of the electron self-Coulombic interac-
tion and the electron self-exchange interaction. This re-
veals another way through which artifacts can be gen-
erated in near-threshold photoionization cross sections of
outer and intermediate subshells in the HFSL calculation
and other IPA models. We suggest a rather different ori-
gin for the rather different structures seen in calculations
beyond the IPA.

It should be noted that, as a model study, our calcula-
tions here are only intended to identify features associat-
ed with the HFSL model, which has been extensively
used in photoionization calculations in the past. We are
not discussing the actual threshold behavior, for which
electron correlation and relaxation efFects not considered
in IPA models can be very important, and may lead to
physical structures. In Sec. II we will describe the nonre-
lativistic photoionization theory in the IPA. This will be
used in the discussion of krypton 3p photoionization in
Sec. III. A brief summary will be given in Sec. IV. The
atomic units fi =m, =e = 1 will be used.

II. THEORY

Although our calculations are relativistic and beyond
the dipole approximation, we will confine our expository
discussion to the nonrelativistic dipole theory, since the
nonrelativistic dipole theory can as well explain most
features present in our calculations (which are relativis-
tic) here but is much simpler and more intuitive in ex-
pression. We review some familiar ideas because they
prove to lie at the heart of the spurious features in V,ff,
and also in cross sections, which result from a localiza-
tion assumption about the exchange potential U,„.
Neglecting configuration interactions, thereby assuming
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atoms are in the lowest-energy configuration, an atomic
system of N electrons with nuclear charge Z is described
by the HF equations [6]

——V, — + V, (r, ) u;(r, }—U,„(i,r, )
1 2 Z

r&

=E;u;(r, ), i =1, . . . , N (1)

where u, (r) is the wave function of the ith electron with
binding energy s, , V, (r) is the electron Coulombic in-
teraction

mediate l (such as 1=3,4), where V,s may have a
double-well structure, with a positive "barrier" between
the inner and outer wells, which can cause a shape reso-
nance in the cross section [7].

Near the origin the radial part of the continuum wave
function P, I (e is the kinetic energy of the photoelectron)
behaves as r'+' since the central potential will be large
compared to c,. We may write the continuum wave func-
tion P =CP, where lim„P, &+, =r, and Cl+, is deter-I+1

mined by the normalization condition [8].
The photoionization cross section from an electron in

subshell nl within the dipole approximation is propor-
tional to the square of the transition matrix element

R, I+„given by

and U,„(i,r ) is the electron exchange interaction

N

U,„(i,r, )= +5(m„m,j)
j=1

u '(r2}u;(r2)
X dr2 u (r, ), (3)

U,„(i,r, ) = V,„(r,)u, (r, ) =y p(r, )—3
u;(r, ),

where p(r) is the total-electron charge density. In the
Kohn-Sham approximation, the exchange coefBcient

3
whil e in the Slater approximation y = 1. Now the

Hartree-Fock equations become (assuming y = 1 is
chosen}

[ ——,'7 —V(r)]u;(r)=s;u;(r), i =1, . . . , N

with the localized Hartree-Fock-Slater-Latter potential

——V, (r)+ V,„(r) if r (roZ

Z N+1 . )—
1f r rpr

where rp is the switch point at which the Hartree-Fock-
Slater (HFS) potential is just equal to (Z N+1)/r The- .
Latter-tail potential (Z N+1)/r was im—posed at ro to
remedy the incorrect asymptotic HFS potential at large
distances caused by V,„~O when r~ao. (We will later
discuss some other ways to obtain the correct asymptotic
potential, such as the vacancy potential. )

The radial HFSL equation is obtained once the wave
function is separated into a radial and angular parts. The
characteristics of the effective radial potential
V,s.[=—V+1(1+1)/2r ] are determined by the inter-
play of the potential V(r) and the centrifugal potential
l ( I + 1)/2r . An interesting situation exists for inter-

with m, the electron-spin quantum number. Notice the
sum on j in V, and U,„ includes all electrons in the atom.
Actually the sum should exclude the ith electron since
the electron should not interact with itself. But in both
V, u; and U,„ the j=i terms are identical and therefore
will cancel each other in the HF equations. In the
central-field IPA, the nonlocal exchange interaction U,„
expressed in (3}is localized. One writes

1/3

=Clyi(s) f P ~(r}rP iyi( )rd r (7)
p

where P«(r},P, I+&(r) are radial parts of initial and final
wave functions of the electron, satisfying the radial
HFSL equation.

