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Dark spatial solitons in non-Kerr-law media
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Two-dimensional light trapping of TM and TE patterns in saturable self-defocusing nonlinear media is
examined. The vector dark spatial soliton of TM type is found to exist only within a certain range of the
beam effective index, which can be wider or narrower compared with the corresponding one in the
Kerr-law nonlinearity, depending on the nonlinear saturation index. This contrasts with the scalar dark
spatial soliton of TE type, the guidable region of which in saturable nonlinear media is equal to or nar-
rower than that in the Kerr-law nonlinear medium. The physical origin leading to such a distinct con-
trast is also explored.

PACS number(s): 42.65.—k

Spatial solitons are the stable entity of two-dimensional
solitary waves trapped in uniform nonlinear media
[1—11]. Similar to temporal solitons, spatial solitons
come in two varieties: the bright and the dark. The fun-
damental bright spatial soliton denotes the two-
dimensional stationary self-guided bright beam propaga-
ting stably in a self-focusing nonlinear medium above the
cutoff of its self-induced index profile [6], while the fun-
damental dark spatial soliton means the two-dimensional
stationary self-guided dark beam evolving stably in a
self-defocusing nonlinear medium at the cutoff [11]. In a
Kerr-law medium, a dark spatial soliton, like a bright
one, can be trapped in the form of TE and TM patterns.
But in contrast to its bright counterpart, the existence of
the TM dark beam is limited in the range of the beam
effective index n,s (defined as the beam propagation con-
stant P divided by the wave number k of free space) from
0.82nD to no the linear refractive index of the medium,
whereas that of the dark TE beam extends over all possi-
ble values of n, s ranging from 0 to no [11].

The Kerr-law nonlinearity is an idealized model simu-
lating the nonlinearity-induced index change when the
beam intensity is not too high. In reality, the nonlineari-
ty induced index change saturates at a certain level. This
saturation effect manifests itself significantly especially
when high nonlinearity is involved [8—10,12]. Accord-
ingly, there appears a need for exploring the possibility of
self-trapping in saturable self-defocusing nonlinear media
to see how nonlinear saturation manipulates trapping
characteristics of TM and TE patterns and how a TM
beam departs significantly from a TE beam.

Propagation of a light wave in a medium is governed
by Maxwell's equations [11]

V X V' XE=k 2e(
i E i )E (1)

with e the relative permittivity. In a self-defocusing non-
linear medium, e decreases with increasing electric field
intensity ~E~ . For a saturable nonlinearity the maximum
permittivity change is limited to a certain value. A typi-
cal model describing this nonlinear saturation is the ex-
ponential saturation e =eo —(eo e ) [ 1 —exp[ —

e2 ~
E

~
/

(eo e)]]—, which reduces to the Kerr-law nonlinearity
e=eo e2~E~ as e ~ —ao. Here co=no denotes the
linear relative permittivity of the medium, e ((eo) is
the minimum value of e in the presence of nonlinearity,
and e2 stands for the nonlinear coeScient. This saturable
nonlinearity can also be portrayed by other models such
as the two-level model e=eo E2E~ /'[ I+ez~E~ /
(eo e)]. —Since these models give the same qualitative
picture of light trapping in saturable self-defocusing non-
linear media, without loss of generality we will employ
the exponential model in the following study.

As far as isotropic media are concerned, the stationary
solutions to Eq. (1) in planar geometry can be decom-
posed into two sets. One is referred to as a TE set involv-
ing one electric-field component E=E~(x,z)y
=e~(x)exp(iPz)y, which substituted into Eq. (1) yields its
normalized governing equation

4y'+Pi f (4y )4y =o— (2)

with f(ri)=[1—exp( rib /b, )]6 /b, t—he prime denot-
ing derivative with respect to X, the normalized field g
related to e~ by g =e Qe2/eo/b, X=kb+eox, the
waveguide height b =(1 P /koeo)'—~, and the saturable
index height 6=+1—e /eo. The other is termed as a
TM set which involves two field components
E= [e„(x)x+e,(x)z]exp(igz). They are governed by

[2bg„g,'exp[ —(P'+f, )b, '/b ]/2(1 b2)'~2+1/b' f (—$2+/, )]g,b(1 b')'—~—
1 b+(6 2b g )exp[ —(——g„+P, )b /6 ]

