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Isotope shifts and nuclear-charge radii in singly ionized Ca
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The isotope shifts in the resonance lines 4s&/, ~4p&/2 3/2 in Ca II have been measured for the isotopes
'Ca by fast-ion-beam collinear laser spectroscopy. Atomic many-body perturbation theory was then

used to calculate the electronic factor for the field shift, giving F = —285(3) MHz/fm'. The estimate of
the uncertainty in F is based on the agreement at the level of 1% for the 4s and 4p hyperfine structures
obtained using the same wave functions which include core polarization and pair correlation to all or-
ders. The theoretical value is in excellent agreement with the result F = —283(6) MHz/fm obtained
from a King-plot procedure combining the experimental isotope shifts with earlier data. In combination
with the electron scattering data for the isotope pair Ca, the present results are used to extract a set
of 5( r ) values for all the isotopes, independent of the muonic data and earlier optical isotope-shift mea-
surements.

PACS number(s): 31.30.6s, 35.10.Fk, 21.10.Ft

I. INTRODUCTION

Laser spectroscopy at on-line mass separators has con-
tributed significantly to the systematic study of isotope
shifts spanning the large range from stable to short-lived
radioactive nuclides. These experiments can give infor-
mation about the changing nuclear charge
distribution —if the electronic factors, which link the nu-
clear properties to atomic energy shifts, are sufticiently
well known. The conventional way of evaluating these
electronic factors is based on semiernpirical procedures.
Either the measured hyperfine structures or sequences of
atomic energy levels are used to estimate the change in
electron density at the nucleus. More recently, the devel-
opment of atomic many-body theory makes it possible to
obtain accurate electronic wave functions, in particular
for alkali-metal-like systems, thereby permitting a more
detailed interpretation of, e.g., optical isotope shifts,
which constitute an important complement to rnuonic x-
ray isotope shifts or electron-scattering experiments in-
vestigating nuclear charge distributions.

In the present work, the isotope shift of the ionic reso-
nance lines 4s&/2~4p, /2 3/2 has been measured for seven
isotopes from Ca to Ca. For the alkaline-earth ele-
ments, the study of the alkali-metal-like resonance transi-
tions combines the benefit of a relatively simple atomic
structure with the high experimental sensitivity due to
strong optical transitions within reach of cw single-mode
dye lasers. This sensitivity has already been employed in
measurements on long sequences of radioactive isotopes

Ra [l], ' ' Ba [2], '~Sr [3], and in a recent
measurement of the quadrupole moment of Ca [4].

Calcium, with the stable isotopes ranging from the
%=20 to 28 neutron shell closure, has been the subject of
several experiments over the years using various ap-
proaches. A compilation of optical isotope shifts [5] and
muonic data [6] resulted in a set of changes in the mean-
square nuclear charge radii 5(r ) for the stable and
long-lived isotopes [7]. These could be used for calibra-
tion, making it possible to obtain 5(r ) from our mea-
sured isotope shifts in Caber by using the King-plot pro-
cedure [8] which requires information about changes in
charge radii for at least two isotope pairs. However,
since the electronic factor for the field shift has been ac-
curately calculated in the present work, the use of only
the electron-scattering charge radii for Ca and Ca [9]
then gives an interpretation of the Ca II isotope shifts in-
dependent of the data used in the compilation by Palmer
et al. [7].

Both electron-scattering [9] and muonic [6] data indi-
cate that the two doubly magic nuclei Ca and Ca have
very similar mean-square charge radii. Any isotope shifts
between these two isotopes will then arise nearly ex-
clusively from a mass effect (MS denotes mass shift):

(M, , —M, )
MS ~MS (l)

M„(M„+m, )

Only a small contribution will be due to the field shift
(FS), which is caused by differences in nuclear charge dis-
tributions and can be expressed as
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5 " =FR„„.=F5( )„„,.
The field-shift constant F is given by

Z eF = —4' b, %(0)~
6 4~co

(2)