It should be emphasized that for small E (near thresh-
old), P, I+, (r) is relatively independent of s in the interac-
tion region, which is defined as the region where the ma-
trix element Eq. (7) is largely determined, a region nor-
mally confined by the bound-state wave function when c
is smaller than the bound-state binding energy. On the
other hand, the normalization factor Cl +&( s ), which is
determined by s —V,s(r) over all distances, can vary sen-
sitively as a function of c,. The rapid variation of CI+&
with energy can lead to variations in the transition matrix
elements and hence the cross section. In the special situ-
ation where there is a positive barrier in the effective po-
tential V,tr= i'(I'+ 1)/2r of the final wave function P, &,
a resonance state may exist above zero energy and C& (s)
will exhibit a great enhancement at the resonance energy.
As a result, a sharp peak structure, called a shape reso-
nance, appears in the cross section o „I at this energy
[9,10].

The continuum wave functions P, I+&, increasing from
the origin with r *', are oscillating functions of r at large
distances. Since the matrix element R, I+& is obtained by
an integration over a function rP«(r) that is independent
of energy and a rapidly oscillating function P, &+&, at a
certain energy the matrix element may vanish due to
complete cancellation of positive and negative portions of
the integrand. If this happens in R I+& for the major
contributing channel, a minimum (a Cooper minimum)
will be present in o „I [9—12].

III. CALCULATIONS AND DISCUSSIONS

The partial photoionization cross sections from the Kr
3p subshell obtained using the HFSL potential are shown
in Fig. 1. There are two local maxima in the cross sec-
tion, one at about 8 eV and the other at 100 eV of photo-
electron energy. Of the two major transition channels
3p ~as, cd, the contribution from 3p ~cd is much larger
and contains both of the structures while the contribution
from 3p —+as decreases monotonically with energy. The
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FIG. 1. Photoionization cross sections for the Kr 3p subshell

obtained using different IPA models: the HFSL model (the dot-
ted curve); the VP model (the long-dashed curve); the VPN
model (the short-dashed curve).

question is: what are the natures of these two structures?
From previous work on the distribution of Cooper

minima (CM's) [12], we anticipate a CM below threshold
in the partial cross section of 3p —+cd photoionization
(i.e., in the spectrum of photoexcitations) for elements
near Kr, which has atomic number Z =36; the position
of the CM tends to move towards the threshold as Z de-
creases. A CM below threshold can cause the photoion-
ization cross section to rise from the threshold before de-
creasing at higher photon energies. We study the plausi-
bility of the existence of a CM by calculating the partial
cross sections for 3p ionization of elements from z =30 to
38, using the HFSL model. We find that the second,
higher energy, maximum in the 3p partial cross section of
Kr also exists in all other nearby elements and as Z de-
creases the peak shifts towards higher energy. This
agrees with a motion of the CM towards threshold from
below with smaller Z. By zinc (Z =30) the CM shows up
above threshold in the 3p partial cross section, and the
energy interval between the CM and its turnaround peak
is about 130 eV. This strongly suggests that the high-
energy maximum in the Kr 3p partial cross section is the
consequence of a CM below the threshold. We have
checked the reduced matrix element R, &+, for the Kr
3p ~Ed transition (the contribution of 3p~ss to the 3p
partial cross section is much smaller) and found that this
maximum structure is in R, I+, , not in the normalization
factor Ci+&(E), as would be expected for a shape reso-
nance. We conclude that the maximum at 100 eV in the
Kr 3p partial cross section is the manifestation of the su-
perposition of a rise from a CM below the threshold and
a hydrogenlike monotonic decreasing behavior at higher
photoelectron energy. We note that in a more recent pa-
per Shanthi, Deshmulkh, and Manson also indicated the
existence of a CM below threshold for the 3p ~cd transi-
tion channel of Kr [13].
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FIG. 2. The effective central potential [V,a(r)](1/Z) of Kr
seen by a cd electron in different IPA models: the HFSL model

(the dotted curve); the VP model (the long-dashed curve); the
VPN model (the short-dashed curve). The inset shows details

near the switch point ro for the Latter tail in the HFSL poten-

tial; r, is the critical point for 1=2 (cd electron).

