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An analytic method is presented for the calculation of various indices that characterize statistical fluc-
tuations in ionization yields, specifically for the incidence of an ion such as a proton or a particle at a
high speed. A general expression for the Fano factor for ion incidence is derived, and the relation to the
Fano factor for electron incidence is clarified. For an illustration, the theory is applied to protons in-
cident on argon. The resulting Fano factor for protons of energies between 0.1 and 2 MeV is nearly the
same as that for electrons at the same speeds, and it js considerably lower than the values measured with

a particles.

PACS number(s): 34.50.Fa, 82.50.Gw, 87.50.Gi, 87.52.Ck

I. INTRODUCTION

Statistical fluctuations in the total ionization caused by
the absorption of ionizing radiation in matter were first
discussed by Fano [1]. He showed that the variance D in
the number of ions produced is given as

D=FN , 1)

where N is the mean number of the ions and F is a con-
stant, generally less than unity, for radiation of
sufficiently high energies. The quantity F, called the
Fano factor, represents the theoretical limit of precision
in the energy determination through ionization measure-
ments.

Knipp et al. [2] gave an analytic method for evaluat-
ing the statistical fluctuations in the ionization yield re-
sulting from the incidence of an electron of a fixed energy.
Rau, Inokuti, and Douthat [3] showed that the Fano fac-
tor and other indices characterizing the fluctuations can
be expressed more transparently as an integral involving
the electron degradation spectrum. An application of the
method to molecular hydrogen was presented by Inokuti,
Douthat, and Rau [4].

The method is now extended to treat the incidence of
an ion without electronic structure such as a proton or an
a particle. For such an event, the ionization is produced

either directly by the incident ion or indirectly by secon-
dary electrons. Therefore the yield and the fluctuations
receive contributions from these two sources.

The present work was stimulated by recent results on
argon, both experimental [5-7] and theoretical [8-10],
which are shown in Table I. In summary, the Fano fac-
tor is about 0.15 for electron incidence and about 0.2 for
a-particle incidence. As a step toward understanding the
difference between electron incidence and a-particle in-
cidence, we developed the analysis described below.

II. THEORY

A. Basic equation for the probability distribution
of ionization

Let us first consider the incidence of a simple ion, such
as a proton, an alpha particle, or any charged particle
that carries no electron, at a high speed. Let the medium
be composed of a single species of molecules having a sin-
gle ionization threshold I, for simplicity of discussion.
(This assumption is nonessential; it can be readily re-
moved without causing serious complications. We use
the term molecule for the simplicity of discussion; when
the medium is condensed matter, we refer to a structural
unit appropriate for a specific discussion.)

TABLE I. Summary of current data on the Fano factor of argon.

Incident radiation Energy The Fano factor Authors

Experiment
a particles 5.3 MeV 0.20 iggé Kase et al. [3]
a particles 5.68 MeV 0.19+0.01 Alkhazov et al. [6]
Electrons 0.26 keV 0.14+0.02 Neumann [7]

and 2.82 keV
Theory

Electrons <2.5 keV 0.16 Alkhazov [8]
Electrons <5 keV 0.15 Grosswendt [9]
Electrons <2 keV 0.16 Kowari et al. [10]
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Let P(T,j) be the probability that the incidence of an
ion of kinetic energy T produces precisely j ion pairs in
the medium. (Throughout the present paper, we put a
tilde over every symbol that refers to the ion as opposed
to an electron.) Following Knipp et al. [2], we will write
an equation for P(T,j). To do so, we must start with
cross sections for individual collisions of the ion with
molecules. Several possibilities exist. First, the ion may
collide with a molecule, transfer energy E to it, and ion-
ize it, and cause the production of a secondary electron
having kinetic energy E —1. Let the differential cross
section for this ionization process be d&,(T,E)/dE.
Second, the ion may collide with a molecule and transfer
energy E, to it, without causing ionization; most often,
the molecule is excited to a discrete level allowing disso-
ciation. Another kind of nonionizing collision leads to
energy transfer to the translational, vibrational, or rota-
tional motion of the molecule; such collisions are impor-
tant at low particle energies [11,12]. Let the cross section
for the energy transfer E; be ,(T). (We use the discrete
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transfer to the translational motion is certainly not
discrete but depends continuously on the scattering an-
gle.) We call the sum of all the cross sections the total
cross section & ,,,(T),

T T)=35,(T)+5,(T), 2)
where &,(T) is the total ionization cross section,

5(T)= deda”(T’E) (3)

o 1B .

