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Amplification of intrinsic noise in a chaotic mnltimode laser system
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The output intensity of an intracavity-frequency-doubled Nd: yttrium aluminum garnet (YAG) laser
can exhibit chaotic variations under certain conditions. It has been predicted that the intrinsic noise due
to spontaneous emission present in this laser system can be amp1ified by the chaotic dynamics. We re-
port here the observation of noise amplification in a mathematical model of this laser system in a param-
eter regime that produces chaotic intensity variations. The amplification was observed in the evolution
of the distribution of an ensemble of noisy trajectories, originating from identical initial conditions. The
observed amplification occurred at a rate given by the largest Liapunov exponent and is consistent with
the theoretical predictions of Fox and Keizer [Phys. Rev. A 43, 1709 {1991)].However, anomalous
amplification was also observed and occurred at a rate -10 times the Liapunov exponent. The mecha-
nism for this effect is elucidated.

PACS number(s): 42.50.Lc

I. INTRODUCTION

When a nonlinear potassium titanyl phosphate (KTP)
crystal is placed inside a Nd: YAG laser cavity, the out-
put intensity can exhibit chaotic variations [l]. The non-
linear crystal converts some of the 1064-nm fundamental
laser light into green light at -532 nm by the processes
of second-harmonic generation and sum-frequency gen-
eration. Sum-frequency generation creates nonlinear glo-
bal coupling among the lasing modes (each mode is cou-
pled to all other modes) which causes the laser output to
vary periodically or chaotically under certain conditions.
We have previously developed a deterministic rate equa-
tion model of this laser system which accurately repro-
duces the experimentally observed stable, periodic, and
chaotic dynamics [2-5].

In this paper we present results which show the
amplification of intrinsic noise in a parameter regime for
which the laser equations produce chaotic intensity varia-
tions. A measure of this amplification is obtained by
comparing the evolution of an ensemble of 20 noisy tra-
jectories with a deterministic trajectory started from the
same initial conditions. Fifteen sets of simulations were
performed, each with a different noise strength. The
noise strengths varied over 14 orders of magnitude. A
plot of the mean time to reach a given separation between
noisy trajectories and the deterministic one shows an ex-
ponential dependence on noise strength as was predicted
by Fox and Keizer [6]. We find good agreement between
the rate of the exponential separation and the calculated
value of the Liapunov exponent for the dynamics.

In addition to the predicted noise amplification by the
chaotic dynamics, we have observed an anomalous
amplification of the noise that results in a trajectory sepa-
ration rate about 10 times the Liapunov exponent.

In Sec. II the laser model that will be used in this paper
is reviewed. The theory for the chaotic amplification of
noise is discussed in Sec. III. We then describe the nu-
merical observation of noise amplification in these rate

We have previously developed a deterministic rate
equation model of an intracavity-frequency-doubled
Nd:YAG laser system which accurately reproduces the
experimentally observed stable, periodic, and chaotic dy-
namics [2—5]. The model includes the polarizations of
the cavity modes and the fact that the YAG rod may be
birefringent. Figure 1 is a schematic of the intracavity
doubled Nd: YAG laser we have modeled. The laser cavi-
ty contained a nonlinear KTP crystal which served as the
frequency-doubling element. The intensity at the funda-
mental wavelength is highest within the laser cavity.
Since the intensity of frequency-doubled light produced
by the KTP crystal is proportional to the square of the
intensity at the fundamental wavelength, the KTP crystal
was placed inside the laser cavity. The laser is pumped
by a ten-element phased-array laser diode with a max-
imum output power of 200 mW at around 810 nm. The
highly divergent and elliptical pump beam is first col-
limated and then circularized before being focused into
the cylindrical YAG rod by a 5-cm focal length lens. The
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FIG. 1. Schematic of the diode-pumped Nd: YAG (neodymi-
um doped yttrium aluminum garnet) laser with an intracavity
KTP (potassium titanyl phosphate) crystal. The KTP crystal
produces green light at half the wavelength of the fundamental
emission {1064nm) from the laser.

equations in a parameter regime producing chaotic inten-
sity variations. Section IV contains an analysis of these
results, including a discussion of the mechanism responsi-
ble for the observed anomalous noise arnplification.

