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Intrinsic optical bistability with squeezed vacuum

S. Singh, Jagdish Rai, C. M. Bowden, and A. Postan

Redstone Arsenal, Alabama 35898-5248
(Received 14 October 1991)

Intrinsic optical bistability due to dipole-dipole interactions among interacting two-level atoms shows

strong phase dependence in the presence of a squeezed vacuum. We show that by varying the relative

phase between the squeezed vacuum and the incident field, it is possible to excite the system of two-level

atoms from the lower to upper branch of the bistable curve. On this basis, an optical switch that utilizes
this phase dependence for intrinsic optical bistability is proposed.

PACS number(s): 42.50.Dv, 42.50.Fx, 42.65.Pc

I. INTRODUCTION

The squeezed vacuum (SV) has been shown to have re-
markable effects on several phenomena involving two-
level atoms. Gardiner [1]has shown that the two quadra-
tures of the atomic dipole decay at unequal rates in the
presence of the SV. Carmichael, Lane, and Walls [2]
studied the fluorescence spectrum from a system of two-
level atoms damped by a SV. Their results show remark-
able differences from the spectrum for ordinary resonance
fluorescence. They also demonstrated that for strong
coherent fields, the Mollow triplet depends on the relative
phase between the driving field and the SV. The mean
atomic polarization was also shown to be phase sensitive.
Recently, Shevy [3] has applied the concept of SV to the
phenomenon of laser cooling of atoms. The effects of SV
on cavity optical bistability has also been studied recently
by Galatola et al. [4]. They investigated bistability with

a cavity as described by the model of Lugiato and co-
workers [5,6]. These and other works involving SV have

exploited the distinctive feature of squeezed states in
their phase sensitivity. In general, most nonlinear phe-
nomena should exhibit remarkable differences in the pres-
ence of SV. The question that naturally arises is, what is
the effect of SV on the intrinsic optical bistability, i.e., bi-

stability without a cavity, or external feedback? In thi.
work we report our results describing the intrinsic optical
bistability (IOB) due to near-dipole-dipole (NDD) in-

teractions in the presence of a squeezed vacuum. In Sec.
II we extend the existing theory of Ben-Aryeh, Bowden,
and Englund [7] to include the effects of squeezed-
vacuum field. The equations of motion for the atomic po-
larizations are found to depend upon the phase of the
squeezed vacuum. In Sec. III the steady-state equation
for atomic excitation, the equation of state, which de-
scribes optical bistable effects, is derived. The critical
points and the threshold condition for optical bistability
are determined. The phase sensitivity of the IOB is ex-

plicitly demonstrated and discussed in detail. In Sec. IV
we discuss the occurrence of IOB as a function of various
system and input field parameters and verify the stability
conditions. A type of effect in IOB is demonstrated
which occurs entirely due to the variation of the relative

phase between the input field and the SV, for a fixed input
intensity. Finally, Sec. V serves as the summary of the
results and conclusion.

II. FORMULATION

We consider a system consisting of a dense collection
of two-level atoms (having many atoms within a cubic
resonance wavelength) embedded in a squeezed vacuum.
Such a scheme may be realized, for instance, by
sandwiching a thin film of the atomic medium of thick-
ness d between a parametric oscillator material, the di-
mensions of which are much larger compared to the
former. Since optical bistability in the system is intrinsic,
d can be much smaller than a resonance wavelength,
d ((A.. As is well known, if the input field is ordinary
vacuum, the quantized field inside the parametric materi-
al is squeezed [8]. The system is also driven by an exter-
nally applied classical coherent field. This field is as-
sumed to propagate in the z direction and is linearly po-
larized in the x direction. The Hamiltonian of the total
system in the rotating-wave approximation is

H =Ho+H',

(2.1)

H'= iR g —f defog "(co)a(co)crj''e

N——0 g cr'g'e ' +Hc.
2

where Ho is the Hamiltonian for the free atoms and the
free quantized radiation field. H' describes the interac-
tion between the atoms, and the quantized and the exter-
nally applied radiation fields. H.c. denotes Hermetian
conjugate, a(co) is the annihilation operator for the field

in rn.ode k, with a frequency co=ck, o.," is the atomic
population inversion operator, and o.+' are the raising
and lowering operators for an atom at a position r,. with a
resonance frequency co, . g "(~) is the coupling between
the atoms and the quantized radiation field. 0 is the
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Rabi frequency associated with the external field that has
frequency coL and a wave vector in the z direction, kL.
The quantized field is assumed to be in a broadband
squeezed-vacuum state with a central frequency around
the externally applied field frequency coL, with the follow-
ing properties [1,2]

&a( ) &
= &a'( ) & =0,

(a (co)a(ro') ) =N(co)5(ro ro')—,

(a(ro)a(co') ) =M(ro)5(co+a)' —2' ) .