(3)

where b, ~+(0)~ is the change in electron density at the
nucleus between the lower and upper states in the transi-
tion. Contributions of higher-order radial moments of
the nuclear charge distribution (5(r ),5(r ), . . . ) are
included in A, , but for Ca these corrections are very small:
A. I5(r ) =0.996 [10]. An uncertainty in F would have
very small effect on the field shift for the isotope pair

Ca, leaving a reliable mass shift. The mass-shift con-
stant K can then be deduced from the observed shift
by insertion in (1) of the appropriate nuclear masses M„
(obtained from the atomic masses tabulated by Wapstra
and Audi [11] after subtraction of 20 electron masses).
The mass shift is usually divided into two parts as

+g, where the "normal mass shi ft
(NMS) arises from the use of a reduced electron mass,
and the "specific mass shift" (SMS) involves a correlation
of electron momenta p; through the motion of the nu-
cleus. The normal mass-shift constant can be obtained
directly from the transition frequency v as K =m, v
(with the values 414.3 and 418.0 GHzamu, respectively,
for the 4s~4p&&z and 4s~4p3/p transitions in Ca+),
whereas the specific mass shift constant
IC =(g;»p; pj )/h is notoriously difficult to evalu-
ate accurately. It can, however, be extracted from the
measured isotope shifts if 5(r ) for at least one isotope
pair and the electronic factor F are known with sufhcient
accuracy. The mass-shift constant can in turn be used to
subtract the mass-dependent part of the shifts for the oth-
er isotope pairs studied, leaving the field shift, from

which changes in nuclear charge radii can be deduced by
using the calculated electronic factor F.

Section II presents the isotope-shift measurements in
the resonance line of

Cabal

using fast-ion-beam collinear
laser spectroscopy (FIBCLS). The atomic many-body
calculations of the electronic factor F for the field shift
are presented in Sec. III, including a discussion of the re-
lations with earlier calculations and semiempirical esti-
mates. Calculations of hyperfine structures are per-
formed to assess the theoretical uncertainty, which is
found to be at the level of 1%. It is possible to compare
muonic results for 5(r ) with those obtained from the
combination of a reliable theoretical field-shift factor and
accurate optical experimental results. Good agreement
between the two sets of data is found, as discussed in
more detail in Sec. IV.

II. EXPERIMENTAL PROCEDURE AND RESULTS

The measurements were performed by FIBCLS at the
ISOLDE mass separator operating at an acceleration
voltage of 34 kV. Both the ion beam and the laser beam
passed through the interaction region and for the detec-
tion of optical resonance in the 4s~4p transition a
three-step sequence was used: optical pumping of the
ground-state ions to the low-lying metastable 3d state fol-
lowed by state-selective neutralization by passage
through a sodium-vapor charge-exchange cell, and, final-

ly, separate counting of the neutralized atoms and
remaining ions. A description of the technique can be
found in Ref. [12] and its adaptation to Ca has been dis-
cussed in Ref. [4]. The laser frequency was kept fixed,
and Doppler-tuning was performed by varying the poten-
tial in the optical-pumping zone. The isotope shifts in

the 396.958-nm transition 4s, &2~4p, &2 are shown in the

TABLE I. Isotope shift for the 4s~4p transitions in Ca . A systematic uncertainty of about 2 MHz per mass-unit difference
should be added to the error bars for 5v in columns 3 —6, which account only for random errors. The values for 5(r~ ) in the seventh
colum~ were obtained by using the electron scattering result [9] 5(r')~ 48=o0.021(35) fm' together with the calculated field-shift con-
stant F= —285(3) MHz/fm', discussed in Sec. II. The first error bar in the seventh column reAects the uncertainty in ps s (see Sec.
IV) due to the uncertainty in the electron-scattering result and the second and third error bars are due to the random and systematic
uncertainties, respectively, in the measured isotope shift 5v40, 48' (The l%%uo uncertainty in the calculated F value leads to further small
«ror»n &' ' as well as in 5( r'), which have not been given explicitly. ) For comparison the independent values obtained in the ex-
tensive analysis by Palmer et al. [7] are given in the last column.

