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Corrections to the beryllium ground-state energy
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A relativistic coupled-cluster calculation including single and double excitations has been performed
for the ground-state energy of beryllium. Comparison with corresponding nonrelativistic calculations
shows the e8ect of relativity on the pair correlation which, together with the relativistic corrections to
the Hartree-Fock energy, can be combined with the most accurate nonrelativistic ground-state energy
available. Many-body radiative corrections were estimated by multiplying accurate results for hydro-
genlike Be with the ratio between the Dirac-Hartree-Fock and hydrogenic electron densities at the nu-

cleus. The energy associated with the motion of the nucleus with its 5nite mass can be deduced with
sufficient accuracy from experiment. Subtraction of all these corrections from the experimental result
leads to an "experimental nonrelativistic energy" of —14.667 353(2) hartrees.

PACS number(s): 31.30.Jv, 31.20.Di, 31.20.Tz, 35.10.Hn

I. GROUND-STATE ENERGY OF BERYLLIUM II. RELATIVISTIC CORRECTIONS

With its four electrons, Be has been the subject of
several ab initio investigations using a nonrelativistic for-
malism, which usually gives a good description for light
atoms such as Be. The classic configuration interaction
(CI) calculation by Bunge [1] gave a nonrelat'ivistic
ground-state energy of —14.667 328 hartrees for Be.
This value has been improved only recently through a
very extensive multiconfiguration Hartree-Fock (MCHF}
calculation by Olsen and Sundholm [2,3], who obtained
the result —14.66737(3}hartrees.

However, before a calculated nonrelativistic value can
be compared to the experimental result, several addition-
al effects must be taken into account: the motion of the
nucleus with its finite mass, as well as relativistic and ra-
diative corrections and possibly also the effect of nuclear
charge distribution. For the heliumlike system Be +, the
ground-state energy including all corrections is, in fact,
known more accurately from theory [4,5] than the corre-
sponding experimental result which is a sum of the third
and fourth ionization energies. The crucial comparison is
thus the energy difference between Be and Be +, which
can be obtained experimentally as the sum of the first and
second ionization energies [6]. The motion of the nucleus
leads to a "reduced" electron mass, but also to the so-
called "mass polarization. " This correction to the first
ionization energy has recently been determined experi-
mentally [7] from studies of isotope shifts between Be
and ' Be and the mass polarization for the second ioniza-
tion energy is known from calculations [8]. In their re-
cent compilation and analysis of Be results, MLrtensson-
Pendrill et al. [3] thus find that the major uncertainty in
the extraction of a "nonrelativistic experimental" energy
arises froxn two sources: from the relativistic effects on
the electron correlation and from the Lamb shift and oth-
er radiative corrections. In this work we study these two
contributions in more detail, with the results summarized
in Table I.

A relativistic treatment affects the wave function and
energy in several ways. First and most important is the
use of a Dirac rather than a Schrodinger one-electron
Hamiltonian. The Hartree-Fock (HF) wave function is
then replaced by a Dirac-Hartree-Fock (DHF) wave
function, with the resulting energy-expectation value
changed from its nonrelativistic value —14.5730230 to—14.575 891 7 hartrees. This changes also the correla-
tion between the electrons, as seen from Table II. In ad-
dition to the modification of the kinetic-energy term in
the Hamiltonian due to relativity, also the exchange of
transverse virtual photons must be accounted for. To
leading order in a, this is described by the original
(energy-independent) Breit interaction. The Dirac-
Hartree-Fock expectation value of this electron-electron
interaction is 0.702 mhartrees as determined already by
Mann and Johnson [9]. Including higher orders of the
Breit interaction by using a self-consistent treatment, the
"Dirac-Fock-Breit" (DFB}procedure, was found to give
negligible contributions (0.04 phartrees) for Be (Ref. [9]).