In order to understand the origin of the first maximum,
at 8 eV above the threshold, in the partial cross section of
Kr 3p photoionization calculated using the HFSL model,
we have used several different kinds of IPA models. As
various authors have pointed out [2—4] that the discon-
tinuity of the first derivative of the HFSL potential at the
switch point may cause oscillations in cross section near
threshold, we first used the HFSL potential but with the
near-switch-point region locally smoothed by cubic spline
interpolation, so that no discontinuity through the
second-order derivatives exists anywhere. But the cross
section calculated using this smoothed potential is almost
exactly the same as before. This indicates in this particu-
lar case, local smoothing near the switch point has little
effect on the structure of the cross section; the discon-
tinuity is not responsible for the appearance of the first
peak in the Kr 3p cross section of the HFSL model.

Next we compare cross sections produced by two other
IPA potentials which do not need to impose the Latter
tail: (1) the vacancy potential (VP) in which one of the 3p
electrons is removed from V, in the self-consistent calcu-
lation; (2) the vacancy potential but with no exchange in-

teractions among electrons (VPN), i.e., U,„=V,„=O.
Since V,„goes to zero with the total-electron density p(r)
in the VP as r increases, and the asymptotic form of V, is

(N —1)/r (there are N —1 electrons now), the correct
asymptotic potential form (Z N+ 1)Ir—will be automat-
ically obtained at large distances, in both the VP and
VPN potentials, without any discontinuities in the
derivatives of the potential. The Kr 3p photoionization
cross sections obtained using these two potentials are also
shown in Fig. 1. Partial cross sections for both VP and
VPN have the maximum at 100 eV above threshold, but
neither of them shows the peak at 8 eV. To answer why
only the HFSL model has the sma11 peak at 8 eV we have
to take a close look at the effective central potentials,
shown in Fig. 2 for the major channel 3p —+c.d. In the
effective central potential all models have a deep negative
well, but only the HFSL model shows a very small barrier
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FIG. 3. The reduced potential [rV(r) ]( 1/Z) of Kr in
different IPA models: the HFSL model (the dotted curve); the
VP model (the long-dashed curve); the VPN model (the short-
dashed curve). The inset shows details near the switch point ro
for the Latter tail in the HFSL potential; also shown are the re-
duced Latter-tail potential 1/Z (the solid line), and the reduced
centrifugal potential [l(1+1)/2r](1/Z) of 1=2 (the long-
dashed —short-dashed line); r, is the critical point for l=2 (cd
electron).

above zero. To see how this barrier affects the continuum
wave function we calculate the normalization factor
Cd(c) of the cd continuum wave function as a function of
photoelectron energy c. After scaling out the norrnaliza-
tion function of the hydrogen atom, which we know is a
smooth monotonically decreasing function of energy, we
find there is a peak in Cd(c) at 8 eV in the HFSL model,
in agreement with Dillon and Inokuti [14]. For other
models no such structure is observed. This indicates that
because of the positive barrier in the effective central po-
tential the amplitude of the continuum wave function in
the HFSL model has been increased near the origin for
energies near 8 eV, in the same sense as for a shape reso-
nance. But in this case the barrier is so low and thin that
we do not see the swift change in the phase shift of the
continuum wave function, which is usually seen in a
shape resonance. And what we see is just a small bump
in the cross section instead of a conspicuous sharp dom-
inant peak. We may call this local maximum a quasi-
shape-resonance.

But why does only the HFSL model give a positive bar-
rier in the effective central potential? Let us now look at
the reduced potential rV(r) of the HFSL, VP, and VPN
models, shown in Fig. 3. The potential of the VPN mod-
el is close to that of the HFSL model while the potential
of the VP model is considerably higher than others. In
the VP model, because one of the 3p electrons is removed
from the shell in the self-consistent calculation [in other
words, the self-Coulombic interaction j=i term is ex-
cluded from the sum of V, (r) in (2)] the potential will au-

tomatically take the correct Coulombic form at large dis-
tances and no tail needs to be imposed. But, remember-

ing that this term is supposed to be canceled by the iden-
tical self-exchange term in U,„, removing the electron
from the atom means that the exchange interaction is
overcounted, which is why the VP potential is

significantly higher than the others. In the VPN model
the exchange interaction is completely omitted (U,„=O)
in addition to the removal of a 3p electron. The correct
asymptotic potential is again obtained automatically, as
in the VP model. Since the whole exchange interaction is
omitted, the problem of overcounting the exchange in-
teraction in the VP model now becomes a problem of un-
dercounting in the VPN model. Certainly a more realis-
tic potential should be between the VP and VPN poten-
tials. When the "real" exchange interaction (excluding
the self-exchange term of i =j in the summation) in Eq.
(3) is relatively small, the VPN is not a bad approxima-
tion to the realistic situation. This may be true for large
distances where the real exchange interaction is weak.

