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The measuring process of an object system and a detector are studied in the von Neumann model and
one of its variants, in which the detector consists of a single particle. If the states of the particle after the
interaction with the object system are described partly by coherent states, then the particle can play the
role of a detector under certain conditions. The mass (or free Hamiltonian) of the detector does not
affect the measuring process at all, while the mass of the object system plays an important role. In the
von Neumann model, if the mass of the object system is quite large, the position measurement can be
considered, and under certain conditions the statistical operator p tends to just its mixed-state part, i.e.,
quantum interference disappears. However, when the time after the interaction becomes very large, in-
terference emerges again. On the other hand, if the mass of the object system is small, we can even con-
sider the momentum measurement and show that p approaches its mixed-state part when the time be-
comes very large, i.e., p is equivalent to its mixed-state part. The momentum can also be measured al-
most completely in the variant model; the operator p becomes equivalent to its mixed-state part. The
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different quantum states distinguish the detectors from the object systems.

PACS number(s): 03.65.Bz, 02.20.+b

I. INTRODUCTION

In quantum-measuring process, we always consider an
interaction between an object system S and a detector 4.
Since we get information about the object system through
the interaction, the detector must register each state of
the system, and the states including the information
about S must be almost stable. As a result, the detector
may be a macroscopic body with many (N) degrees of
freedom. These macroscopic detectors have many desir-
able characteristics as measuring apparatus when N is
very large. In fact, on the basis of their macroscopic
properties, many authors have discussed measuring pro-
cesses [1-15], irreducibility, quantum macroscopic states
and their superpositions [16,17], etc.

We have presented recently several models for the
measuring process [18-22] with the help of generalized
coherent (GC) states, and shown that the (macroscopic)
detectors in these models have many desirable functions
as measuring apparatus. The GC states in these models
were generated by applying elements of the coherence
groups SU(2) and SU(1,1) to a “base state.” Using a
group such as SU(1,1) we have given an explanation of
why particle trajectories in the Wilson cloud chamber are
straight and almost stable [19,20]. Also the notion of an
equivalence class of quantum states, which was.first dis-
cussed by Jauch [23], has been introduced into the above
GC-state formalism [21], this notion being well suited to
our approach.

The GC states have been developed by many authors
[24—-26] in order to find a link between quantum and clas-
sical theories; coherence groups and GC states are central
in their treatments. In the large-N limit, the expectation
value of any product of reasonable operators (called clas-
sical operators) approaches the product of the expecta-
tion values of each operator, which is called factorization
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[24]. This is a very important property of classical opera-
tors because the factorization relation shows that quan-
tum fluctuations of these operators become irrelevant in
this limit.

It should be noted here that some quantum theories
with the #—0 limit have the same mathematical struc-
ture as those with the large-N limit; the quantum theories
approach the corresponding classical theories in the
small-7 limit [24]. Small # implies that it can be neglect-
ed in comparison to other quantities of the physical sys-
tem under consideration.

In a previous paper [27], using the Heisenberg-Weyl
(HW) group, we have applied the above approach to a
quantum-measuring process with a one-particle detector,
i.e., the detector consists of a single particle with a few
(one or three, for example) degrees of freedom. It has
been shown that the one-particle detector can behave ma-
croscopically or classically under certain conditions; if
the time ¢ after the interaction between S and 4 is very
long, then these conditions are satisfied. Differing from
macroscopic detectors, the possibility of one particle act-
ing as a quantum detector depends on its object system.
All calculations have been done in the impulsive approxi-
mation, that is we have neglected the free Hamiltonians
of Sand 4.

It is the purpose of this paper to investigate the roles
played by the masses (or free Hamiltonian) of the object
system and the one-particle detector. Thus we have to
treat the free part as well as the interaction part. The
models we will adopt are the von Neumann [28] and one
of its variants. Using the canonical transformation,
which has been developed in considering the squeezed
states in quantum optics [29-34], it is shown that the
mass of the one-particle detector does not play an impor-
tant role, at least in these models. On the other hand, the
mass of the object system is critical.
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We will show that, in the case of the position measure-
ment of S in the von Neumann model, the statistical
operator p approaches its mixed-state part p, under cer-
tain conditions when the mass of S is very large. Howev-
er, the difference between p and p, is very large as the
time ¢t — o0, which means that quantum interference ap-
pears again. Because of noncommutativity between the
free Hamiltonian of S and the interaction, even the
momentum measurement can be performed if the mass of
S is quite small, although the von Neumann model has so
far been considered adequate to measure only the posi-
tion of S. In this case, the operator p approaches p, when
the time ¢ is very large. The momentum measurement
can also be considered in the variant model. The calcula-
tion works out very nicely and the operator p becomes
equivalent to its mixed-state part with respect to any ob-
servables of S and any polynomials in the position and
momentum operators of A.