For simplicity we restrict our treatment to the in-
cidence of an ion of sufficiently high energies so that most
of the energy loss is due to electronic excitation or ioniza-
tion [13] as opposed to nuclear motion of atoms or mole-
cules in the medium. Therefore we neglect ionization by
recoil ions, which is important at lower incident energies
and has indeed been discussed by Lindhard and co-
workers [11,12].

index s again for simplicity of discussion. Energy The equation for P(T,j) is then
J
_ - do (T,E) j=1 _ )
0w P(T, j)=36,(T)P(T —E,j)+ deT > P(T—E,k)P(E—Ij—k—1). (4)
s k=0

The right-hand side of Eq. (4) enumerates all possible
contributions to &, (T)P(T, j) classified by alternative re-
sults of a collision of an ion at energy 7. If the collision
is nonionizing and results in energy loss E; of the ion, the

contribution is & (T)P(T —E,,j). The sum of all such
contributions is the first term. If the collision is ionizing
and results in the energy loss E of the ion and in the pro-
duction of a secondary electron of energy E — I, the ion
(now with energy T — E) may lead to k ion pairs, and the
secondary electron may lead to j —k —1 ion pairs. The

contribution of this chain of events is
(d&,(T,E)/dEP(T —E,k)P(E —I,j —k —1) .

The last factor has no tilde, because it refers to an elec-
tron. More precisely, P(E —1,j —k —1) represents the
probability that a secondary electron of kinetic energy
E —1I produces j —k —1 ions. This quantity has been
fully treated in Refs. [3,4]. We here regard it as known.
The total of all such contributions is the second term on
the right-hand side of Eq. (4).

The function satisfies not only Eq. (4) but also the con-

dition that

P(T,j)=§, (5)
for T' <1, which means that no ion pair is produced by an
ion at energies lower than the ionization threshold. Be-
ginning with Eq. (5) and ascending in T, one solves Eq. (4)
to determine P(T,j). This procedure is straightforward
in principle, and the result is unique.

The integral over E in the second term on the right-
hand side of Eq. (3) or (4) extends over all possible values
of E, i.e., I <E <T. However, the upper limit is in prac-
tice much smaller than 7, about 2mv’=4(m /M)T,

f

where v is the speed of the ion, M is the mass of the ion,
and m is the electron mass. This limit implies when the
binding energy of the electron to be struck out is negligi-
ble; energy transfer E greater than the above value indeed
occurs upon inner-shell ionization but at a small proba-
bility. (See Sec. 2.2 of Inokuti [13] for a fuller discussion
of this point.) In the following discussion, we will use the
abbreviated notation d& (E) for dE[do,(T,E)/dE].

Equation (4) is effectively the same as Eq. (3.8) of
Lindhard et al., [12] who also gave an extensive discus-
sion of the yield of ionization and other related quanti-
ties. The main contribution of Rau, Inokuti, and
Douthat [3] and of the present work is to relate the treat-
ment with the Spencer-Fano theory [14] of slowing-down
spectra and thus to make the analytic and numerical pro-
cedure more effective. Recent generalizations of the
Spencer-Fano theory, including time-dependent cases
[15-17], show the effectiveness of our approach.