II. LASER MODEL
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flat front face of the Nd: YAG crystal served as the cavity
high reflector, and was coated to be highly reflecting at
both the fundamental (-1064 nm, infrared) and doubled
(-532 nm, green) wavelengths and highly transmitting at
the pump wavelength. The KTP crystal was
antireflection coated at both the fundamental and dou-
bled wavelengths. The laser output coupler was highly
transmitting at the doubled frequency and highly
reflecting ()99.9%%uo) at the fundamental, such that only
the fundamental circulated in the laser cavity; the dou-
bled frequency is simply transmitted by the output
coupler. The Nd:YAG and KTP crystals were both 5
mm long and the entire laser cavity was about 3.5 cm
long. The threshold pump power for this laser was about
10 mW.

As first pointed out by Oka and Kubota [7],a complete
analysis of this laser system must include the polariza-
tions of the cavity modes. These polarizations are given
by the eigenvectors of the round-trip Jones matrix M for
this laser cavity which are real and orthogonal [2]. These
two eignevectors are the only two polarization states that
are unchanged after one round trip in the cavity. Since
the eigenvectors of the matrix M are real, the laser output
will consist of linearly polarized components along one or
both of the two orthogonal eigenvector directions.

Nd:YAG normally lases at 1064 nm in the infrared.
However, the KTP crystal converts some of this funda-
mental light into green light at -532 nm. Green light is
produced in the KTP crystal by second-harmonic genera-
tion from a single-cavity mode and by sum-frequency
generation between pairs of modes. In second-harmonic
generation, two photons from the same cavity mode of
fundamental frequency co combine to create one photon
of green at frequency 2'. In sum-frequency generation
one photon from a cavity mode at frequency ~& and one
photon from a different mode at frequency ~2 combine to
create one photon of green at frequency (co, +co&). The
amount of green light produced by sum-frequency gen-
eration depends on whether the contributing fundamental
modes are polarized parallel or orthogonal to each other.
The two processes for the generation of green light must
be included in the laser rate equations as nonlinear loss
terms for the fundamental intensity. The variations in
the output intensity that are observed for some parameter
values arise from the global coupling created among the
lasing modes (each mode is coupled to every other mode)
due to sum-frequency generation.

Each cavity mode can exist in one of the two orthogo-
nal eigenpolarization directions, which we label as x and
y. Let m and n be the number of modes polarized in the
x and y directions, respectively, where X=m+n is the
total number of lasing modes. The deterministic rate
equations for the fundamental intensities Ik and gains Gk
are [2,8]

d(E;)k
C

, (E;)kG„—a„geI„—2e g—p, IJ.
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(2)

In the remainder of this paper we will discuss how intrin-
sic noise added into the rate equations is amplified when
the model is integrated with parameter values which
deterministically produce chaotic variations. This
amplification is not present in the case of nonchaotic time
traces.

III. AMPLIFICATION OF INTRINSIC NOISE
BY CHAOTIC DYNAI'EPICS

Reference [6] contains a detailed account of the theory
for arnplification of intrinsic noise by chaotic dynamics
and of the technique employed to obtain accurate numer-
ical simulations of this effect. To obtain the equations
used in the numerical simulations, three steps are fol-
lowed. In the first step, a mesoscopic master equation is
constructed for the time evolution of a probability distri-
bution, the mean values of which correspond to the mac-
roscopic variables, i.e., the quantities Ik and Gk in the

where r, (0.2 ns) and rf (240 ju,s) are the cavity round-trip
time and fluorescence lifetime of the Nd + ion (the active
ion in Nd: YAG), respectively; Ik and Gk are, respective-
ly, the intensity and gain associated with the kth longitu-
dinal mode; ak is the cavity loss parameter for the kth
mode; y(0.05) is the small signal gain which is related to
the pump rate above threshold; P (0.6} is the cross satura-
tion parameter; and g (0.1) is a geometrical factor whose
value depends on the angle between the YAG and KTP
fast axes, as well as on the phase delays due to their
birefringence. For modes having the same polarization
as the kth mode, pjk=g, while p~k =(1—g) for modes
having the orthogonal polarization. This difference is
due to the different amounts of sum-frequency generated
green light produced by pairs of parallel polarized modes
or by pairs of orthogonally polarized modes. Here, e
(5X10 ) is a nonlinear coefficient whose value depends
on the crystal properties of the KTP and describes the
conversion eSciency of the fundamental intensity into
doubled intensity. In these rate equations we have made
the simplifying approximation that the gain y (0.05} and
cross saturation parameter P (0.6) are the same for all
modes. The individual mode losses are assumed to differ
only slightly, with ak -0.01. The parameter values given
above represent typical experimental operating condi-
tions.