A short review of the HW group and the Glauber
coherent states [25,27,35,36] will be given in Sec. II. The
position measurement in the von Neumann model is dis-
cussed in Sec. III; the momentum measurement is investi-
gated in Sec. IV. We also give the momentum measure-
ment in the variant model in Sec. V. Finally, Sec. VI is
devoted to conclusions.

II. GLAUBER COHERENT STATES

In our previous paper we considered the Glauber
coherent states and their application to several measuring
processes [27]. The classical limit we adopted these was
#—0, which implies that # can be negligible in compar-
ison to other quantities of a physical system under con-
sideration. In most measuring processes, the small-# lim-
it corresponds to large time or large coherent parameter.
For simplicity, we use the small-# limit in this section.

Several models have been investigated in the previous
paper on the assumption that the free Hamiltonian of an
object system S and a (one-particle) detector 4 is much
smaller than their interaction (i.e., impulsive measure-
ment). In order to treat the masses of S and A4, we have
to introduce their free Hamiltonians. Then we show that
the mass of the object system, not of the detector, does
play an essential role in the process.

Let us give a brief review of the Glauber coherent
states [25,27,35,36]. Consider a sir}\gle particle with thrge
degrees of freedom; its position Q; and momentum P;
operators satisfy the HW algebra [Q;,P;]=i#d;
(i, =1,2,3). The theory is defined in a Hilbert space 7.
Using annihilation and creation operators defined by

172
a;= ﬁ Q\j+\/21—ﬁ§ﬁf’

172 . 2.1)
“J‘T: % Qj_‘/zl—ﬁ?ﬁj’

where s is a constant with dimension (mass)/(time), the
basic commutation relation reduces to [a;,a ;] =95;.
The Glauber coherent states are given by
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la)=|a;,aya;)=D(a)|0) , 2.2

where o, €EC, D(a)=D(a;)D(a,)D(a;), and [0)
=|0)]|0)|0) is a base state with @;|0) =0. For simplici-
ty, we consider only one compone?t a;=a and q; =q'.
Each D (a) is defined by D(a)=e* ~* °

Let us introduce a representation of the HW group.
Define [27]

.
D(a,B)=e% ePe7? 2.3)
where a,B,y€C, B=pB,1+iB, (B;ER). Setting
Bi=—21lal* and y=-—a*, then we find
D (a,B)= explif3;)D (a), and
D(a,B)D(a',B')=D(a",B") (2.4)
with
a'=a+a , B'=B+p —a*a, (2.5)
where B = Re(B”")= —|a”’|>/2. The 3 X3 matrices
1 0 0
ula,B)= |a 1 0 (2.6)
B —a* 1

satisfies u (a,B)u (a',B' )=u(a’”,B"), where a’’ and B’ are
given by Eq. (2.5). Defining D(a,B)=D(u(a,B)) we
have a representation D of the HW group consisting of
u(a,B). On the other hand, the matrix u is expressed by
(27]

u(oz,B)=eap_eﬂp3eVp+ , 2.7
where
00O
p+=10 0 0f,
010
000
p_=110 0], (2.8)
000
000
p3=10 0 0
100

Define p;=p,+p_ and p,=—i(p,—p_), then p;

(i=1,2,3) construct the HW algebra. Using
D( expp;)= expD (p;) we find
D(p,)=a, D(p_)=a', D(py)=1. (2.9)

The coherent states are obtained by applying elements
of the HW group to a base state |in) [25],

la,B) =D (a,B)lin) .