B. Moments

Let us congider the moment M(T, ) of the probability
distribution P(T,j), viz.,
M(T,u)= Ej"f’(T,j) . (6)
j=0
According to Eq. (5), the moment is subject to the bound-
ary condition that

M(T,u)=38,, @)

for T <I. Multiplying both sides of Eq. (4) by j* and
summing the result over j gives the following equation
for the moment:



45 STATISTICAL FLUCTUATIONS IN THE YIELD OF . .. 4501

_ - " v
T DM(T,u)= 3 & (T)M(T —E,,u)+ 2
s =01

where the last factor without tilde, M (E
an electron of kinetic energy E — I,

M(E —ILA)= EJAPE Lj) .

j=0

fdoT

I,A), represents the moment of the ionization probability distribution due to

M(T —E,v—AM(E —ILA) , (8)

9)

The derivation of Eq. (8) is similar to the treatment of Sec. IV of Rau, Inokuti and Douthat [3], concerning the electron
incidence. In the present work, we presume that the electron problem has been solved; thus we treat M (E —I,A) as

known.

Equation (8) is solvable starting with £ =0 and ascending in p. To see this clearly, one may recast Eq. (8) as

G TYM(T,p) 20 (T)M(T —E,,u)

=22
v A

where 3,3} denotes the summation as in Eq. (8), but the
single term with v=pu, A=0 is subtracted. (This term ap-
pears as the last term on the left-hand side.)

The right-hand side of Eq. (10) contains the moments
M(T,u) of orders lower than y and the electron moments
M(T,u), all of which are presumed to be known. Thus
Eq. (10) is an inhomogeneous linear equation for M (T, ).
It is convenient to write the equation in the compact
form

QO M(T,u)=R(T,p) . (11)

Here QM (T,u) represents the left-hand side of Eq. (10)
and R(T,u) the right-hand side. We may call Q; the
Fowler operator for the ion. It is similar to the Fowler
operator Q1 for the electron treated by Rau, Inokuti, and
Douthat [3], but QM (T,u) lacks the secondary-electron
term involving M (E —1I,A), which is now incorporated
into the inhomogeneous term R (T,u).

Let us examine the first three moments. For =0, we
have R(T,0)=0. Starting with Eq. (7) and ascending in
T, we obtain

M(T,0)=1 (12)

for any T, which means that the total probability is con-
served, as it should be. For pu=1, we have

R(T,D=6,(T)+ [do(EIM(E—IL1). (13)

Here M(T,1) is the mean number of ionization, which
we will denote simply by N(T). Equation (11) with u=1
is the Fowler equation for the mean ionization yield due
to the ion. The inhomogeneous term R(T,1) consists of
two terms, the first representing direct ionization by the
ion and the second representing ionization by secondary
electrons.

For u=2, we have

R(T,2)= [d& ((E)2M(T —I, DM (E —1,1)
+M(E —1,2)+2M(T —E, 1)
+2M(E—IL1)+1] . (14)

— [do (EYM(T —E,p)

[do (EYM(T —E,v—AMM(E~LLA), (10)

[
For simplicity, we will write
M(T —E,1)=N(T—E), (15)

which means the mean number of ionization caused by an
ion of energy T —E. Likewise,

M(E—I1,1)=N(E—1I) (16)

is the mean number of ionization caused by an electron of
energy E —1I.

The Fano factor F(E —I) for an electron of energy
E —1Iis defined as
F(E—DN(E—I)=M(E —I,2)—[N(E—-D]*. 17
By use of Egs. (

R(T2)—fdaT

5)—(17), one may recast Eq. (14) as

){2N(T —E)N(E —I)+2N(T —E)
+[N(E—ID+I)?
+F(E—-IN(E—-D)} . (18)

C. Variance

The variance of the ionization yield is the most impor-
tant of many indices characterizing the statistical fluctua-
tions. Perhaps the most effective indices are the cumu-
lants treated by Inokuti, Douthat, and Rau [4]. In the
present article we limit our treatment to the variance,

D(D=3I[j —N(DPP(T,j))=M(T,2)—[N(T)]*. (19)
J

This variance also satisfies the Fowler-type equation

Q. D(T)=p,(T), (20)
where
pi(T)=R(T,2)—Q;[N(D]?, 1)

as we readily see by combining Eq. (11) with Eq. (19).
It is possible to rewrite the expression for p;(7T) in a
much more transparent form, viz.,



+ [d& (E)F(E—DN(E—1) .