As was mentioned earlier, these deterministic rate
equations (1) have been found to accurately reproduce ex-
perimentally observed periodic and chaotic intensity vari-
ations. For the investigation of noise effects it is more
convenient to use the entirely equivalent equations for
the electric fields

d (E„)„ «.}kG„—a„geIk —2e —g pJI,
j (Ck)
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where (E„)k and (E, )„are the real and imaginary parts of
the electric field of the kth mode. Here (f, )~ and (f&)k
represent spontaneous emission noise and are Gaussian
white (5 correlated) noise terms with the following prop-
erties:

present case. This probability distribution also describes
the intrinsic fluctuations, or noise, associated with the
macroscopic variables. Kurtz [6] has proved a limit
theorem that yields a nonlinear Fokker-Planck equation
that is a very accurate approximation to the full master
equation. This Fokker-Planck equation constitutes the
second step, and its diffusion terms determine the magni-
tudes of the intrinsic noise correlations. Numerically,
both the master equation and the nonlinear Fokker-
Planck equation are extremely dificult to implement
efBciently. The third step recognizes that there exists a
set of Langevin equations, equivalent to the nonlinear
Fokker-Planck equation, in which the noise terms are
predetermined by the correlations implied by the
diffusion terms in the nonlinear Fokker-Planck equation
(the fluctuation-dissipation relation in this context).
%'hen these correlations are independent of the state vari-
ables, i.e., the Ik, Ek, and Gk, the resulting Langevin
equations have the form of the original macrovariable
equations, Eqs. (2) in this case, with additive Gaussian
white-noise terms, Eqs. (3) given below. The correlations
of the noise sources are explicitly determined in the
manner described above. Since the noise correlations can
be determined without actually constructing the master
equation, the first two steps may be bypassed, and one
simply writes Eqs. (3) directly, as we do below. This is a
consequence of the fact that the intrinsic noise is a result
of spontaneous emission for which the correlations, Eqs.
(4), are already known from earlier work.

Spontaneous emission noise in the laser is included as
additive Gaussian white noise in the manner and for the
reasons given above:

d (E„)k
+c — Gk Qk g E'I

form random deviates (x&)k and (x2)k on (0,1). When
the discrete time step ht used in the numerical integra-
tion is included, the noise terms (f, )k and (f2)„are
given by

(f, )„=Q 4D—b t ln[(x~ )k] cos[2m(x2)k],

(fz)l, =Q 4D—bt ln[(x, )k]sin[2m(xz)k]

such that (f~)k and (fq)k have zero mean and variance
equal to 2D. The fact that the sine and cosine are used in
Eqs. (5) means that (ft)k and (f2)k are uncorrelated.
The fact that, for each k and at each time step two
different uniform random deviates (x, )k and (x2)1, are
used, means that (f, )k and (f; ) are uncorrelated. This
justifies Eqs. (4).

The integration of the stochastic equations (3) was car-
ried out as follows. The deterministic equations (2) were
numerically integrated using the IMSL subroutine
DGEAR for intervals of 10 nsec. Noise terms were gen-
erated using the algorithm in Eqs. (5) with b, t =10 nsec
and added to the fields at the end of each interval. The
parameter values used in the rate equations are given
above in Sec. II. The field rate equations were integrated
for various noise strengths from 2D=10 to 10
sec, each started with the same set of initial conditions.
For each noise strength, 20 trajectories were calculated,
each trajectory using a different set of random numbers
to generate the noise. An integration without noise was
also performed. For each noise strength, the total inten-
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where i =1,2. The strength, 2D, of the correlations is
predetermined by the laser system.

In the integration of these field rate equations, the
Gaussian distributed noise terms (f, )k and (f2 )k are cal-
culated using the Box-Muller method [9] from two uni-

FIG. 2. (a) Time for the separation between noisy and deter-
ministic trajectories produced by an integration of the numeri-

cal model to reach 1% of their mean saturated value. The three
different symbols represent the different cases of initial condi-
tions (discussed in the text) used in the calculations. (b) Mean
time for the separation between noisy and deterministic trajec-
tories produced by an integration of the numerical model to
reach 1% of their mean saturated value. The rate of exponen-
tial separation is —4.6X 10 sec
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sity averaged over 20 realizations was compared with the
total intensity for the deterministic trajectory to compute
a separation parameter S(t):

M

g I„(r) —I,(r)
k=1

(6)

where M is the number of trajectories (M =20 in this case
here}, Ik(t) is the intensity of the kth realization for a
particular noise strength at time t, and Io(t) is the inten-
sity of the deterministic trajectory at time t.