Note that |a,B) = exp(if,)|la) and alin)=0. Different
coherent states are not orthogonal; their overlaps are
given by

(2.10)
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(a,Bla’,B')=(0,0|D((u " Ya,B)u(a’,B'))|0,0)
=ei(_Bz+B,2)e xp[ — 2 (la|*+|a'|*—2a*a")] ,
(2.11a)
(ala’)=exp[ —L(la|?+|a'[*—2a*a")] , (2.11b)

which is a well-known result.

Since any operator does not have a sensible macroscop-
ic (classical) limit, we have to introduce a restricted set K
of classical operators to control this limit [24]. In the
present case, it follows from Eq. (2.11) that the internal
products are nonzero: {a,Bla’,B)#0 for all
a,fB,a’,f' €C. Thus the definition of a classical operator
is as follows [21] an operator A is called classical if
lim,_ (a,Bl4|a'B)/{a,Bla’'B’) is finite for all
la,B),|a’,B') EF£. Recall that # can be negligible in
comparison to other quantities of our physical system.
Under this definition, all polynomials in Q and P are clas-
sical operators (see Ref. [24], p. 413).

Now consider a quantum-measuring process in which
an object system S interacts with a detector A4 (one parti-
cle). After the interaction between S and A, the state of
the total system may be written as

[¥)=3c,Indle,) , 2.12)

where |n ) are states of S, |a, ) coherent states of 4 and
¢, coefficients. We will derive Eq. (2.12) in several simple
models, and show that the condition of small 7 is satisfied
when the time after the interaction between S and A be-
comes very large.

In the previous paper [21] we introduced an
equivalence class which is defined as follows: two statisti-
cal operators p and p, are equivalent if

Tr[(p—po)(O® 4)]—0 (%—0), (2.13)

where O is any observable of S and A any classical opera-
tor. Now set p=|¥){(¢| and let p, be its mixed-state
part. Then we have

Tr[(p—po)(0® 4)]

=3 c,ex{ml|O|n)a,|Ala,),
n#m

(2.14)

Thus, if {a,,|a, }|,»«m —0 (#—0), then Eq. (2.14)—0; p
and p, are equivalent, which is written p~p,. Although
the two equivalent states in Jauch’s treatment cannot be
distinguished by measurement of any observables of a
physical system (23], it is possible in principle with our
approach, but more difficult as #—0.

In our theory of ‘“coherent measurement,” it seems
quite difficult to measure directly a continuous observable
of S such as the position and momentum. Hence we have
to change a state of .S to a spectral-decomposed one us-
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ing, for example, a Stern-Gerlach-type device [37-39].
Without this spectral decomposition we cannot prove at
present that p is equivalent to its mixed-state part p,,.
This needs further investigation.

III. POSITION MEASUREMENT
IN THE VON NEUMANN MODEL

A. Impulsive measurement

As in Sec. II, the total system consists of the object sys-
tem S and the detector A. The detector is one particle; at
least one component (the z component, for example) of
the detector state becomes a coherent state.

Let the total Hamiltonian be given by
H=H¢+H, +H', where Hg and H , are, respectively,
free Hamiltonians of § and A4, and H' their interaction
(28],

a2 B2
P AD
HS=_2% ’ HA=2_AZ ’ H =gQ‘P ’ (3-1)

where P and § are, regpectively, the momentum and posi-
tion operators of S, P the momentum operator of 4, m
and M masses of S and A, respectively, and g a coupling
constant. As is well known, in the impulsive approxima-
tion, Hg,H 4 <<H’, corresponding to, for example, very
large masses of S and 4.

Using a Stern-Gerlach-type device, a state of S is as-
sumed to reduce to

lpY=ci1gi, ) ) +e3l2.) @, (3.2)

where ¢; are constants, |@;) contain the spin, x, and y
components of each wave packet, and |g,) are well-
localized wave packets so that |g;, ) may almost be eigen-
vectors of §,: 4,13, ) ~q,;,!g,, ). That is, using the Stern-
Gerlach-type device, we can always change a wave pack-
et of S to a spectral-decomposed one in which the expec-
tation value of g, is much larger than its uncertainty.
The initial state of the detector is to be
lin)=10,0,0)=|0)]|0)|0). Thus the initial state of S
and A4 (at ¢ =0) becomes ¥(0)=|¢)|0)|0)]0).
Using H =~ H’, the state at time ¢ can be obtained,

\I»’(t)=e —‘(i/ﬁ)Ht\I/(O)

—(i/ﬁ)gtq‘.zﬁ

2
=3 ¢U,U,lg,)|9;)10,0)e 2)0)

i=1

22_ ¢;U,U,|g; ) |p;210,0)|gtq;, Vs /2#)
1

—Ec U, 18:,9:50,0)|a; ) , (3.3)

where U, = exp(—igtq;P,/#). Since |a;) are coherent
states, the state W(¢) has the structure of “coherent corre-
lation.”