In Ref. [3] the relativistic contributions, including the
effect of the Breit interaction, to the HF energy were
treated self-consistently, but the correlation effects were
obtained only to lowest order (two Coulomb interactions
or one Coulomb and one Breit interaction}. Quite a large
uncertainty had to be assigned to the unknown higher-
order pair-correlation effects. Here the "pair equation"
has been solved to all orders also in the relativistic case
by using the computer program developed by Salomon-
son and Oster [10]. The "pair functions" are expanded
into terms with different angular momentum l of the ex-
cited orbitals and the effect of angular momenta not in-
cluded is accounted for by extrapolation. Whereas the
nonrelativistic energy contributions decrease with I
the relativistic and Breit corrections have a slower angu-
lar convergence due to the presence of a 5(r,2) function
in the nonrelativistic expansion of these operators. This
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slower convergence leads to larger contributions from
higher l values and may reduce the accuracy of the fina1
results. Attempts to fit the results from different angular
momenta to an l dependence gives x slightly larger
than 2. As alternatives, a fit to an expansion al +bl
with n =3 or 4 could be performed. Although the pa-
rameters are uncertain due to the lack of significant digits
in the small corrections, the extrapolated result is rela-
tively insensitive to the method used.

The pair program has recently been extended, as de-
scribed in more detail elsewhere [11],to include all terms
with one Coulomb interaction replaced by a Breit in-
teraction (although this led to an order-of-magnitude
longer computing time). As mentioned above, terms with
two or more Breit interactions were found to give negligi-
ble contributions for Be already in the one-particle case
and were neglected here. Table II compares the effects of
relativity on the pair-correlation energies in second order

and all orders. The second-order result is somewhat
different from the values obtained by Quiney and co-
workers [3,12] mainly for the 2s pair. As seen from
Table II the Breit interaction, although giving a smaller
part of the total energy, has a much larger effect on the
correlation energy than the use of a Dirac one-electron
Hamiltonian. The total energy contribution is somewhat
uncertain, due to the large contributions from higher l
values. However, most of the Breit-correlation energy is
due to the more relativistic 1s pair and changes very
little —only about 3.3 phartrees —when the two 2s elec-
trons of Be are added. Higher angular momenta are
found to have negligible effect on the change in the 1s
pair energy, and essentially also for the 1s2s and the 2s
pairs.

The relativistic corrections in Tables I and II can be
used to establish a direct comparison between nonrela-
tivistic and relativistic calculations. Recently a relativis-

TABLE I. Separation of the beryllium energy into the contributions for heliumlike beryllium and for
the changes due to the addition of two additional 2s electrons. [In hartrees for 9Be,

W( Be)=109730.6347 cm '.]

Theory

B 2+ Be—Be2+ Be

Nonrelativistic
HF
Correlation
Total

—13.611 299
—0.044 267

—13.655 566 19'

—0.961 724
—0.050 08(3)
—1.011 80(3)

—14.573 023
—0.094 35(3)

—14.667 37(3)

Mass polarization +0.000 025 60' +0.000 003' +0.000 028

Rel. corrections
DF—HF
DFB—DF
Correlation, Coul.
Correlation, Breit

—0.002 701d

+0.000666'
+0.000 012'
—0.000 203'

—0.000 167
+0.000 036
+0.000 005
—0.000009

—0.002 868
+0.000 702
+0.000 017
—0.000 212

Lamb shift
Total Theory

0.000 344 04'~
—13.657 423 02"

+0.000 010(1)
—1.011 93(3)

+0.000 354(1)
—14.669 35(3)

Experiment —1.011 909 4" —14.669 332 4"

'Theoretical value, Drake, Ref. [5].
Olsen and Sundholm, Ref. [2].

'The mass polarization in the first and second ionization limits are taken from the recent experiment by

Wen et al. [7] and from the calculation in Ref. [8], respectively.
Obtained as the di8'erence between the Dirac-Fock (DF) and the nonrelativistic Hartree-Fock (HF)

value and between the Dirac-Fock-Breit (DFB) and the DF results, respectively. The DFB calculation

includes the Breit interaction together with the Coulomb interaction, following the procedures de-

scribed by Quiney, Grant, and Wilson, Ref. [12]. The relativistic calculations are performed with an ex-

tended nucleus which result in an upward shift compared to the point nucleus of 0.6 phartrees for Be'+

as well as for Be.
'The sum of the correlation contributions is obtained by subtracting the one-electron contribution

(DFB—HF) from the value —2.22646 mhartrees for the relativistic contribution for Be + (Drake, Ref.