In this equation, the first term represents the mean-
squared deviation due to nonionizing collisions of the ion,
the second term the mean-squared deviation due to ioniz-
ing collisions, and the last term the contributions due to
succeeding collisions of secondary electrons, where
F(E —1I) represents the Fano factor for an electron of ki-
netic energy E —I. The derivation of Eq. (22) from Eq.
(21) is in the Appendix.

D. Evaluation of the moments and variance
by use of the slowing-down spectrum

Equation (11) for the moment and Eq. (20) for the vari-
ance can be solved by ascending in T from the initial con-
dition, Eq. (7). However, it is much more effective to
solve the equation by use of the slowing-down spectrum,
as first shown by Rau, Inokuti, and Douthat [3]. The key
concept is the adjoint. We multiply Eq. (11) by a func-
tion y(T), integrate over T, and obtain

[ary(DQ,M(T,w)= [aTy(T)
We then rewrite the left-hand side as

[aryDQ M (T,p= [dT(0}p

R(T,p). (23

(T IM(T,u) . (24

We have thus introduced the adjoint operator (),
which acts on y(T) and leaves the integral unchanged.
The existence of an adjoint operator is well established
for a wide class of operators in a wide class of function
spaces. As Rau, Inokuti and Douthat [3] showed, the
function y(T) appropriate for use here is the slowing-
down spectrum. In the present problem of the ion in-
cidence, y(T) is the slowing-down spectrum of the ion. If
the ion has the initial energy T,,, we may write the
slowing-down spectrum as p(T,,7). Physically,
J(T,, T)dT represents the total path length of the ion
during the slowing from T +dT to T, when the ion had
kinetic energy T,. According to the Spencer-Fano

theory, y(T,, T) obeys the equation
Q J(Ty, T)=86(T —T,)/n , (25)

where n is the density of molecules in the medium. Com-
bining Eqgs. (23)-(25), we obtain
T ~
M(To)=n [, dT 5(To, T)R(T,p) . (26)

This represents the solution of Eq. (11); in other words,
when y(T,,T) is known, M(Ty,ut) can be calculated as

the integral on the right-hand side of Eq. (26). Likewise,
the solution of Eq. (20) is written as
TO
=n f{ dTy(T,, T)p(T) . 27)

In other words, the variance is the average of p,(T) with
the weight y( T, T).
Parenthetically, y(T,,7T) is most often readily evalu-

& J(TN(T)—N(T —E,)*+ [ d& (E)[N(T)~N(T —E)—N
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(E—D—1]

(22)

f

ated. When T, and T greatly exceed most of the possible
values of energy transfer (E; and E), it is sensible to use
the continuous-slowing-down approximation; then

y(T,,T) is the reciprocal of the stopping power n& (T),

where &, (T) is the stopping cross section

=3 E&,(1+ [do(E)E . (28)

Consequently, one arrives at the following expression
for the Fano factor for the incidence of an ion of energy

T,
f{ dT 3(To, T)p,(T)

=— — ,  (9)
J, %dT5(To, DR(T, D)

where R(T,1) is given by Eq. (13) and 5,(T) by Eq. (22).
A consequence of this result is noteworthy. According to
the second mean-value theorem of integral calculus [18],
the right-hand side of Eq. (29) is equal to the value (T
of the function

& T)=p,(T)/R(T,1) (30)

evaluated at 7,,, a value of the ion kinetic energy T
somewhere in the interval of integration. In other words,
for some value T,,, F(Ty)=¢(T,,) and I <T,, <T,. If
#(T) varies slowly with T, the precise value of T, is im-
material, and we immediately obtain an estimate of
F(T,) from #(T) alone. Only if §(T) is sensitive to T
over a large interval of 7T, we need the slowing-down
spectrum to determine F(Tj).