(2.2)

—y,M&a, &
——n&~, &,

l
(2.3)

(o, ) = —yi[(2N+1)(cr, )+1]

The Heisenberg equations of motion for the atomic vari-
ables are obtained in the bad cavity limit, by adiabatically
eliminating the variables associated with quantized field
modes [9]. Assuming the coupling g "(co) to be weak, an
iterative solution in the powers of g" [10], together with
Eq. (2.2) for the case of a thin film [7], yields the follow-

ing equations of motion for the expectation values of the
slowly varying atomic variables:

(d &= —i(&+e&o, &)&a

(0, )
y2(2N+ 1)— ( o )

R

IM I

~N(N+ 1) where the equality holds for minimum
uncertainty squeezing [1,2]. The squeezing parameter M
couples (o+) and (ir+)*=(o ), and thus introduces
the phase-dependent characteristics of the SV. For no
squeezing, N=M=O, Eqs. (2.3) and (2.4) reduce to the
usual optical Bloch equations, in the presence of a normal
vacuum modified according to the NDD interactions in a
thin film medium [7,11,12], characterized by the parame-
ters [11](2.5) and (2.6). Equation (2.3) indicates that for a
large degree of squeezing, phase effects can become im-

portant, even if the coupling between the squeezed vacu-
um and the atoms is weak.

The (o, )-dependent nonlinear terms in (2.3) are due
to NDD interaction between the atoms, with coupling
strengths given by Eqs. (2.5) and (2.6). The term propor-
tional to e in Eq. (2.3), leads to atomic excitation-
dependent frequency shifts, and can cause intrinsic opti-
cal bistability in steady state [7] and dynamical frequency
chirp for pulse excitation [12]. The terms in Eqs. (2.3)
and (2.4) proportional to I/rii, Eq. (2.5), give rise to su-

perradiant decays [7,13]. Also note that the nonlinear
frequency renormalization, proportional to e, Eq. (2.6), is

independent of the film thickness d and is proportional to
the square of the matrix element of the transition dipole
moment u and to the atomic density n, whereas the
cooperative superradiant decay rate given by 1/rii, Eq.
(2.5), depends upon the film thickness d, through the fac-
tor kd. For kd «1, corresponding to d &&X, the terms
in I lrx can be neglected; however, for kd =1, they con-
tribute to the same order as e.

+i n& o+ & i n'
&
—0

+R

where [11]

(2.4)
III. INTRINSIC OPTICAL BISTABILITY

AND CRITICAL POINTS

and

1 2m.u n
kd (2.5)

The steady-state behavior of the system can be deter-
mined by setting the time derivatives to zero in Eqs. (2.3)
and (2.4). The steady-state atomic polarization thus ob-
tained is

4~u n

3A
(2.6)

( )"=—'(a )".
lnl' —y'IMI' '

with

(3.1a)

Here n is the atomic density, yi (yz) is the relaxation (de-

phasing) rate due to the unsqueezed vacuum,
6 ( =co, —coL ) is the detuning between the atomic reso-
nance and the driving field, u is the absolute value of the
transition dipole moment, N is proportional to the num-
ber of photons in the SV, and the complex parameter

i PMM=IMle characterizes the degree of squeezing; due
to the Heisenberg uncertainty one must have

( )ss
2)=i(b, + (ecr, ) )+

+R
yq(2N+ 1),—(3.1b)

where the superscript SS indicate evaluation in steady
state. The elimination of (cr ) in Eq. (3.1), using (2.3)
and (2.4), leads to the equation

Iri+ri(»+1)&~. &"](I&l'—yilMI')'+ Inl'&a, &"[yilMlcosk+r2(»+1)](I&l' —yilMI')

Inl' (~ &"+ (2yilMI) y, lMI+(e&o, &"+b, )sing+ yz(2N+ I ) — cosp =0,
+R +R

(3.2)
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which has the form of a fifth-order polynomial in the
steady-state population excitation ( o., ) . This is the
state equation describing the bistable behavior, as we
shall show later, of the system in terms of the population
excitation, the external field intensity, the SV parameters,
and the relative phase P, between the external field and
the SV. For normal vacuum N = IM I

=0, the last term in
Eq. (3.2) vanishes and we obtain the result previously de-
rived by Ben-Aryeh, Bowden, and Englund [7]. These
authors have shown that for normal vacuum the state
equation, Eq. (3.2), is a cubic in (0, ) and leads to in-

trinsic bistability effects as a function of the input field in-
tensity IQI . It should be noted that SV introduces rela-
tive phase dependence in the state equation, (3.2). By
solving Eq. (3.2) numerically, we have verified that the
fifth-order polynomial can very well be approximated by
three real roots in certain parameter regions, causing the
usual intrinsic optical bistability effect [7]. The numeri-
cal solution of the full state equation and the influence of
squeezing on optical bistability are discussed in Sec. IV.