[5], Johnson and Soff, Ref. [4]). The separation into Coulomb and Breit correlation is obtained from

Pekeris, Ref. [13],as described in Sec. II.
This work.
sTheoretical value, Johnson and Soff, Ref. [4].
"The experimental values for the first and second ionization energies are taken from Johansson, and

Holmstrom and Johansson, Ref. [6]. The total "experimental" Be ground-state energy is obtained by

adding the theoretical value for Be'
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tic calculation was performed by Liu and Kelly [13],who

used a multiconfiguration Dirac-Fock wave function as a
starting point for a coupled-cluster calculation including
single and double excitations (CCSD) (although the exci-
tations from the 2p pair were treated only to second or-
der), giving a correlation energy of —0.0951. Since no
Breit interaction was included, only the relativistic
corrections to the Coulomb part of the pair energy
enters, which, according to our calculations is only 0.017
mhartrees. Their result thus corresponds to the same
nonrelativistic correlation energy for all figures quoted
and we see that the correlation energy is overestimated
by about 0.8 mhartrees compared to the value
—0.09435(3) from Olsen and Sundholm [2]. This error
is comparable to that in the pair-correlation energy,
—0.093 667, obtained by Salomonson and Oster [10] in a
CCSD calculation starting from a single configuration.

A. Relativistic corrections for Be +

After extrapolation to account for the higher angular
momenta, our all-order result for the relativistic correc-
tions to the pair correlation for heliumlike beryllium be-
comes ( —189+2) phartrees, with (12+1)phartrees due to

relativistic effects on the Coulomb interaction and
( —201+1) phartrees due to the Breit interaction. These
results can be compared to the values given by Pekeris
[14] or to the more recent results by Drake [5], who used
"exact" nonrelativistic wave functions to calculate the
expectation value of the corrections. Subtraction of the
Dirac-Fock-Breit correction leaves a relativistic correc-
tion to the correlation energy of —191.2 phartrees. The
contribution due to the Breit interaction alone can be de-
duced from Pekeris's work by adding all terms contribut-
ing to the expression

Hs =2na (5(r,~) )

a 12 ( 12 pl)p2
P1 P2+2r )2 r&2

for the nonrelativistic reduction of the Breit interaction
[15] which gives 462.8 phartrees, 666.2 ltthartrees of
which are due to one-electron effects, leaving —203.4
phartrees from the correlation contribution. The results
are not completely equivalent, since the fully relativistic
treatment automatically includes certain terms of order
a and higher.

Pair 1s' 1s 1s2s 2$ Total

Coulomb

Second order
All orders
l-extrapolated

14.5 1.1
8.9 1.4

12+1' 1.4

—0.6
—1.3
—1.3

0.3
5.1

5.1

0.7
5.2
5.2

TABLE II. Comparison between the relativistic corrections
to the pair-correlation energy treated in second order and to all
orders caused by the use of a Dirac one-electron Hamiltonian
and by the Breit interaction. The values are given in phartrees
and were obtained with a maximum angular momentum of 7.
For the all-order calculation also the l-extrapolated results are
given.

Be—Be~+

B. Corrections to the energy difference
between Be and Be +

The relativistic corrections to the correlation for both
the 1s and the 1s2s pairs are essentially unchanged by
the higher-order terms. For the 2s contribution, on the
other hand, the correction even changes sign. This pair is
known to have a large admixture of 2p which lead to
large higher-order terms if described by perturbation
theory. The total relativistic correction to the correlation
energy difference between Be and Be + is in fact quite
small, around —4 phartrees, and we estimate an uncer-
tainty of around 1 phartree which should cover the un-
certainty in the contributions from the higher l values as
well as neglected relativistic corrections to three- and
four-particle effects.