The above discussion represents the major general con-
clusions of the present theory.

III. APPLICATION TO ARGON

A. Method of calculation

Calculations for proton incidence on argon were per-
formed according to the theory described in Sec. IID.
The following data were used as input.

The stopping cross section &y(T) was evaluated from
the analytic expressions that Andersen and Ziegler [19]
determined from a survey of experimental data. Using
the continuous-slowing-down approximation, we set
F(To, T=[na(T)]""

The ionization cross sections of many gases for proton
impact have been extensively reviewed by Rudd and co-
workers [20-22]. Rudd [21] gave an especially detailed
analysis for argon including the contribution of each shell
to both the differential and total ionization cross sections.
We used the analytic expressions given by Rudd [21].

No comparably thorough knowledge of the discrete-
excitation cross section & (T) of argon for proton impact
appears to be available. For the present work, we adopt-
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ed an estimate, based on the assumption that the stopping
cross section of Ref. [19] is reliable. The estimate is
simplified because discrete excitation accounts for a
minor part of the stopping cross section &(T) as given
by Eq. (28). Thus we can replace the sum over s in Eq.
(28) with a single term and write

TN =E40(T)+ [do(EE , 31

where &.,(T) is an effective discrete-excitation cross sec-
tion and E., is an effective excitation energy. The second
term on the right-hand side of Eq. (31) is calculable from
the differential ionization cross section given by Rudd
[21]. Using the stopping cross section & 4(T) given by
Andersen and Ziegler [19], we determined the first term,
E . &.(T), by subtraction. In numerical calculations of
the Fano factor, we also replace the first term on the
right-hand of Eq. (22) with & (T)[N(T)—N(T —E,)]*
We chose E.,=13.4 eV so that E /I =0.86, which is
reasonable on the basis of electron-collision and
oscillator-strength data [23]. (We also examined the sen-
sitivity of our results to the value of E.,. Variations of
E_, of a few tenths of an eV cause no appreciable changes
in our results.)

As for the degradation of secondary electrons, we used
the results of Kowari, Kimura, and Inoktui [10]. for
N(E —1I) and F(E —1) to evaluate g;(T) of Eq. (22) and
R(T,1) of Eq. (13).

To evaluate the mean yield of ionization N(T,) for
proton incidence, we basically used Eq. (26) for u=1.
However, we extended Eq. (26) to account for shellwise
contributions and Auger effect contributions. For the
latter we used the schematization of Kowari, Kimura,
and Inokuti [10], in which a 200-eV electron is ejected
after L-shell ionization.

B. Results on the W value

The mean yield of total ionization is customarily ex-
pressed in terms of the W value, W(T,)=T,/N(T,) in
our present notation. With the use of the ionization cross
sections of Ref. [21], we obtained 31.1 eV for protons of 1
MeV, for instance, as shown in Table II. This result is
considerably higher than the literature values of 26.66 eV
for protons and 26.40 eV for a particles of high energies
[24]. It is generally believed [24] that the mean yield of
ionization is nearly the same for electrons, protons, and a
particles at comparable high speeds.

A probable reason for the high W value we obtained is
that the ionization cross sections of Ref. [21] might be
too small. We also note that Ref. [21] cites uncertainties
of about 10%. We have therefore repeated the calcula-
tions by using values of the ionization cross sections that
are enhanced by 5% and 10% over the values of Ref.
[21]. (Results are shown in Table II.) However, the
lowest W value of 28.3 eV we thus obtained is still higher
than the literature values by 6%. There is a limit to the
enhancement of the ionization cross sections: values of
the ionization cross section that are too large would
render the excitation cross section &.,(7T) negative, for
the fixed value of the stopping cross section.

TABLE II. Results of calculations for protons of 1 MeV.