We now determine the critical points for (0, ) for
the' special case of a thin film such that d «A, , corre-
sponding to kd «1. This implies from Eqs. (2.5) and
(2.6) that compared to E, the effect of the terms propor-
tional to I /rz can be neglected. The state equation (3.2)
then reduces to the cubic form

[ y, +y, (2N+1)(cr, ) ] (b, +e(cr, ) )

( )SS
+

2

—y, (2N+I) —y flMI'

= —IQI'[y, (2N+ I)+y, lMlcos(t ](~,)" . (3.3)

Thus we explicitly observe that a major effect of the SV is
to replace the input intensity IQI by an effective intensi-

ty I.it = I
QI'[y2(2N+1)+ y i M Icos(t ], which depends on

the relative phase P between the externally applied field
and the SV. For ordinary vacuum, the optical bistability
effects are attained by varying the external field intensity

I
Q

I
. Interestingly, we can now observe optical-

bistability effects by varying the input effective intensity
in two ways: either by varying IQI for a fixed (t or by
varying the relative phase P for a fixed IQI while keeping
the other parameters for the SV, N, and IMI, constant.
The latter is an entirely new effect and is the main result
of the present paper. The critical points for (0, ) as a
function of either IQI or P may be determined by taking
the derivative of Eq. (3.3) with respect to (0, ) and set-

ting d IQI /d(0, ) =dP/d(o, ) =0. The resulting
expression is

((0 ) ) +F(0 ) +G=O,
2[a+26(2N+ 1)]

36'

yi(2N+1)[b +y2(2N+1) —y, lMI ]+2y,Fb, +IQ [y2(2N+I)+y, lMlcosy]

3e y, (2N+1)

(3.4)

(3.5)

(3.6)

which must be satisfied simultaneously with Eq. (3.3).
The roots of the above quadratic determine the turning
points of the bistability curve. The threshold condition is
obtained by setting the discriminant equal to zero, i.e.,

b + (2N+1) — IMI +
(2N+ 1)

+ IQI' '+ os@2N+ 1

e 'V i 4A 4b

y (2N+1} 6 (2N+ I )&
(3.7)

Assuming E »(2N+ 1)y2, IM I, b„we obtain the result

IQI2 y2(2N+1)+y, IMlcosp

y i(2N+ 1) 3
(3.8}

as the threshold condition. Hence, as the effective inten-
sity I,ff is increased compared to the NDD coupling con-
stant e by either varying IQI or P, we find that the two-
level system switches from the low- to the high-
transmission branch.

IV. NUMERICAL RESULTS FOR IOB

In this section we present and discuss numerical results
for IOB [calculated from Eq. (3.2)] for various system pa-
rameters. The stability condition, Eq. (A7), is also
verified numerically. In Fig. 1 we illustrate the optical
bistable behavior of the steady-state inversion ( o, ) as a
function of the input intensity IQI [calculated using Eq.
(3.2)]. Interestingly, the SV shifts the turning points to
lower values. This is not surprising, as there are addi-
tional photons present in the SV resulting in a lower driv-
ing field intensity to switch the system from the lower to
the upper branch, as well as nonvanishing excitation at
zero input intensity. The effect of the coherence terms,
terms proportional to 1/wz, on the IOB is depicted in

Fig. 2. These terms are seen to produce only the small
effect of slightly increasing the IOB thresholds, as com-
pared to the results shown in Fig. 1. However, the most
interesting aspect is the dependence of (o, ) on the rel-
ative phase P, as discussed in the preceding section. Fig-
ure 3 exhibits the phase-induced IOB for a given input in-

tensity IQI . Finally, in Fig. 4 we show the changes in
the bistable behavior of (o., ) as a function of IQI for
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FIG. 1. Illustration of the optical bistable behavior of the in-

version (tr, )ss as a function of the input intensity ~Q~ for
a=10, 1/rit =b, =O, relative phase /=0, N=~M~. Curve a
shows the bistable behavior in normal vacuum. Curves b and c
are the results for squeezed vacuum corresponding to %=0.05
and 0.1, respectively. All the parameters are scaled in terms of
the homogeneous linewidth y, .

FIG. 4. Effect of the relative phase P on the bistable behavior

of (o, ) as a function of the input intensity ~Q~' for e=10,
1/rit =3, b, =O, and N= ~M ~

=0.05. Curves a, b, and c corre-

spond to the values of /=0, tr/2, and tr, respectively. All pa-

rameters are scaled in terms of the homogeneous linewidth y&.
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several different values of the relative phase. The stabili-

ty conditions, Eq. (A7), verified numerically for each of
the curves in the various figures, revealed, as usual, stabil-

ity for the upper and lower branches, whereas the middle
branch was found to be unstable. For nonzero detunings
b,AO, the curves in Figs. I and 2 are simply shifted hor-
izontally to the right or left, depending upon the sign of
h. The threshold condition, Eq. (3.8} derived in Sec. IV,
agrees reasonably well with that deduced from the nu-

merical plots. Thus, with SV we have been able to
demonstrate the existence of a type of bistable behavior
that arises due to phase alone.