(3a)

f' = —b [1 f(P'+P')]P /(1 b')' '— — (3b)
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where f„and g, are the normalized fields linked to e„
and e, by p„=e„+e2!eplb and f, = te, +f2/6p/b.
Although two differential equations are involved here, ac-
tually only one equation needs to be solved for the fields
and other trapping characteristics of the beam. This is
because the two field components are related by an in-
variant of the system. This invariant can readily be de-
rived from Eqs. (3a) and (3b) by integration of a combina-
tion of the equations. It has the form of

b 2/2 [ 1 f ( $2 +$2 ) ]2/( 1 b 2
) +$2 /g 2

+0' [0'—+@' f(0—'+0') ]~'/b'= ~ (4)

Accordingly, the solutions to Eq. (3) can then be ex-
pressed analytically in an integral form via Eq. (3b)

t)[t (x)
X = —[(1 b')'—~ /b] f, ,

dg, /[1 f(f„'+—f,')]Q„, (5)
g

where f„=f„(g,) following Eq. (4). The solutions may
be solitary, periodic, or growing, depending on the invari-
ant I . The characteristic of the solutions may as well be
revealed at a glance from the phase space as shown in
Fig. 1. Each trajectory in the figure pertains to a partic-
ular value of I . Enclosed curves are associated with
periodic solutions and open trajectories correspond to
growing solutions. The solitary waves are identified by
the separatrix passing through the equilibrium points
( P„,P, ) = ( +$„0) (where P„' =g,

' =0). The trajectory of
this kind only appears in Figs. 1(a) and 1(d) for those
marked with arrows. On the contrary, the separatrix
marked with arrows which runs through singularities
(P„,P, ) =(+$„0) (where dg„/dg, =0/0) appearing in

Fig. 1(b) is associated with the periodic solution. This is
because the motion at the singular points does not come
to a rest as lb' %0 or lb,'%0, but that at the equilibrium
points it does.

The trajectory characteristics illustrated in Fig. 1 cover
all the possible values of the waveguide height b and the
saturable index height 5 for TM wave solutions. It ex-
periences a qualitative change as the parameters vary.
The solitary wave is defined as the solution which satisfies
f„~const and f,~const as X~kae and is thus associ-
ated only with the separatrix running through the equi-
libriums that occurs in Figs. 1(a) and 1(d). This means
that the TM self-guided dark beam can exist only within
a certain range of b for a fixed 6, and its existence can be
determined from an examination of the characteristic of
the equilibriums. The equilibriums of the system are
defined as a set of values (g„,P, ) at which g,'=g„'=0.
Equilibriums are of two kinds. One is called the elliptical
point, which is an isolated point on the phase space sur-
rounded by enclosed curves; at this fixed point, the
motion, or g„and g„, remains unchanged as X varies.
The other is called the saddle point, which is run through
by the separatrix and from which or at which the evolu-
tion of a solitary wave starts or terminates at X= W 00.
The system of Eq. (4) possesses three equilibrium points
(g„,g, )=(0,0) and (+$„0) with tt, =(b, /b)[ —ln(1
—b /b )]'~ . The point (0,0) is a fixed point or an ellip-
tical point. But the points (+$„0) can be elliptical or
saddle, subject to the magnitude of b and h. This is due
to the presence of the singularities which are defined as a
set of values (f„,f, ) at which d f„/d f, =0/0 (but f„'%0
or f,'%0). Apparently, an equilibrium must be a singu-
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FIG. 1. Characteristics of the trajectories of the TM dark beam on the phase space for (a) 6 ~ 4, =0.83 and 0&6 &&, & ~, (b)

6 ~ b,, and b, & b & b, & 6 (where for the Kerr nonlinearity b, =0.82), (c) b, & 5, and b, & b & min[ 1,6), and (d) 5 & b, , and 0 & b & b.
The relation between b, and the saturation index 5 is given in Fig. 3(a).
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mits any root below this value. The guidable region for b
is then decided by 0 & b & b, =6, limited by the presence
of the equilibriuins (+$„0)only. [The set of invariants
of Eq. (4) mapped onto the phase space in this case gives
the trajectory characteristic of Fig. 1(d).] This upper limit
b, of b for self-guidance can actually be derived directly
by specifying g, = tb, in Eq. (6). This leads to