Ionization cross w
sections (eV) F
Values in Ref. [21] 31.1 0.236
5% greater 29.6 0.184
10% greater 28.3 0.157

Thus we consider that the comparison of the present
results with experimental data is less than conclusive.
This finding is in contrast with our work on the W value
for electron incidence, for which our earlier results [10]
were reasonably consistent with experiment.

C. Results on the Fano factor

Table II shows also the values of the Fano factor for
the three calculations. As the value of the ionization
cross section increases, both the W value and the Fano
factor decrease monotonically and smoothly. The
present finding is reminiscent of the correlations between
the Fano factor and the W value seen in other contexts.
Kimura et al. [25] evaluated the Fano factor for Ar-H,
mixtures over the entire range of composition for elec-
tron incidence and found that the Fano factor and the W
value not only change together with varying composition
but even show an almost linear relation. Krajcar-Bronic¢
[26] surveyed experimental data for various gases and
also found remarkable correlations between the Fano fac-
tors and the W values.

As we stated in Sec. II B, the 10% enhancement of the
ionization cross sections led to a W value close to experi-
ment. Thus it is probably appropriate to consider the
values of the Fano factor resulting from the same ioniza-
tion cross-section values.

Table III shows the energy dependence of the results.
The third column gives the Fano factor as defined by Eq.
(29), and the fourth column gives a new quantity F‘p(TO ),
which represents the direct contribution of the proton.
The quantity is defined by

T
J, 4T3 (o, Dp (D),

F(T) , (32)

T, -
J, *dT 3(To, DR(T,1)

TABLE III. Results of calculations for various incident ener-
gies.

Incident proton W(T,)

energy T, (MeV) eV) F(T,) F,(Ty)
2.00 28.5 0.163 0.096
1.50 28.4 0.157 0.089
1.000 28.3 0.157 0.086
0.750 28.4 0.160 0.088
0.500 29.0 0.172 0.098
0.250 31.7 0.216 0.144
0.125 36.1 0.291 0.225
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FIG. 1. Comparison of the Fano factors for proton incidence
and electron incidence at the same speed. The chained curve
refers to the proton, whose kinetic energy in MeV is shown on
the upper horizontal axis. The solid curve refers to the electron,
whose kinetic energy in keV is shown on the lower horizontal
axis. The data for the electron are taken from Kowari, Kimura,
and Inokuti [10]. However, they are truncated in this figure at
the electron energy of 50 eV, and therefore the steep rise at
lower energies is not shown here. Figure 8 and Table II of
Kowari, Kimura, and Inokuti [10] show the data completely.

where

[p(D],=3 &, (T[N(T)—N(T —E,)]?

+ [do (E)N(T)—N(T —E)—N(E —I)
—17. (33)

This equation differs from Eq. (22) for g;(T) in that the
last term is dropped. Comparison of F(T) with F »(T) in-
dicates that the role of secondary electrons is clearly im-
portant at high proton energies.

To show the difference between proton incidence and
electron incidence at the same speed, we present Fig. 1.
The Fano factors for both particles show similar increase
with decreasing speed and very gradually approach a pla-
teau value at high energies. Throughout the region of
our study, the Fano factor for proton incidence has a
higher value and a smoother energy dependence than the
Fano factor for electron incidence, as expected from our
theory.

Finally, Fig. 2 shows @(T), defined by Eq. (30) as a
function of T. As we expected on general grounds, ¢(T)
is mildly dependent on T at high 7, and its mean value is
close to the Fano factor at high 7. The narrow region
T <0.2 MeV, where G(T) increases sharply with de-
creasing 7, contributes little to the integrals in Eq. (29)
that determine the Fano factor, if the incident energy T,
is much higher.

The calculated Fano factor, 0.157, for the 1.0- to 1.5-
MeV proton should apply to a particles of the same
speeds, i.e., at energies of 4—6 MeV. However, our re-
sults are considerably lower than the results of measure-
ments with a particles [5,6] as quoted in Table 1.
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FIG. 2. The function &(7), defined by Eq. (30).