In the HFSL model, which uses the localized Slater ex-
change potential V,„ to approximate U,„, the cancella-
tion between the counter terms (the j =i term) in V, and

U,„(eventually V,„)is a crucial problem. Near the origin
the cancellation is rather complete because of the large
electron density in the region, but at large distance the lo-
calized Slater exchange potential V,„drops to zero rapid-
ly with the total-electron density p(r), so does the self-
exchange interaction j=i term in U,„;the cancellation is
not achieved, and the self-Coulombic interaction (the
j=i term in V, ) is not completely excluded [15]. This
means that the potential is overscreened (overcounting
the electron Coulombic interaction) at large distances (at
least before ro) in the HFSL model. Indeed because of
the overscreening, the potential of the HFSL model near
the switch point drops more steeply than the realistic po-
tential and both VP and VPN potentials as r gets larger.
Referring to Fig. 3, this steep drop causes the HFSL po-
tential V(r) near the switch point ro to be smaller than
the centrifugal potential I(l+1)/2r of 1=2, which is
also shown in the inset of the figure, and consequently
causes ro to be closer to the origin than the critical dis-
tance r, of the cd photoelectron [16]. Since there is a
negative inner well in V,& of the cd electron, the result
that ro & r, means that there is a positive barrier before r,
in the effective central potential of the ed channel (see
Fig. 2). This leads to the small shape-resonance-like
structure at about 8 eV in the major channel 3p ~cd, as
seen in the cross section (Fig. 1) [17].

As mentioned earlier, a realistic potential should lie be-
tween the potential of VP and that of VPN and hence
should be always greater than the centrifugal potential
for r near ro and larger, as we can see from Fig. 3. Subse-
quently no positive barrier should exist in the realistic
effective central potential. So we see that the overscreen-
ing at large distances, caused by the incomplete cancella-
tion of the self-Coulornbic interaction with the self-
exchange interaction in the localized potential of the
HFSL model, gives rise to the first peak at 8 eV in the Kr
3p subshe11 photoionization cross section by producing a
small positive barrier in the effective central potential of
the continuum electron. The local smoothing near the
switch point does not have much effect on the cross sec-
tion, since the positive barrier due to overscreening sti11

exists and the only effect of the local smoothing is to
make the barrier smoother at the switch point. Never-
theless it is possible, as one can easily see from Figs. 2
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and 3, that a smoothing over a more extended region near
the switch point may make the positive barrier disappear
in the effective central potential, considering that the bar-
rier is very small.

It may also be noted that the partial cross section in

the VP model has a higher threshold value because the
atom in this case is contracted more, due to less screening
of the nuclear interaction. Likewise, the threshold value
of the VPN model is less than in both the HFSL and the
VP models.

In the calculations of the Kr 3p subshell photoioniza-
tion cross section beyond the IPA, a steep drop from the
threshold value is observed, followed by a local minimum
(see Fig. 1 in Ref. [5]), which is rather different from the
structure we just discussed for the IPA level. We suggest
this may result from destructive interference between the
direct one-electron photoabsorption amplitude, which
has a CM below threshold, and the two-electron correla-
tion amplitudes, shifting the CM above threshold, in a
similar way as seen in the subshell photoionization cross
section of argon 3s, due there to the strong coupling be-
tween 3s and 3p electrons [18]. Here, however, since the
same feature also exists in the HF Kr 3p calculation, it
seems more likely that the amplitude corresponding to
the correlation between the ionic core and the continuum

electron, which is present in both the RRPA and HF cal-
culations [5], is responsible for the interference.

IV. CONCLUSIONS

To conclude, calculations with variants of the HFSL
model on the Kr 3p photoionization have been per-
formed; the structures near the threshold obtained in the
HFSL model may be understood in detail. The first peak
of the double-peak structure is caused by overscreening
at large distances, a defect of the HFSL potential; the
second peak is caused by a CM below the threshold. Un-
like for the oscillatory structures generated by the discon-
tinuity of the potential derivatives, observed in inner-
shell photoionization, the structure generated by the
overscreening of the potential is more like a shape reso-
nance in nature and therefore is more likely to appear for
subshells of intermediate angular momentum l. The
overscreening at large distances is not only a problem for
the HFSL model but a genuine defect of IPA models us-
ing localized exchange potentials. Considering the
numerous calculations based on the HFSL model and
other IPA models, one clearly should be very cautious in
interpreting the near-threshold structures of photoioniza-
tion they predict.
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