—2(l —b, /6 )ln(1 b, /—b, )=(1 b,—)/5 (7)

0
0 0.2 0.4 0.8

FIG. 2. Dependence of f, and 1(, on b f, .=l(t, gives the crit-
ical waveguide height b, below which (i.e., b & b, corresponding
to P, & g, ) the TM beam is guided.

larity, but the converse is not necessarily so. There possi-
bly exist two singular points for the system of Eq. (3).
They are (g„,ttj, ) =(&$„0)with 1b, being the root of

(I/b —1)exp(b 1b, /b, )=(2b lb, /b, —1) . (6)

When g, &f„the equilibriums (+$„0)are of saddle na-

ture. The set of invariants of Eq. (4) mapped onto the
phase space in this case leads to trajectory trait of Fig.
1(a). On the other hand, when 1b, ) 1b, (+$„0)become
elliptical points. Equation (4) mapped onto the g„-1b,
plane then gives rise to the trajectory attribute of Fig.
1(b) or 1(c), depending on the value of b and h. This indi-

ciates the nonexistence of the solitary wave of TM type
when g, ) 1b, . It follows that g, =1b, is the very condi-
tion demarcating the existance or nonexistence of the
dark solitary wave of TM type. Figure 2 illustrates the
dependence of 1b, and f, on the waveguide height b. As
shown, the guidable region 0 (b & b, (with b, the critical
value of b at which g, = tb, ) increases from

b, = I/i/3=0. 58 for the Kerr-law nonlinearity of 6= ao

to b, =[(1—e ' )/(1+2e ' ))'~ =0.73 when b,

reduces to b,,=(1+2e '
)

'~ =0.83. Thereafter, it de-

creases with decreasing h. This is because the singulari-
ties cease to exist below b =b, as Eq. (6) no longer ad-

In the extreme case of 6= ao for the Kerr nonlinearity,
the equation reduces to b, =1~3=0.58. The solution of
b, to Eq. (7) for a finite b, can be found by simple
geometric analysis which shows that the equation ceases
to produce any root when h&h, . In terms of the
effective index n, tr=P/k =no(1 b)'—, the guidable re-
gion for the dark spatial TM soliton is shown in Fig. 3(a).
Similar to b, the guidable region n

[=no(1 —b, )' ] & n, tr& no expands from [0.82no, no]
for the Kerr nonlinearity to [0.68no, no] as b, reduces
from infinity to b, , The guidable region [n, no] then
shrinks with decreasing saturable index height 5 until n

reaches no as 5 approaches 0.
Extended to Eq. (2), the above analysis then reveals the

guiding characteristic of the TE beam. The integration
of Eq. (2) upon being multiplied by g' yields the invariant

which gives rise to the solution of the TE beam in an in-

tegral form:

f (X)
X =k f, ,

dg /t I —lb~+ [P„f(g„)]b, /b—]
'~

f (0)

(9)

Mapping the invariant of Eq. (8) onto the phase space
consisting of two orthogonal coordinates f and g' leads
to the trajectory feature of Fig. 1(d), provided that g„
and g, there are replaced by tb» and g„'. This indicates
that the TE-type dark spatial soliton can exist in a satur-
able nonlinear medium in the range 0 & b & 6 when 6 & 1

and 0(b &1 when b, ) 1 or no(1 —b, )' &n,s &no when
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FIG. 3. Guidable regions (shaded) of (a) the TM dark beam and (b) the TE dark beam vs the saturation index 5 where n,fr=@/k
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6 ~ 1 and 0 & n, ff & no when 5) 1 in terms of the effective
wave index. This is shown graphically in Fig. 3(b).

The simple analytic analysis conducted so far explicitly
demonstrates the relation between the range of existence
of the dark spatial solitons and the saturation parameter.
This is confirmed by numerical simulations on Eqs. (2)
and (3). However, the detailed knowledge on the field or
intensity profiles still requires numerical integral of Eq.
(5) or (9). Figure 4 shows the normalized field profiles of
the TM and TE beams for various b and A. In both
cases, the transverse component (P„ for TM and f for
TE) exhibits the concave (or dark) intensity profile and
the background intensity for both TM and TE beams
augments with increasing b at the same rate for a finite 6
[i.e., maxIQ„] =max[/ ] =1(,= (b/b—) ln(1 b2/b )—,
which approaches infinity as b —+6], although their
profiles differ. This is in contrast to the Kerr-law case
[11] for which the normalized background intensity is
equal to the constant of unity. As for the beamwidth, it
expands with increasing b and the expansion is significant
when b ~A, as shown in Fig. 4.