IV. CONCLUDING REMARKS

We have presented a theory for calculating the W
value and the Fano factor for the incidence of protons
and a particles. The theory presumes a knowledge of the
cross sections for all of the major processes, and results of
its application are subject to the uncertainties in the
current cross-section data. In our example of the first ap-
plication, argon, several issues remain to be resolved.

First, it is difficult to obtain a W value in good agree-
ment with the literature values. The discrepancy of our
result from the literature values suggests that the ioniza-
tion cross sections given by Rudd [21] are probably too
small by at least 10%. The discrepancy might even sug-
gest that the shape of the secondary-electron spectra
needs to be reconsidered.

Second, our calculations led to a tight correlation be-
tween the Fano factor and the W value as the ionization
cross sections were varied. The Fano factors we obtained
for protons are almost the same as those for electrons of
the same speeds given by both theory and experiment (as
seen in Table I). In contrast, measurements [6,7] with
particles gave considerably higher values of the Fano fac-
tor, while the W values in the literature [23] are nearly
the same for a particles, protons, and electrons at high
speeds. This situation is remarkable in view of the corre-
lation between the W value and the Fano factor that is
often observed in other contexts [25,26].

Kase et al. [5] and Doke, Ishida, and Kase [27] pro-
posed to explain the difference between the Fano factors
for a particles and electrons as being attributable to
effects of elastic nuclear collisions, following the idea of
Lindhard and Nielsen [11]. To clarify this issue, we can
include the effects of nuclear collisions in our formalism
and repeat our calculations. A first step toward a
definitive result in this effort seems to be reevaluation of
ionization and other cross sections so that a satisfactory
W value is obtained. The energy losses to nuclear
translational motion should be important at lower in-
cident energies and in gases of lighter molecules. (At
such lower energies, the influence of electron capture and
loss by the incident ion may also have to be considered.)
In this connection, the new measurements by Ishida, Ki-
kuchi, and Doke [28], on helium are extremely intriguing.
We intend to study helium in the future.

In conclusion, we present a suggestion to experi-
menters. Measurements of the Fano factors of molecular
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hydrogen for protons or a particles will be valuable for
clarifying the role of nuclear elastic collisions and result-
ing recoil particles. In particular, comparison between
H, and D, will be most informative because of the mass
ratio of about 2.
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APPENDIX: THE DERIVATION OF EQ. (22)

First, it is necessary to rewrite Q[ N(T)]* as follows:

[do N(T—E)}

= T[N( T)]Z—z F,(T)N(T)—N(T —E,)]*—2N( T)z F,(T)N(T —E))+[N(T*35,(T)

— [d& (E)N(T)—N(T —E)P—2N(T) [ d& (E)N(T —E)+[N(T)]* [ d& (E)
=— 3 &,(DNINMT—NT—-E,)P— [do(EN(D—NT—E)
+2N(T) |— 3 6,(T)N(T —E,)— [ d& (T)N(T —E)+5 ,( T)N(T) | . (A1)

The terms within the large parentheses are equal to &;(T)+ f do(E

N(T),i.e., Eq. (11) with g =1. Thus one may write

QI N(DP=— 3o, (NNT)—NT—E))— [do (E)

+2N(T) [d& (E)N(E 1) .

Inserting this into Eq. (21), one obtains

T)—za [N(D—N(T —E,)*+ [ d& ((E)[N(T)—N

+fd6T(E){—2N(T)—
+F(E—I)N(E—D} .

It is elementary to see that this is equivalent to Eq. (22).

)N(E —1I), according to the Fowler equation for

[N(T)—N(T —E)*+2& ,(T)N(T)

(A2)

(T—E)J?

2N(T)N(E —I)+2N(T —E)N(E —I)+2N(T —E)+[N(E —D+1]?

(A3)

*Present address: Department of Chemistry, The Universi-
ty of British Columbia, Vancouver, British Columbia,
Canada V6T 1Y6.
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