
PHYSICAL REVIEW A VOLUME 45, NUMBER 3 1 FEBRUARY 1992

Comment on "Complete Keldysh theory and its limiting cases"
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Reiss [Phys. Rev. A 42, 1476 (1990)] has argued that Volkov states exist unambiguously only in rela-

tivistic theory, and that A must be retained in strong-field theory even after the nonrelativistic and di-

pole approximations are made. We show that these arguments and their conclusions are incorrect.

PACS number(s): 32.80.Rm, 33.80.Rv

The Keldysh approximation (KA) [1] was originally
formulated within the r E form of interaction in the non-
relativistic and dipole approximations (NRD), and was
later reformulated under the same approximations by
Reiss [2] in terms of the A p+ A form. The latter was
criticized because, within the NRD used by Reiss, the A
term can be eliminated by a simple contact transforma-
tion, whereas in Reiss s analysis it was found to play a
major physical role [3—5]. Reiss subsequently claimed
that one must begin with relativistic theory and then per-
form a nonrelativistic limit in order to resurrect the re-
sults of the earlier formulation [6]. Reiss also arrives at
the conclusion that a Volkov state exists unambiguously
only in relativistic theory.

Before addressing these points, I wish to note that, to
my knowledge, no one denies that the KA "remains a
valuable benchmark" [5] in strong-field ionization theory.
A modified version of the KA was recently proposed [5]
and found to work quite well in a model problem [7]. At
issue, in addition to Reiss s version, is the accuracy of the
KA. Whereas Keldysh noted that the KA differs from
standard perturbation theory only in its use of a Volkov
state rather than a final state unperturbed by the field [1],
Reiss claims that "the field interaction has been com-
pletely retained everywhere that it originally appeared in
the exact S matrix" and that "the approximation . . .
should improve in accuracy" as the field becomes
stronger [6].

I wish to take issue with three claims in Reiss's paper:
(1) that A must be retained even after the NRD, (2) that
the KA fully retains the field interaction appearing in the
exact S matrix, and (3) that Volkov states exist unambi-

guously only relativistically.
The A term, of course, cannot in general be

transformed away, especially when the Geld cannot be ac-
curately treated semiclassically. A recent example where

the A~ term is crucial may be found in Ref. [8]. But
when the field may be treated as classically prescribed
and when the NRD are good approximations, it is very
well known that A is of no physical consequence [9].

This issue is an old one. It was shown by Kibble et al.
[10] that the A term is canceled in a low-frequency ap-
proximation by the second-order contribution from the
A.p interaction. This explained the null result of experi-
ments to observe this shift. It must be emphasized that
this cance1lation does not depend on the NRD. The same
result does obtain within the NRD, however [11]. In

Ref. [5] it was shown that "the famous ponderomotive
potential" that Reiss claims to obtain in his approach is
only approximately equal to A in magnitude, at low fre-
quencies, and furthermore that it follows without the A
term in the Hamiltonian. All these results are in contrast
to Reiss's analysis, where the ponderomotive shift is ex-
actly A at all field frequencies.

The issue here is also closely connected with Reiss's
claim that in his version of the KA "the field interaction
has been retained everywhere that it appeared in the ex-
act S matrix". It was shown in Ref. [5] that the KA ig-
nores completely the effect of the field on the initial
bound state. In particular, it ignores any field-induced
shifts of bound levels; this is why Reiss does not find the
cancellation mentioned in the preceding paragraph. This
feature of the KA was recognized by Keldysh [1]and in a
brief literature search the author has found two other pa-
pers where precisely this point about the KA is noted
[12,13].

It is not difficult to see just how the perturbation of the
initial atomic bound state by the field arises in the S-
matrix formalism. The transition amplitude in the time-
reversed form employed by Reiss is

Af, (t)=5f; ——f dt'( f ~

Ut(t')H, (t') Uo(t') ~i ), (1)

U(t) Uo(t) = — f d—t'—Uo(t') VUO(t')+ (2)

where HI is the A p+ A interaction, U is the exact
time-evolution operator for the full interaction, and Uo is

the evolution operator in the absence of any applied field.