The time for the separation S(t) to reach l%%uo of the
mean saturated value was recorded. This calculation was
repeated using the same noise strengths, but starting
from a different set of initial conditions. A third set of
calculations was done in which the initial conditions for
each value of noise strength were different. This last in-
tegration was done in order to sample a wider domain of
phase space. The mean separation time for each of these
three calculations was determined. The time for the
mean separation of the trajectories to reach 1% of the
mean saturated value (the reference level) is plotted
against noise strength in Fig. 2(a) for the three calcula-
tions just described. Figure 2(b) shows all three sets of
data averaged together. It is very clear that the mean
time to reach the reference level increases exponentially
as the noise strength decreases, as predicted by Fox and
Keizer, and the rate of this exponential increase is
-4.6X10 sec '. If the traditional linearized fluctuation

theory were used instead, an average over an ensemble of
sumcient size would yield zero for this difference. This is
because the linearized theory predicts a symmetric
Gaussian distribution of the stochastic trajectories about
the deterministic trajectory. Kurtzs nonlinear fluctua-
tion theory [6], however, predicts an asymmetric distribu-
tion not centered on the deterministic trajectory. In this
case the average of the stochastic trajectories diverges ex-
ponentially from the chaotic deterministic trajectory at a
rate given by the largest positive Liapunov exponent.

For two of these three cases of initial conditions, the
average, largest Liapunov exponent was also computed
for the noise strengths 2D=10, 10 ', and 10
sec '. The largest Liapunov exponent for these three
noise strengths in all the cases considered was about
3.3X10 sec '. The technique used here to compute the
largest Liapunov exponent is discussed in Ref. [10].
However, the exponential rate of mean trajectory separa-
tion is about ten times larger than the largest Liapunov
exponent. This discrepancy is explained below.

For the noise strengths of 2D =10 and 10 ' sec
the average time for the separation to reach a variable
reference level is found to increase exponentially as the
reference level increases, as predicted by Fox and Keizer.
The rate of this exponential increase is -2.8 X 10 sec
and -2.3X10 sec ' for these two cases, respectively
[Figs. 3(a} and 3(b)]. These rates are again about ten
times the value of the largest Liapunov exponent.

This discrepancy can be understood by analyzing a plot
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FIG. 3. (a) Mean time for the separation between noisy and
deterministic trajectories produced from an integration of the
numerical model to reach a variable reference level for a noise
strength of 2D=10 sec '. The rate of exponential separa-
tion is -2.8X10' sec '. (b) Mean time for the separation be-
tween noisy and deterministic trajectories produced from an in-
tegration of the numerical model to reach a variable reference
level for a noise strength of 2D =10 " sec '. The rate of ex-
ponential separation is —2.3 X 10' sec

FIG. 4. (a) Separation of a noisy (2D=10 ' sec ') and a
deterministic trajectory with time. The rate of exponential sepa-
ration is -2.1X10 sec ' which is the slope of the linear fit to
the data (dashed line). This slope is approximately ten times the
value of the largest Liapunov exponent calculated for the data.
(b) Close-up view of Fig. 4(a). The rate of exponential separa-
tion is -4.2X10 sec ', which is the slope of the linear fit to
the data (dashed line). This slope is approximately equal to the
value of the largest Liapunov exponent calculated for the data.
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FIG. 5. Separation of two deterministic trajectories produced
from an integration of the numerical model whose initial inten-
sities differ by 10 ' . The rate of exponential separation is
—3.2X 10 sec '. This rate is approximately equal to the value
of the largest Liapunov exponent calculated for the data.

of the separation of a single noisy and the corresponding
deterministic trajectory with time as shown in Fig. 4.
Figure 4(a) shows that this separation saturates after
about 80 psec. The overall separation is observed to in-
crease approximately exponentially at the rate of
-2. 1 X 10 sec ', which is about the same as the rates of
exponential increase discussed above. Note, however, the
presence of sudden discrete steps in the difference be-
tween the two trajectories. The two steps in Fig. 4(a)
occur at about 30 and 65 p,sec. Furthermore, Fig. 4(b)
shows that, in the first 30 @sec, just prior to the first step
the separation increases approximately exponentially at
the rate of -4.2X10 sec ', which is about the same as
the value of the largest Liapunov exponent calculated for
the dynamics. The calculated value of the largest
Liapunov exponent is only negligibly influenced by the
presence of the steps since the time over which the steps
occur is small relative to the time over which the calcula-
tion is performed. However, the time for the difference
to reach the reference level is shortened due to the pres-
ence of the steps. If the steps did not occur then the sep-
aration of the deterministic and noisy trajectories would
take place at a rate given by the largest Liapunov ex-
ponent just as in the case of the separation of two deter-
ministic trajectories started from slightly different initial
conditions (Fig. 5}. The reason for the occurrence of the
steps in the difference between noisy and deterministic
trajectories is explained in Sec. IV.