40
41
42
43
44
45
46
47
48

(amu)

39.951 618
40.951 306
41.947 646
42.947 795
43.944 509
44.945 214
45.942 717
46.943 571
47.941 559

~V4s ~4p I /2

(MHz)

—842(3 )

—417(3)
—170(8)

0
249(3)
445.2(0.6)

854(3)

~V4s ~4p 3/2

(MHz)

—842(13)

—412(12)
—165(14)

0

450(13)

857(14)

RIS b
~V4s 4p I /2

(MHz)

100(3)

32(3)
49(8)
0

39(3)
35.2(0.6)

68(3)

RIS b
~V4s ~4p 3/2

(MHz)

109( 13)

41(12)
56(14)
0

36(13)

63(14)

(5r') E s

(fm )

—0.301(19)(13)(7)

—0.088(9)(11)(5)
—0.160(4)(28)(3)

0
—0.148(4)(11)(3)
—0.145(8)(2)(5)

—0.281(16)(11)(11)

(r2) c

(fm )

—0.283(6)

—0.068(2)
—0.158(4)

0
—0.164(6)
—0.159(5)

—0.288(9)

'Nuclear mass obtained after subtraction of 20 electron masses from the values in the atomic mass table [11].
Residual level shifts for the 4s ~4p, /2 and 4s~4p3/2 transitions (column 5 and 6) obtained after subtraction of the NMS from the

experimental isotope shift (columns 3 and 4), using K =414.3 and 418.0 GHz amu, respectively.
'Palmer et al. [7].
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third column of Table I. The shifts are given with respect
to Ca rather than to the more commonly used reference

Ca. There are several reasons for this choice. First, the
count rate is much higher for the most abundant isotope

Ca, requiring a different detector setting in order to
avoid saturation. This is undesirable for a reference.
Second, the potentials on the optical-pumping zone are
roughly determined by the required Doppler shift, caus-
ing a potential difference between two isotopes propor-
tional to the mass difference. Using the center isotope as
a reference thus reduces these potentials, resulting in a
higher beam transmission. A comparison with the data
from the compilation by Palmer et al. [7] can still be per-
formed without significant loss of accuracy, since they in-
clude a variance and covariance matrix E~ „.for the
shifts with respect to Ca, leading to errors in the shift
with respect to Ca given by
o(5(r )„44)=(&„„+&4444 2E„44—)' . As a con-
sistency check, isotope shifts for the stable isotopes were
also measured in the 393.478-nm 4s»2~4p3/2 transition
as seen from the fourth column of Table I. The fifth and
sixth column show the residual isotope shifts (RIS) for
the two transitions obtained after subtraction of the NMS
from the experimental values. A King plot combining
both sets of RIS leads to the conclusion that the field-
shift factor is independent of the total angular momen-
tum within the accuracy of the measurements:

Fs„, p„, = 1.04(11).F
1/2 I /2

This near j independence can be expected, since the field
shift arises from the s electrons in the core which probe
the nuclear charge distribution. The change in the s elec-
trons gives an additional potential for the p electrons.
However, due to the scalar character of the field-shift
perturbation this correction is the same for both j values.
Any effect due to the change in radial function between
4p&/2 and 4p3/p is neglected in the calculations described
in the following section, but is expected to be small.
Similarly, the SMS should be essentially the same for
both states. Since the data for both transitions contain
the same information, only the set of experimental data
with the smallest errors (the 4s, &2 ~4p «2 results) will be
used in the following discussion.