Breit III. RADIATIVE CORRECTIONS

Second order —201.4 3.7 —11.1 —3.3
All orders —190.4 3.3 —10.9 —1.4
I-extrapolated —201+1' 3.3 —11.4 —1.4

—10.7
—9.0
—9.5

Total

Second order —183.2 4.8 —11.7 —3.0 —10.0
All orders —181.5 4.7 —12.2 3.7 —3 ~ 8
I-extrapolated —189+2' 4.7 —12.7 3.7 —4+1

'The fully relativistic results for Be + can be compared to the
very accurate results by Pekeris [14] or Drake [5], who use "ex-
act" nonrelativistic wave functions to calculate the relativistic
shifts. As described in Sec. II A the total relativistic correction
to the correlation can be obtained from Ref. [13] or [5] and
amounts to —191.2 phartrees. The shift due to the Breit corre-
lation alone may be deduced from [14] to be —203.4 phartrees
leaving 12.2 phartrees from the relativistic shift in the Coulomb
correlation.

The Lamb shift has been calculated accurately only for
one- and two-electron systems. The study of the screen-
ing of the Lamb shift in the presence of other electrons
constitutes a major task in QED studies. Here we em-

ploy a method used by Indelicato, Gorceix, and Desclaux
[16] to account approximately for this screening. The
Lamb shift for an s electron is described by an effective
contact-type interaction in the nonrelativistic limit,
which should be adequate for a light atom. The presence
of one electron screens the nuclear charge felt by the oth-
er electrons in the atom. However, since the electrons
have a very sma11 probability of being close to the nu-
cleus, this screening leads to a change in wave-function
normalization without changing the shape of the orbitals
close to the nucleus. Indelicato, Gorceix, and Desclaux
[16] use this observation to account approximately for
the screening by multiplying the hydrogenic Lamb-shift
value by the ratio between the probability density within
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the nucleus for Dirac-Hartree-Fock orbitals and hydro-
genic orbitals. The procedure neglects effects where the
Coulomb interaction occurs during the time between the
emission and the reabsorption of the virtual photon.

For heliumlike beryllium, Drake's calculations [5]
show that the second 1s electron adds 136.68 phartrees to
the hydrogenic Lamb shift of 207.358 JMhartrees for the
first Is electron [4], giving a total of 344.04 phartrees.
Using instead the ratio between the DHF and hydrogenic
1s solution gives a total of 348.4 phartrees for the two 1s
electrons of Be +, which is only 1.3% larger than
Drake's value. The ratio is found to be very insensitive to
details in the evaluation of the contact interaction.

The number of interest for the comparison with experi-
ment is the difference in energies between Be and Be +.
The presence of the two additional 2s electrons leads to a
small reduction of the probability density for the 1s elec-
trons in the nucleus, changing the estimate of their con-
tribution by —0.8 p,hartrees. More important is the
Lamb shift of the two 2s electrons, themselves. The hy-
drogenic value, 26.77 phartrees for one 2s electron, is
significantly reduced by the presence of the 1s electrons.
In Ref. [3], the screening of the radiative corrections was
estimated from comparison between the calculated values
for the 1s2s states in heliumlike beryllium and for the 2s
state in hydrogenic beryllium, giving a total of 8 phar-
trees for the energy difference between neutral and dou-
bly ionized beryllium, with an estimated uncertainty of 3
JMhartrees. The comparison, expected to give only a very
coarse estimate of the Lamb shift, in fact, exaggerates the
importance of the screening. In the present work the
DHF 2s electrons were found to contribute around 6.0
(Mhartrees each. Adding their contribution to the change
in the 1s value gives a Lamb shift in the energy
difference between Be and Be + of 11 phartrees. The

most important correlation effect for the 2s pair is the
admixture of 2p . It is known that around 10%
[13,17,18] of the normalization integral comes from this
admixture. Since the 2p electrons have a smaller Lamb
shift this leads to a decrease of the Lamb shift to about 10
phartrees. The correlation effects are more important for
the outer electrons and thus the relative error in this
value may be somewhat larger than for the 1s pair and
we estimate the uncertainty to be around 1 phartree.