The statistical operator p corresponding to the state
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W(t) is written as

p=pot(cic,U U, |q,,,90,0)
X{q1,,91;0,0|U]Ul® @, ) (a|+H.c.), (3.4)

where p, is the mixed-state part of p. Any classical
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operator can be written as
A

A(Q,‘,ﬁj)z;fxy(,Q\x;nyﬁx’ﬁy)’a\z(QZ’ﬁz) .

The difference between the expectation values of O 4
(A4 €K) for p and p, is given by

Tr(p—po)O® 4)]=c}c,{q,,,9;;0,0] U;U;’@& Exy U, U,|7,,9:0,0){a;| 4,]a,) +c.c.
=~ const Xctc,{qy,,9;0,0/U]UO® A, U, U,|9,,,920,0){a,|a,) +c.c.

~0,
when =0, which means physically
g%(q,,—q,,)?st?>>4%. We thus have p~p, under this

condition. Note that g;, is a constant of the order of the
expectation value of ¢ at t =0.

It becomes more difficult to distinguish the two
equivalent states p and p, as #i—0 or very large time ¢.
Although we cannot derive the relation p~p, if
g4 q,,—q,,)st> S 44, we obtain p~p, again when the
time ¢ becomes very large. However, as will be seen in
Sec. III B, ¢t cannot become very large. In the case of
detectors with many degrees of freedom, we can derive
the equivalence relation independent of their object sys-
tems [18-22], while the possibility of one particle acting
as a quantum detector depends on its object system.

B. General case

In order to clarify the roles of the free part Hg+H 4,
especially the masses of S and 4, we must treat the total
Hamiltonian H. We will show that the position measure-
ment of S can be performed approximately only if the ob-
ject mass m is very large, i.e., in this case the statistical
operator p approaches its mixed-state part p, under cer-
tain conditions. This also occurs at very small time, im-

J

e*(i/ﬁ)(gtz/Zm)ﬁzIA’z —(i/#)geq, P,
e

= fV_dpiz pi Y <pi. 17,

= fV_dpiz |piz > <piz |qiz >

_ —(i/#)(gtq, 1P,
~ |qiz >e izd% z

’

when m is very large such that m >>p,yt /2q;,, where V;
is a finite nonzero region of {p;|g,,) and p,, the maximal
value of the region V;. Note here that g,, is the order of
the expectation value of ¢ at t =0, and that it is constant.

Using the above equations, the state at time ¢ can be
obtained,

const Xcfc,{(g,,9;;0,0] U;UI(A)® A,,U,U,|g,,,950,0) exp

|'qviz>’Z fdpiz Ipiz ><piz|qiz )e

4%

2 20,2
84q,,—q,,) st
=2 I felT l+c.c.

(3.5)

r

mediately after the beginning of the interaction. Howev-
er, the final state in the large-time limit will recover the
interferences, and p # p,.

The initial state of S and A is the same as that in Sec.
IIIA: ¥(0)=|@)|0)|0)|0), where |p) is given by Eq.
(3.2).

To obtain the state of the total system S + 4 at time ¢
after the interaction, we must decompose the time evolu-
tion operator as follows:

e —li/MHI—, “‘f/ﬁ’Hs'e —("/""”A‘e — (/) g2 /2m)p-B, (i /Hilgeg-P

—(i/f)Hgt

=e s U_x Uy Uz ’ (3.6)
where
~ 1 gztz ~9
H,=|—+
4 2M  6m ’

—(i /RNt /2M +g2t3 /6m)P?
U,=e ! (3.7)
—(i/h)gt2/2mp, B, —(i/figy, B,
e e .