The interesting aspect of the TM dark spatial soliton
(absent in the TE case) here is its longitudinal component
which displays a bright-field profile. It gradually mani-
fests itself with increasing b, but is almost independent of

It is due to the presence of this longitudinal com-
ponent that leads to the distinct contrast in self-guidance
between TM and TE dark beams. This is because the
presence of the longitudinal component tends to exag-
gerate defocusing thus lessening the self-guidance. This
defocusing effect of f, component becomes significant
when b is large, as shown in Fig. 5, illustrating the self-
induced index profiles, corresponding to the field profiles
of Fig. 4. Here, the bright-intensity profile induces an ex-
tra hole-index profile which inclines to counterbalance

the convex-index profile created by the dark-intensity
profile of the transverse component and thus belittles the
self-focusing induced by the transverse component. See,
for example, Figs. 4(a) and 5(a) where the refractive index
induced by the transverse component g„ is indistinguish-
able from that of the TE beam delineated by the dotted
curve, but the total induced index including the contribu-
tion from the longitudinal component is weakened com-
pared with n . This defocusing effect is strengthened
with increasing b as the intensity of the bright longitudi-
nal component increases with increasing b. Therefore, on
the one hand, the bright-field distribution of the longitu-
dinal component gradually manifests itself with increas-
ing b, as indicated in Fig. 4, and hence poses a growing
demand for the induced index to support. On the other
hand, the self-guidance building on the induced index
profile is attenuated with increasing b (as illustrated in
Fig. 5 or in the relation between f, (0) and the peak in-
duced index change hn TM

= ( n o n, t—r) [1—f, (0)]= b, n T~ [1—P, (0) ], which decreases with increasing

g, (0) and thus with increasing b). Apparently, when b
augments to a certain extent exceeding the critical value
b, for 6 & 6„the longitudinal component becomes so in-
tense and the induced refractive index is so weakened
that it can no longer bear the strongly guided bright lon-
gitudinal component. Consequently, the self-guidance
becomes impossible. However, when 6 is small limited to
6 & 6„the effect of the longitudinal component become
less pronounced since the waveguide height b is limited to
small values b & 6 & 5, . Its role in the induced refractive
index is then negligible or swamped by the transverse
component, which manifests itself dramatically particu-
larly when b is close to A. Then the TM beam behaves
like the TE beam and the guidable region is decided by
0& b & 6 as in the TE case. This explains why the guid-
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FIG. 4. Field profiles of the dark spatial solitary waves of
TM type (the solid curves for t(„and the dashed curves for f, )

and of TE type (the dotted curves) for different waveguide
heights b and saturation indices h.

FIG. 5. Induced index profiles e=n' corresponding to the
field profiles in Fig. 4 where the solid curves are for the TM
wave and the dotted curves for the TE wave.
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able region for the TM beam can extend to b =b, =h
when h(h, but b, &6 when 5& 5, .

Finally, note that as in the case of the Kerr-law non-
linearity, both TM and TE dark beams in saturable non-
linear media operate at the cutoff. The wave effective in-
dex n,s=glk, as shown in Fig. 5, equals the minimum
value of the induced index profile, irrespective of the
magnitudes of b and 4.

In summary, the phase-space analysis is applied to in-
vestigate the dark spatial soliton of TM and TE types in

saturable self-defocusing nonlinear media. The vector
dark spatial soliton of TM type is found to exist only
within a certain range of the beam effective index, which
can be wider or narrower than that in the Kerr-law medi-
um, relying on nonlinear saturation index. This contrasts
with the dark spatial soliton of TE type, the guidable re-
gion of which in saturable nonlinear media is equal to or
narrower than the corresponding one in Kerr-law non-
linearity. The physical origin is also given in accounting
for the distinct contrast between TM and TE dark beams.
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