IV. DISCUSSION

Table I shows the various contributions to the ground-
state energy in beryllium. The uncertainty in the relativ-
istic and radiative corrections to the energy difference be-
tween Be and Be + has been reduced significantly
through the calculations described here. The final
theoretical value is —14.669 35(3) hartrees which can be
compared to the "experimental" result —14.669 3324
hartrees (given by the sum of the best theoretical value
[4,5] for Be + and the experimental first and second ion-
ization energies [6]. Alternatively, the sum,—0.001979(2) hartrees, of all corrections (including the
mass polarization) can be subtracted from the experimen-
tal value, giving a "nonrelativistic experimental energy"
of —14.667353(2) hartrees, which can be compared
directly to the best calculated nonrelativistic value of
—14.66737(3) hartrees. An accurate calculation of a
nonrelativistic energy for Be thus remains a challenge to
be pursued.

ACKNOWLEDGMENTS

Financial support for this work has been provided by
the Swedish Natural Science Research Council (NFR).
Dr. H. Quiney is thanked for helpful discussions.

[1]C. Bunge, Phys. Rev. A 14, 1965 (1976); 17, 486 (E) (1978);
At. Data Nuc1. Data Tables, 18, 299 (1976); Chem. Phys.
Lett. 42, 141 (1976).

[2] J. Olsen and D. Sundholm (unpublished). [A preliminary
account of the work was presented by D. Sundholm, J.

0
Olsen, P.-A. Malmquist, and B. O. Roos, in Numerical
Determination of the Electronic Structure of Atoms, Dia
tomic and Polyatomic Molecules, edited by M. Defrances-
chi and J. Delhalle (Kluwer, Dordrecht, 1989),p. 329.]

[3] A-M. Mllrtensson-Pendrill, S. A. Alexander, L.
Adamowicz, N. Oliphant, J. Olsen, H. M. Quiney, S.
Salomonson, D. Sundholm, and P. Oster, Phys. Rev. A 43,
3355 (1991).

[4] W. R. Johnson and G. Soff, At. Data Nucl. Data Tables
33, 405 (1985).

[5] G. W. F. Drake, Can J. Phys. 66, 586 (1988).
[6] L. Johansson, Ark. Fys. 20, 489 (1961); 23, 119 (1962); J.

E. Holmstrom and L. Johansson, ibid. 40, 133 (1969).
[7] J. Wen, J. C. Travis, T. B. Lucartorto, B. C. Johnson, and

C. W. Clark, Phys. Rev. A 37, 4207 (1988).
[8] S. S. Prasad and A. L. Stewart, Proc. Phys. Soe. (London)

87, 159 (1966);F. W. King, Phys. Rev, A 38, 6017 (1988).
[9]J. B. Mann and W. R. Johnson, Phys. Rev. A 4, 41 (1971).

[10]S. Salomonson and P. Oster, Phys. Rev. A 40, 5548 (1989);
40, 5559 (1989).

[11]E. Lindroth and J. Huarfner, Phys. Rev. A (to be pub-
lished).

[12] H. M. Quiney, I. P. Grant, and S. Wilson, J. Phys. B 29,
1413 {1987).

[13]Z. W. Liu and H. P. Kelly, Phys. Rev. A 43, 3305 (1991).
[14]C. L. Pekeris, Phys. Rev. 112, 1649 (1958); B. Schiff, H.

Lifson, C. L. Pekeris, and P. Rabinowitz, I'bid. 140,
A1104 {1965);K. Frankowski and C. L. Pekeris, ibid. 146,
46 (1966); Y. Accad, C. L. Pekeris, and B. Schiff, Phys.
Rev. A 4, 516 (1971).

[15]G. W. F. Drake, Phys. Rev. A 19, 1387 (1979); E. Lin-

droth, ibid. 37, 316 (1988).
[16]P. Indelicato, O. Gorceix, and J. P. Desclaux, J. Phys. B

20, 651 (1987).
[17]I. Lindgren and S. Salomonson, Phys. Scr. 21, 335 (1980).
[18]C. Froese Fischer and K. M. S. Saxena, Phys. Rev. A 9,

1498 (1974}.


