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Saturation efFect in a laser at steady state
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The saturation properties of a single-mode laser are fully taken into account. The analytic expressions
of the mean, variance, and skewness of the steady-state laser intensity are calculated. Compared with

third-order laser theory and with experimental measurements, good agreement is obtained on the vari-

ance of the intensity, but noticeable deviations occur in the mean and skewness when the laser is operat-
ed far above threshold.
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I. INTRODUCTION

The applications of lasers are determined by the statist-
ical properties in laser radiation. Experimental rneasure-
ments [1—5] and theoretical analyses [6—9] of the intensi-
ty fluctuations in a laser operated at steady state showed
that a nonlinear Brownian motion can be employed to de-
scribe the electric field in a laser. To characterize the sta-
tistical fluctuations of the laser light, an additive white
noise is included in the conventional laser theory. How-
ever, the conventional laser model used in the previous
analyses [1—9] only contains cubic nonlinearities. The
theory thus includes saturation effects to third order in
the field. The third-order theory, which is often called
the cubic model, is valid when the laser is operated near
or slightly above threshold. When the laser is operated
far above threshold in practically every application, the
saturation properties of the laser should be fully taken
into account.

In this paper, both the cubic model and the model with
full saturation effects are used to investigate the statistical
fluctuations of a single-mode laser operated at steady
state. In Sec. II, exact analytic expressions of the mean,
variance, and skewness of the laser intensity are present-
ed. In Sec. III, these solutions are compared with previ-
ous theoretical and experimental works [1—9]. A discus-
sion of the results from the two laser models concludes
the paper.

II. THEORETICAL ANALYSIS

The dimensionless complex electric field of a single-
rnode laser with cubic nonlinearities follows the Langevin
equation

dE =aoE —AiEi E+q(t),

aQ(I, t)
at

2

"t)I
[F(I)Q (I, t) ]+ [D (I)Q (I, t)], (4)aI'

where

F,(I)=2aoI 2AI +2P, —D, (I)=2PI,
for the cubic laser model [1—9], and

2FiI
F, (I)= 2EI+ — +2P, D, (I)=2PI,1+AI/Fi

(6)

for the full saturation laser model.
The stationary solution of Eq. (4) can be obtained ex-

actly for the two laser models. The analytic expressions
of the mean, variance, and skewness of the steady-state
laser intensity can be calculated without any difficulties.
For the cubic laser model, the steady-state intensity dis-
tribution function is given by [7,12]

2

where ao and A are the net gain and self-saturation
coeScients, q(t) is the quantum noise, and P is the noise
strength.

The single-mode laser with a full account of the satura-
tion effects follows the equation [10]

dE FiE= —KE+ +q(t),
dt 1+A ~E~'/F,

where K is the decay constant for the electric field, F, is
the gain parameter with F, =ao+E, and q (t) is the same
as that in Eq. (2). A simple binomial expansion of the
denominator leads to the cubic model in Eq. (1).

The corresponding Fokker-Planck equation for the
probability function Q (I, t) of the laser intensity I = iEiz
is given by [11]

with

(q, (t)qj. (t') ) =P5, 5(t t. ') (i,j =1,2. ), —(2)
Q, (I)=

A ~o

2P A

ao/(2PA)'i ]

exp
2A
P~ 1+erf[
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The mean laser intensity is of the form [7]
1/2

ao 2p exp( ao/2PA)I,= +
1+erf[ao/(2PA)'~ ]

The variance of the laser intensity is

((~I)')
A,~,(0}= p ao

A(I)' A(I),

A,3,(0)= (I &,
'

and the normalized skewness of the laser intensity is

aoP ao 2P 1

A'(I)' A A (I)'+ +

tensity distribution function can be written as [12]

K[a(1+AI/Ft)]~exp[ —a(1+ AI/F, )]
, I)=

PI (P+ 1,a)
The mean intensity is of the form

F(F, K—)+PAI
AE

o,~+ 'e
+K r(P+l, a)