III. CALCULATION OF THE ELECTRONIC
FIELD-SHIFT FACTOR

A. The field shift and the contact hyperfine interaction

Traditionally [13], the field shift in an s~p transition
is analyzed by using available hyperfine-structure data for
the s state involved. Like the electronic factor F for the
ns level shift [14] (i.e., the shift with respect to the ioniza-
tion limit Ca, which neglects the enormous contribu-
tions from the core electrons, except for the change
caused by the presence of the valence electron in Ca+),
the contact hyperfine interaction is determined in the
nonrelativistic limit by the density of the valence electron
at the nucleus, giving a relation

F„,= D—ZA„, /(gI /p~ ), (5)

B. Many-body corrections

Table II shows the various nonrelativistic many-body
contributions to the field-shift and hyperfine constants for
the 4s and 4p states. The first correction to the Hartree-
Fock (HF) expectation value is the "Brueckner correc-
tion, " which modifies the valence orbital to an approxi-
mate Brueckner orbital. It can be described as a polar-
ization of the core due to the presence of the valence elec-
tron, making possible a contraction of the valence orbital.
This affects the normalization of the valence orbital at
small radii, and gives the same relative increase, about
17%%uo, for both the field shift and hyperfine constants of
the 4s state. As long as only these corrections are includ-
ed, the two parameters thus satisfy the simple ratio given
above. The random-phase approximation ("RPA-type")
corrections, which account for the "screening" in the
case of the field shift and for the "spin polarization'* of
the core orbitals in the case of the contact hyperfine in-
teraction, change this ratio: The two properties differ in
that only exchange terms contribute to the hyperfine con-
stant, whereas both direct and exchange terms enter for
the scalar field-shift perturbation. (In our calculations
the RPA corrections are evaluated with correlated wave
functions, thereby including also several correlation
effects, as described in Ref. [18].) Just as found for K
[15], the RPA terms give a significantly larger increase
for the hyperfine structure than for the field shift and

where

D =[2a ao(m, /m )(p, /pe)] '=6. 16381X10 3/fm2

[15]. (The factor (p, /pe) accounts for the anomalous
magnetic moment of the electron. ) Due to their different
relativistic properties, the estimate (5) of the field-shift
constant must be multiphed by the ratio between the rela-
tivistic correction factors for the field shift and the
hyperfine structure (1.18 and 1.04, respectively, for Ca
[16]). This simple estimate is then changed by many-
body effects. A first —and usually only —attempt to ac-
count for these is to include screening factors P describ-
ing the change in core orbital density at the nucleus for
the two states involved in the transition.

An analysis and discussion of this procedure was given
by MKrtensson-Pendrill et al. [15] in view of detailed
many-body calculations of both hyperfine structure and
field-shift constants for K. The correlations between the
electrons are described within the "coupled-cluster" ap-
proach, with a self-consistent treatment of single and
double excitations, using the programs presented by Salo-
monson and Oster [17]. Analogous calculations are here
performed for the isoelectronic system Ca+. A grid of 91
points was used for each radial coordinate; this procedure
was found in earlier work [15] to give a negligible numer-
ical error. Terms with k values up to 7 were included in
the multipole expansion of 1/r, 2 in the electron-electron
interaction, with the effect of higher k values accounted
for by assuming that the contributions decrease as
(k+ —,')
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TABLE II. Many-body effects on the 4s and 4p field shift and hyperfine parameters in Ca+. The field-shift constants are given
with respect to the closed-shell ground state of Ca'+

~

F4,

(MHz/fm )

F4

(MHz/fm )

A4,

(MHz)

A4~1/2

(MHz)

A4
~3/Z

(MHz)

HF
Brueckner correction
Second-order RPA
Higher-order RPA
Other correlation

—184.3
—31.8

2.3
—9.6

2.2

0
0

23.9
—4.8
—0.5

—564. 1
—97.5

—111.8
—3.0

+ 15.0

—98 ~ 11
—18.88
—22.96
—0.70

0.81

—19.62
—3.78
—5.73
—0.29
+0.46

Total nonrelativistic
plus relativistic corrections'

—221.2
—261

18.5
21.8

—761.4
—794.7

—139.8
—144.8

—29.0
—29.3

Other calculations

Expt.