~ 0
~

I I I I I I ~ I \ 1 I I I I I ~ I I I i t I t ~ I I I

0 20 40 60

FIG. 2. Same as in Fig. 1 except that 1/~z is nonzero and is

equal to 3.
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FIG. 3. Bistable behavior of (o, )s as a function of the rela-
tive phase P (in radians) between the input field and the
squeezed vacuum at fixed input field intensity ~Q~ =32 and for
e=9, 1/rit =b, =O, and N= ~M~. Curves a, b, and c correspond
to the values of %=0.065, 0.085, and 0.15, respectively. All pa-
rameters are scaled in terms of the homogeneous linewidth y2.

V. CONCLUSION

We have considered a collection of dense two-level
atoms interacting with each other via the quantized radi-
ation field which is initially in a squeezed-vacuum state.
The system, in addition, is driven by an externally ap-
plied classical field. The dipole-dipole interactions in a
dense atomic medium cause atomic-excitation-dependent
renormalization of the atomic resonance frequency. Due
to this renormalization, the optical Bloch equations be-
corne nonlinear in the atomic variables, and the steady-
state equation for the atomic excitations turns into a
fifth-order polynomial which can lead to optical bistabili-
ty in dense two-level systems. For normal vacuum, the
state equation for the atomic excitation is a cubic polyno-
mial and depends only on the amplitude —and not on the
phase —of the input field. Thus IOB is a phase-
insensitive process and it has been shown that the quan-
tum noise in the reaction field is above the standard quan-
tum limit [14]. However, we have shown that in the pres-
ence of a squeezed vacuum, the phenomenon of IOB be-
comes phase sensitive and that switching action can be
achieved by the variation of the relative phase between
the driving field and the squeezed vacuum. This leads to
the possibility of an optical switch controlled by the
phase of the input field. The proposed phase-controlled
switch could also be operated by placing the small sample
of dense two-level atoms in a broadband squeezed light,
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which has in recent years been generated in a number of
ways, using four-wave mixing in atomic vapors [15], in
optical fibers [16], and in optical parametric oscillators
[17].

( )SS
+

R

—y2(2N+ 1)

M„=M22 = i—(h+@(o, ) )
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APPENDIX: LINEAR STABILITY ANALYSIS

M33 = y—, (2N+ 1 )

M]2 =M2] = —y &M,

M3=M33= i —e(o ) +—+ss

4M, =M* = iQ — —(o )
R

(A3)
( )SS

R

g( t ) = Mg( t ),— (A2)

where M is a 3X3 square matrix whose elements are
given by

Here we analyze the stability of the stationary solu-
tions of the state equation for IOB, Eq. (3.2). Adopting
the usual procedure for linear stability analysis [5] we
denote infinitesimal deviations of the system variable
from the steady state in terms of the relations

(o, &=(o, &"+5(o,&, j=+ or z (Al)

where (o . ) is the steady-state solution of Eqs. (2.3) and
(2.4) and 5(o J ) is the infinitesimal deviation from the
stationary solution. From (Al) and Eqs. (2.3) and (2.4),
we obtain the linearized set of equations in the following
matrix form:

g(t)=1(t(0)exp(A, t) . (A4)

Here the values A, are the complex eigenvalues that are to
be determined from the solution of the polynomial

~ +p2A, +p~k+pp =0, (A5)

obtained from the characteristic equation
det(M —

A, 1 ) =0, for the matrix M. The various
coeScients of the polynomial equation are

and P is a vector with components, $,=5(o, ),
5( o ) f3 =5 ( o + ) ~ The asterisk denotes complex

conjugate. Equation (A2) has the nontrivial solution

p3 =y, (2N+ 1)+2 y 2(2N+ 1)—
)SS

(A6a)

pj= lnl' 2~
2

ie+ X' —1 +cc. +lX)l —yilM +2y, (2N+1) yz(2N+1)—
R

( )SS

(A6b)

pa= 1—nl' 2
0

R R

+it X*—1 .+c.c.
+R

+y, (2N+ 1)( lX) l

—y i lM l ), (A6c)

with

(A6d)

where Xl and lQl are given by Eqs. (3.1b) and (3.2), respectively.
For the system to be stable under small deviations from the stationary state, it is necessary that the real part of all the

roots of Eq. (A5) be negative. Using the Hurwitz theorem [18]for roots of a polynomial we find the stability conditions
for the present system as

p2 0 p2pi po + 0~ po (A7)
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