The variance of the intensity is

((bI) ), F,P F1(F, K)+—2PA
A, z, (0)= + —1(I)' AK(I &' AK(»,

—3A,~, (0)—1. (10) (13)

For the full saturation laser model, the steady-state in- and the normalized skewness of the intensity is

X„(0)=&(aI)'&, /&I &,
'

P F
(I),' AK

'2
F(

(F1 —K)+ +
F) AE

'2

(Fi K) + —(F1 K)+2P—A 1+
1 1

—3A,z, (0)—1, (14)

where

a=KF1/PA, p=F1/PA, (15)

and Pp+ l, a) is the incomplete gamma function, which
is given by

1(co,z)= f dxe "x"
z

III. COMPARISON OF THEORIES
AND EXPERIMENTS

To check the accuracy of the cubic and full saturation
laser models, the analytic results from the two theories
have been compared with the experimental measurements
from Refs. [1,4, 15]. These experiments were carried out
in the near-threshold region of a laser.

Figure 1 shows the steady-state distribution function in

Eqs. (7) and (11) as a function of the laser intensity for
different pump parameters. Curves (a), (b), and (c) are the
distribution functions when the laser is operated below
threshold (ao= —5}, at threshold (ao=0), and above

threshold (ao=5). In order to see the difFerences of
g, (I}between the two laser models, Q, (I}is plotted on a

logarithmic scale. The cavity decay constant K in a typi-
cal laser was taken to be 105 for a laser operated 6%
above threshold and 5 for a laser operated 20% above
threshold when the net gain coefficient ao was held fixed

[13,14]. In Fig. 1, K is taken to be 20. It is clear that
there is almost no difference between the two laser mod-

els when the laser is operated below or at threshold for
I &4. There are noticeable deviations when the laser is

operated above threshold or when I & 4 for a~ ~ 0.
The mean laser intensity (I ) as a function of pump pa-

rameter ao for the two laser models is plotted in Fig. 2.

It is shown that there is almost no difference between the
two laser theories even for different values of K when the
laser is operated below threshold. However, when the
laser is operated above threshold, the curve of (I ) from
the full saturation model always gives larger values than
that from the cubic model. For large values of E, the
curves from the two laser models are close to each other.
In this case, the binomial expansion of the denominator
in Eq. (3) up to ~E~ is a good approximation when the
laser is operated not far above threshold.

The normalized variance A,z(0) and skewness A,3(0} of
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FIG. 1. Steady-state laser intensity distribution functions

with A =1 and P =2. , Eq. (7); ———Eq. (11) with

E =20 and F, =ao+E. (a) ao = 5' (b) ao =0; (c) ao =5.
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(19)

(20)

for the full saturation laser model.
These equations are plotted in Figs. 4(a) and 4(b) when

the laser is operated above threshold (ao & 0). For slight-

ly above threshold (ao &10), Az(0), and A3(0) are deter-
mined by Eqs. (9) and (13) and (10) and (14), respectively.
Far above threshold (ao & 10), A,z(0), and A,3(0) can be ap-
proximated by Eqs. (17) and (19) and (18) and (20)
without introducing large errors. In order to see the
difference from the two laser theories, A,z(0) and A,3(0) are
plotted on a logarithmic scale. Figure 4(a) is a plot of
A,z(0) from the two laser models together with the mea-

FIG. 2. Mean laser intensity as a function of the pump pa-
rameter ao with A =1 and P =2. , Eq. (8); ———Eq.
(12) with K =20; —.——.Eq. (12) with K = 100.
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0.8-

the laser intensity are plotted in Figs. 3(a) and 3(b) to-
gether with the experimental data from Refs. [1] and [4].
Figure 3(a) shows that excellent agreement between the
laser theories and the experimental measurements is ob-
tained in Az(0). There is almost no difference between the
two laser models. The deviations from the two laser
models are less than 2% even for very small values of E
and are within the scope of the experimental errors
[1—5]. It is also interesting to note that the curve from
the full saturation model is higher than that from the cu-
bic model when the laser is operated below and slightly
above threshold but is lower when far above threshold.
The turning point is at ap =2.5 for E=20. Thus

Az, (0) &A~, (0) for ao &2.5 and Az, (0) &Az, (0) for
ap &2.5.