—819
—827'
—817(15)
—797.5(1.0)'
—805(2)'

—148

—158.0( 3.3 )'
—145.5( 1.0)'

—30.6

—29.7(1 ~ 6)'
—31.9(2)'

The relativistic corrections for the field shift were obtained by using a correction factor 1.18 as discussed in Sec. III. Following Ref.
[19],the 4s and 4p, &2 hyperfine constants were multiplied by 1.044 and 1.036, respectively, and a constant term —0.3 MHz was added
to A4p~3/Z

"Many-body perturbation theory, Ref. [19].
Semiempirical estimate by R. Beigang and A. Timmermann [29] using the Goudsmit-Fermi-Segre approach.
F. M. Kelly, H. Kuhn, and A. Pery [30].

"A. T. Goble and S. Maleki [31].
'Silverans et al. [4].

thus lead to a reduction of the ratio between the field
shift and the 4s hyperfine constant. The application of a
screening factor P, following the procedure suggested in
Ref. [13], accounts only for the effect of these terms on
the field shift and would instead give an increase of this
ratio. (A factor P=1.115 can be deduced for the reso-
nance line in Ca+ from the calculations by Torbohm,
Fricke, and Rosen [10].) Correlation effects other than
the valence-orbital modifications also modify the ratio,
but, as seen from Table II, these corrections are much
smaller than the Brueckner orbital correction.

The final result is that the nonrelativistic ratio between
the 4s ~4p field-shift constant and the 4s contact param-
eter is reduced by about 4% due to many-body effects.
All corrections are less important than for the isoelect-
ronic system K, where, e.g. , the Brueckner orbital correc-
tion amounts to around 32%. (This could be expected
since the larger nuclear charge makes the central poten-
tial dominate more over the electron-electron interac-
tion. ) The smaller importance of correlation effects is
also reflected in the better agreement of the calculated
hyperfine constant with experiment. After adding a rela-
tivistic correction of about 4.4%, found in the numerical
calculations by MArtensson-Pendrill and Salomonson
[19],the theoretical result is about 1.3%%uo below the recent
result by Silverans et al. [4] as seen from Table II, com-
pared to a value about 2.5% below experiment in the case
of K [15]. This agreement can be used to estimate the ac-
curacy of the calculated field-shift constant. Assuming
that the 4s field shift for Ca is underestimated by about
1% and combining this correction with the relativistic

correction factor for the field shift 1.18 [16] leads to the
estimate F4, = —264(3) MHz/fm . (The same value for
the relativistic correction factor was obtained also in the
numerical calculations in Ref. [10], which include impli-
citly the correction for the ratio X/5( r )t. )

The experiments study the isotope shifts of the reso-
nance line, which involve a transition between the ground
state and one of the 4p states. A 4p electron has much
less probability than the 4s electron of being within the
nucleus, but contributes through its interaction with the s
electrons in the core. The resulting field-shift constant is
an order of magnitude smaller and of opposite sign to
that for the 4s state: F4 =18.5 MHz/fm changes to
F4 =21.9 MHz/fm by the application of a relativistic
correction of a factor 1.18. (The same factor is used for
both p states, since it applies to the s electrons in the
core, which are responsible for the shift. ) To assess the
reliability of this result, we turn again to the hyperfine
constants shown in the last columns of Table II, which
also gives a comparison with other calculations. The
present calculations use a more recent version of the
"pair program" [17] than that used in Ref. [19] and, in
addition, there are minor differences in the evaluation of
matrix elements, described in more detail in Ref. [18]. As
seen from Table II, the present calculation results in

slightly smaller hyperfine constants.
The small deviations from the experimental hyperfine

results seen in Table II hardly motivate any adjustment of
the calculated 4p field-shift constant, which remains
much smaller than the 4s contribution. Assuming the
same relative error in F4p about 1%, leads to a final
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value for the transition field shift constant:
F4, 4 = —285(3) MHz/fm . A smaller ab initio result
was obtained by Torbohm, Fricke, and Rosen [10]:
F= —249 MHz/fm using single-configuration Dirac-
Fock calculations for the two states involved. These cal-
culations include screening effects and, even if the calcu-
lations are not completely equivalent in the treatment of
higher-order terms [18], the result given by Torbohrn,
Fricke, and Rosen coincides with that obtained by keep-
ing only the RPA diagrams from our calculation, togeth-
er with the unperturbed HF value (and the relativistic
correction factor). Correlation effects, which were
neglected in Ref. [8], thus increase the field shift constant
by about 14%%uo.