Equation (1) is equivalent to Reiss s equation (3.4). I em-

ploy the time-evolution operator in order to establish
contact with earlier analyses [4,5] whose notation is fol-—iE,.t'
lowed here. Note that Uo(t'}~i)=~i)e ' is what

Reiss calls a "reference state. . . free of the transition-
causing interaction [Ht]" whereas U(t')~f ) is an exact,
"fully interacting" state.

Consider a Dyson expansion of U for approximating
the exact expression (1}. If we replace U(t) by the evolu-

tion operator Uo(t) corresponding to the full Hamiltoni-

an minus the binding potential, then (1) reduces exactly
to the KA [4,5]. However, the next order of iteration, us-

ing the binding potential as the perturbation, is not in-

dependent of Uo:
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Thus corrections to the EA involve geld dependent terms.
If we keep the Volkov state Uo(t')~f ) as our "final

state, " then the corrections (2) to the KA act as further
perturbations [in addition to the interaction HI appear-
ing in (1)] on the bound state .Thus in the KA it is not
true that "the field interaction has been retained every-
where that it appeared in the exact S matrix. "

Incidentally, the A contributions from these correc-
tions can be summed exactly in the NRD, and the result
is the exact cancellation of the A shift in the Volkov
state. Reiss argues, incorrectly I believe, on the basis of
photoionization "boundary conditions, " that A can ap-
pear correctly only in a fully interacting state, not a refer-
ence state, and that therefore previous NRD arguments
that A contributes the same shift to initial and final
states, and can be removed by a simple contact transfor-
mation, are "not permissible". This is wrong. The exact
transition matrix element (f~Ut(t)~i), to which (1) is
equivalent, of course involves a reference state

~
i ) and a

fully interacting state U(t)~f ). And the reference state
of course is unaffected by the field. But (f~U (t)~i) is
just the amplitude at time t for the evolving interacting
state to be found in the reference state of interest. The
evolution operator of the interacting state is governed by
the Schrodinger equation, and the contact transformation
can be performed on this equation without any reference
whatsoever to the reference state. Put another way, the
effect of A on the fully interacting state can be pulled
outside the exact transition matrix element in the NRD
and, since it represents only a phase, has no physical
consequences. With regard to the "boundary condi-
tions, " note that the fact that there may be no field
present when a measurement is made [6] is irrelevant to
this argument: since the Schrodinger equation involves a
derivative, it is the integral over time of A that matters,
not A itself.

Reiss acknowledges that the A term does cancel in
the problem considered by Kroll and Watson [14] and
states that this is acceptable in that problem because of
the particular initial and final states involved. This is in-

consistent with his statement earlier in the paper that the
contact transformation (employed by Kroll and Watson
and many others) is "not permissible" because the S ma-
trix involves the overlap of an unperturbed reference
state with a fully interacting state. Furthermore, his
claims conflict with the well-established Kroll-Watson
theory on at least two other counts. First, Kroll and
Watson eliminated A in the NRD immediately, before
ever having to specify initial and final states. Second,
they used nonrelativistic Volkov states, which Reiss
claims exist unambiguously only in relativistic theory. I
wish now to focus attention on the latter claim.

Reiss states that he has "found first that the Volkov
solution, upon which the KA depends, exists unambigu-
ously only in the relativistic case." This "finding" is ac-
tually only an assertion in his paper: ".. . a Volkov solu-
tion must describe a free particle. It must therefore be
applicable over many wavelengths. It is not correct to re-
strict the motion to a small fraction of a wavelength in
the original equation of motion. " Suppose that the non-
relativistic approximation is valid, and consider the
Heisenberg equation of motion for an electron in a
plane-wave field:

mr=eEe '"' ""
0 (3)

Since k Eo=0, k r(t) is constant: the motion in the
direction of field propagation, the direction in which
there are spatial variations on the scale of a wavelength,
is unaffected by the field in the nonrelativistic approxima-
tion. Once the nonrelativistic approximation is made,
there is no need to assume a dipole approximation. Con-
trary to Reiss's assertion, Eq. (3) is perfectly valid over
many wavelengths. This fully justifies the use of a nonrela-
tivistic Volkov solution for an unbound electron.

Regarding the numerical results presented by Reiss, it
is not surprising that a model (in this case Reiss's SFA) in
which A appears, correctly or not, will yield very
different results depending on whether or not A is in-
cluded.
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