In Fig. 3(b), it is clear that noticeable deviations in
A 3(0 ) occur between the two laser models even for the
laser operated well below threshold. The full saturation
model always gives larger values than the cubic model.
However, the agreement between the theories and experi-
ments is reasonably good.

In short, Fig. 3 is a plot of the laser fluctuations when
the laser is operated in the threshold region. It is shown
that the cubic laser model is an excellent approximation
of the full saturation laser model and is valid when the
laser is operated below and slightly above threshold.

When the laser is operated far above threshold, the
asymptotic expressions of the variance and skewness of
the laser intensity can be written as
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FIG. 3. Normalized variance and skewness of the laser inten-
sity as a function of the pump parameter ao with A =1 and
P =2. 0 and 6, experimental measurements from Ref. [I] (0 )

and Ref. [4] (8,);,Eq. (9); ———,Eq. (13) with K =20
and F, =ao+K. (a) The variance A,,(0) as a function of ao. (b)
The skewness A,3(0) as a function of ao.
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Figure 4(b) is a plot of the skewness X3(0) of the two
laser models together with the experimental measure-
ments from Refs. [4) and [15]. It is difficult to get correct
values of the experimental data from Ref. [4] for a large
value of ao since the measured data were less than 10
and cannot be determined from the figure when ao) 4.
For large values of ao, the measured data were taken
from Ref. [15]. Though the maximum value of ao in the
measurement of Ref. [15] is ao=8, the tendency of the
curve shows that the experimental data can be fitted by
Eqs. (14) and (20) with K =100. It is clear that large de-
viations occur between the two models even though the
laser is operated slightly above threshold for ao) 5.
However, when the value of the cavity decay constant K
is large, the difference between the two theories becomes
small. In the near-threshold region, the results from the
two theories are close to each other. This shows that the
cubic model is valid only when the laser is operated
below or slightly above threshold with a large value of EC.

lO- IV. DISCUSSION
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FIG. 4. Normalized variance and skewness of the laser inten-

sity as a function of the pump parameter ao when the laser is
operated above threshold (ao & 0) with A = 1 and P =2. 6 and
Cl, experimental measurements from Ref. [4] (6) and Ref. [15]
(0). (a) The variance of the laser intensity:, Eq. (9) for
ao 10 and Eq. (17) for ao & 10; ———,Eq. {13)for ao & 10 and

Eq. (19) for ap) 10 with K =20. (b) The skewness of the laser
intensity:, Eq. (10) for ao ~ 10 and Eq. (18) for ao & 10;
———,Eq. (14) for ao& 10 and Eq. (20) for ao & 10 with (from
top to bottom) E =20, 100, and 500.

surements of Refs. [4] and [15]. It is clear that excellent
agreement between the theories and the experiments is
obtained. The curves from the two models are indistin-
guishable and within the thickness of the line. The rela-
tive error is no more than 1.5%%uo when the laser is operat-
ed at threshold and decreases with increasing values of
ao.

The laser intensity distribution function given by Eq.
(7) from the third-order theory is similar to a normal dis-
tribution with a peak at

imax

op/A (ao & 0)

0 (ao &0), (21)

—1 (F, K&0)—
A E

0 (F, —K&0) .

(22)

When the laser is operated above threshold, the shift of
the peak of the distribution function introduces large er-
rors in the mean and skewness of the laser intensity be-
tween the two laser models. However, the value of the
variance is affected only a small amount, no more than
2%. If only the second-order intensity Auctuations are
concerned, either of the laser models can be accepted in
the theoretical analysis.

When the laser is operated below or slightly above
threshold, the two laser theories give almost the same re-
sults. However, when the laser is operated far above
threshold, the full saturation theory will give a correct
picture of the laser behavior while the third-order theory
will introduce relatively large errors in the analysis.
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while that given by Eq (11) from the full saturation
theory is similar to a I distribution with a maximum
value at
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