In a semiempirical analysis, the electronic field shift
factor is written as [13]

n.a 0
2

F(4& p) = — f (Z)131+4,(0)l',

where P is the above-mentioned screening factor and

f (Z) the finite nuclear size factor. A recent tabulation of
recalculated f (Z) values is given by Blundell et al. [20].
To calculate l+~, (0)l, one can take the Gouldsmit-
Fermi-Segre (GFS) approach, yielding F = —352
MHz/fm . Without screening correction, the resulting
value is F=—316 MHz/fm . The unscreened value,
which is based on the ns energy levels, can be compared
to the calculated value F4, = —264(3) MHz/fm dis-
cussed above. The reason for the relatively poor agree-
ment is not understood. Some early theoretical investiga-
tions of the GFS approach have been made [21], but the
relation between the GFS approach and many-body per-
turbation theory (MBPT) is far from trivial. On the oth-
er hand, a semiempirical evaluation of F based on the
hyperfine structure (5) is more transparent with the
analogous MBPT calculations of both properties per-
formed in this work (Table II).

Before turning to the interpretation of experimental
isotope shifts using the calculated F value, we mention
that the field shift constant for the 3d state was calculated
using the same approach, giving a nonrelativistic value of
93.3 (in units of GHz/fm ), dominated by the RPA
correction, which amounts to 130.1 in lowest order, and
is reduced by —39.3 through the higher-order RPA
corrections. The correlation contribution is very small,
about 2.5. Inclusion of relativistic effects give (again us-
ing the relativistic correction factor 1.18 applicable for
the s electrons in the core) F3d = 110GHz/fm . The cor-
responding hyperfine structure results were A(3d3/2)= —48.8 MHz and A ( 3d &&& ) = —5. 1 MHz, changed to
A (3d3&2) = —49.4 MHz and A (3d5&2) = —4.2 MHz by
including the relativistic corrections found in Ref. [19].

The present calculations were performed in a nonrela-
tivistic framework. Analogous computer programs for
relativistic calculations, including pair-correlation effects
to all orders, have been developed [22,23], but the need to
include two orbitals with different j values when l )0, to-
gether with two radial components for each orbital, leads
to significantly increased demands on computer time and
storage, and these programs will be used mainly to study

systems with larger Z. A relativistic calculation includ-
ing correlation effects in leading order has been per-
formed for both the SMS and field shift in Cs and Tl [24],
but points to the need for a more complete treatment,
which is underway [23].

IV. DISCUSSION

To check the consistency of the calculated F value, our
isotope shifts and the available charge radii data, we can
proceed in two ways. From a King plot of our isotope
shift data and the known charge radii, a value for F can
be deduced, which can be compared with the calculated
value. Another check consists in calculating charge radii
data from our measured isotope shifts and our calculated
F value and comparing these charge radii with those
from Ref. [7]. For this purpose, the specific mass shift
has to be known.

The mass-shift constant cannot be obtained from opti-
cal data alone. A calculation of E was attempted by
Lindroth, Mkrtensson-Pendrill, and Salomonson [25] and
showed that the SMS constant for the resonance line
arises from a cancellation between SMS constants for the
4s and 4p state (with respect to the ground state of doubly
ionized Ca) of the order 200 GHz amu. To improve on
the experimental result which can be deduced from opti-
cal data, as discussed below, would require that each of
these level shifts were known theoretically to better than
0.5%, which at present seems inaccessible for a two-
particle operator such as the SMS, which is extremely
sensitive to correlation effects. As long as a reliable cal-
culation of E is out of reach, it is necessary to use in-
formation about charge radii obtained in other experi-
ments, such as electron scattering or x-ray isotope shifts
for muonic atoms for the calibration of 5(r ) from opti-
cal data.