The Liapunov exponent is the rate at which two initial-
ly close trajectories diverge in the complete phase space
that is determined by all of the fields and gains. The sep-
aration between the total intensities of two deterministic
trajectories whose initial intensities differ by 10 ' is
plotted in Fig. 5. The fit to this data reveals an exponen-
tial separation at the rate of -3.23X10 sec ', which is
virtually the same as the Liapunov exponent calculated
for the dynamics. Notice that no steps are observed in
the plot of the separation. For comparison, when the
laser equations are integrated with parameter values that
yield a stable time trace, no exponential separation is ob-
served between a noisy (2D = 10 ' sec ') and a. deter-
ministic trajectory as shown in Fig. 6. The difference
plotted in Fig. 6 simply Auctuates about its saturation

value of -5 X 10 . When parameters yielding a chaotic
trajectory were used, the saturation value of the separa-
tion was approximately unity [Fig. 4(a)].

Even though gain variations are the driving force
behind the intensity variations, the gain terms contribute
negligibly to the value of the Liapunov exponent. The
gain variations are only about 2% and the intensity varia-
tions are about 100% each relative to its respective mean
value (Fig. 7}. This explains why the exponential diver-
gence rate in Fig. 5 is approximately equal to the
Liapunov exponent even though only the total intensities
are being considered. We have computed the value of the
Liapunov exponent using all intensity and gain terms and
using only the intensity terms and have found that they
are identical up to eight decimal places.
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IV. DISCUSSION

The discrepancy of a factor of 10 in the rate of
amplification of noise in all of the data described above
can be explained by the presence of the steps as shown in

Fig. 4(a). It is a property of the laser dynamics here that
some of the laser modes may occasionally turn off
(perhaps due to the particular initial conditions) when the
mode gain Gk remains less than the mode loss n& for
suKciently long. Typically the modes with the higher
losses, being closer to their threshold, will turn off more
frequently then than lower loss modes. In a typical deter-
ministic trajectory calculated here, if a mode turns off,
the value of the intensity is reduced to an unphysically
small value that is less than the spontaneous emission lev-
el in the laser. However, in the stochastic trajectory, the
added noise prevents the intensity from decreasing to un-

physical values such that, when Gk —ak for that mode
becomes positive, the mode will turn back on sooner and
the exponential rate of this turn on is given by the value
of Gk —ak. We have observed Gk —ak to be fairly con-
stant over the time in which the mode turns back on. In
fact, the value of Gk —ak is approximately ten times the
j iapuriov exponent.

We have observed that the large step at -65 @sec [Fig.
4(a)] is caused by only one particular mode that turns off.
It then turns back on in the stochastic trajectory (due to
the additive noise) before it turns back on in the deter-
ministic trajectory. The difference between the intensity
value of this mode in the stochastic and deterministic tra-
jectories was so large that it dominated the total
difference between the trajectories, i.e., the total
difference was slaved to the difference in this one mode.

It is thus possible to account for the anomalous
amplification associated with the "steps. " The remaining
divergence of the initially close deterministic trajectories
and the divergence of a stochastic trajectory (or an aver-
age over an ensemble of stochastic trajectories) from its

deterministic relative both at a rate given by the
Liapunov exponent are manifestations of the chaotic dy-
namics as predicted by Fox and Keizer [6].

In order to test the Fox and Keizer theory experimen-
tally on a laser system, the laser noise strength must
somehow be manipulated and some measurable quantity
must be found whose value can change in the presence of
noise when the laser is in a chaotic state. An experimen-
tal technique to control the amount of intrinsic noise in a
laser has been described by Mussche and Siegman [11].
The nonorthogonality of the transverse modes in unstable
resonator lasers and gain-guided lasers creates an
enhancement of the linewidth and hence excess intrinsic
noise. Mussche and Siegrnan have shown that the
amount of excess noise can be changed by varying the
geometrical magnification of an unstable resonator. This
technique seems promising as an experimental method
for examining the effect of spontaneous emission noise in
a chaotic system.

In conclusion, the amplification of noise by the chaotic
dynamics in the rate equation model of a multimode laser
system has been observed. The separation of noisy and
deterministic trajectories occurs at a rate given by the
Liapunov exponent. In addition to this type of chaos-
induced amplification, an anomalous arnplification pro-
ducing trajectory separations at about ten times the value
of the Liapunov exponent has also been observed. This
effect is a result of the fact that a mode turns on faster
with added noise than without, and is not related to the
presence of chaos.
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