Electron-scattering experiments measure directly the
charge distribution, with an accuracy limited by the
range of momenta for the scattered electrons. Emrich
et al. [9] have studied the two isotopes Ca and Ca and
give plots of the radial charge distribution and its
difference for the pair. They obtained the rms radii 3.478
fm for Ca and 3.481 fm for Ca, with an estimated un-
certainty of 5am in the difference. These results corre-
spond to 5(r )40«=0.021(35) fm .

The energy levels of a muonic atom can be interpreted
by solution of a Dirac one-electron problem, although
several corrections must be applied, such as the nuclear
recoil, radiative corrections and nuclear polarization
caused by the presence of the muon through excitation of
low-lying nuclear levels [6,26]. The larger mass of the
muon makes the radius of the muonic wave function
about 200 times smaller than that of the electronic wave
function leading to a much larger probability for the
muon of being within the nucleus. The property of the
electronic wave function giving the dominating depen-
dence on 5(r ) in A, in (2) is the nearly constant density
of an s electron over the nuclear distribution, with devia-
tions from the limiting wave-function behavior at small
radii occurring mainly outside the nucleus. This no
longer holds for a muon. Instead, the muons sample
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"Barrett moments" (,r"e "), where both k and a de-
pend on Z [27]. For a low-Z nucleus the corrections are
relatively small: for Ca, k=2.114 and a=0.065 fm
These moments are essentially model independent, but
the conversion to (r ) requires a model for the nuclear
charge distribution, and becomes more reliable when
electron scattering data are available. This approach was
used by Wohlfahrt et al. [6] in their analysis of the
muonic x-ray measurements for Ca, which in turn forms
the basis for the compilation by Palmer et al. [7].

In the work by Palmer et al. [7] the isotope-shift data
for the CaI transitions were calibrated by the 5(r )
muon data for 40~ A ~48. This analysis also included
the older measurements on Ca 11 by Bruch et al [28], giv-
ing F= —280(80) MHz/fm and K = —34(12)
GHzamu. We can apply the same procedure to derive
an experimental F, value, as well as K from our
data. Instead of using the muon data directly, we will use
the improved muon-based 5(r ) from Palmer et al. [7].
From a King plot (Fig. 1) between the "modified residual
isotope shifts" of the s ~p transition and the "modified
mean-square charge-radii differences" [M~&M„/(M„—M «)]5(r )~ „we obtain F = —283(6) MHz/fm and
K = —9.2(3.8) GHz amu. The experimental F value is
thus in excellent agreement with the theoretical result
F= —285(3) discussed in Sec. III.

Alternatively, electron-scattering data for 5 ( r ) gp «
can be combined with the calculated field shift factor to
deduce K and a set of 5( r ) values. The SMS con-
stant extracted in this way depends very little on the F
value and its uncertainty is determined by the experimen-
tal uncertainty in the 5(r )~ «value and in the optical
isotope shift for this pair. The l%%uo uncertainty in the cal-
culated F value has a negligible effect on E . This pro-
cedure leads to E = —6.3(2.4)(3.8)(1.0) GHz amu,
where the first error bar is due to the uncertainty in
5(r )~ «and the second and third error bars are due to
systematic and random errors in 5v4048, respectively.
The resulting 5(r ) values are given in the seventh
column of Table I. It should be emphasized that this
5(r ) set is completely independent of all muonic and
earlier optical data.

The agreement between the muon-based data and our
independent 5(r ) values is very good, showing not only
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FIG. 1. Modified residual isotope shifts
g=[M44M„/(M„—M44}]5v~4 „ in the 4s~4p&zz transition
versus "modified" charge radii (see Sec. IV) differences from
Ref. [7].

that the atomic calculations are reliable, but also eluci-
dating a consistency between changes in nuclear charge
radii deduced from measurements involving widely vary-
ing physical phenomena.
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