Suppose that |7, ) are also localized in the momentum
space, then we find

—(i/f)gtq;, +gt%p, /2m]P,

—(i/%)gtq;, +g1%p;, /2mB,

e

e

—(i/#)gtq;, 1P,
(3.8)
[
\I}(t)=e"‘(l/ﬁ)Ht\P(0)
2 .
—(i/A)Ht
= .21 cie I s Ux Uy'qlz>|¢1>lo,0>
i=
Xe—(i/ﬁ){t/2M+g213/6m]ﬁ§e——(i/fp)gtq‘.zﬁz|0> (3.9



45 MASS EFFECTS AND ONE-PARTICLE DETECTORS IN . ..

Equation (3.9) contains the Glauber coherent states:
|gtq;,V's/2#). Thus. W(¢r) has “coherent-correlation”
structure.

In order to treat the action of an operator such as
exp[ — (i /#)(t/2M +g?t* /6m)P?], we can make use of
techniques developed in squeezed states [29-34]. Let us
introduce new operators given by the following canonical
transformation:

b=S(0)a,S w), b'=S(wafs o),

where S(w)=exp[-(i/ﬁ)wﬁzz] (wE€R), which may also
be written as

b
bT

(3.10)

a,

af

u v
v: op*

) (3.11)

where p=1+iws and v=—iws with |u|*—|v|2=1. Note
that the transformation matrix in Eq. (3.11) belongs to
SU(1,1) and [b,bT]=1. In a similar way to sqeezed
states, we define a new state (which is not a squeezed
state)

la;uv) =D (a)S (uv)|0) =S (uv)D(B)|0) , (3.12)

where S(uv)=S(w) and B=pa+va*. The matrix ele-
ments with respect to such states are given by

1

1
(a;pvly;po) = v P —31BI*=3[8[7+-B*5

_L *2 f* 2
<a§#VlB(b,bT)|‘y:po')
B e
B 2 + aB* B <anu'v|7/>P0'> , (3.13b)

A

Trl(p—po)O® A)]=ctcy(q1,,91;0,01 U Ufe"5'0

X (a,;y,le(b,bT)Iaz;p,v)+c.c.

Recall that B(b,b") is a polynomial in b and b'. Then,
using Eq. (3.13), we get

(ay;u,v|B(b,bY) ayu,v)

B d
=B 71-'—-8[3’—‘ B Casu,viagu,v)
1
%25(g1,— g5, )
=F(a,,a,)exp ———g—q‘:ﬁ——qz—— , (3.18)

where F(a,,a,) is a polynomial in a;.

It follows from Egs. (3.8), (3.17), and (3.18) that the sta-
tistical operator p approaches its mixed-state part p, if
the mass m of S is very large such that

Dot

2q

m >> , 8Hqy,—qy, ) sti>>44 (3.19)

iz
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(a;pvly;uv) =(Bl8) =exp(—1IBI*—1|8|2+B*8) ,
(3.13c)

where §=py +oy*, h =u*p—v*o, f =po —vp, and B is
a polynomial in b and b'. The proof of Eq. (3.13) is made
in a similar way to Yuen [30].

Using the above new states, the final state W(¢) be-
comes

W ~3 e VUL U, |G, e )10,0) lam,v)

EzCie_(i/ﬁ)HStUxUqul‘zy¢i;0’0>Iai;‘uv> ,  (3.14)
where
ot g2t _ V7
a)——zﬁ‘i-m y a;=gtq;,V's/2% . (3.15)

In deriving Eq. (3.14), we have used the equality
S(w,)D(a;)=D(a;)S (w,) or a;=p,;.

The statistical operator p corresponding to the state
W(¢) is written as

—(i/F\Hgt

P=Po+[cfcze Ux Uquzz»4’z;0,0>

(i/R)Ht
X{(q,,91;0,0lU ] Ufe S

® |ayu,v){a;u,v|+H.c.], (3.16)

where p, is the mixed-state part of p. Any classical
operator can be written as

A

4(0,P)=4,0,0,.P,,P,)4,(0,,P,) .

Assuming that 4,(0,,P,)=B(b,b") [b=(1+iws)a,
—ia)lsa;], we find

A~ —(i/A)Ht _
®Ax}’e s Ux Uy}qZZ"pZ;O’O)
(3.17)
[
which gives the condition for the time
2mg;, 172
>>t>> Z—L—z . (3.20)
Pio 8°s(q1,—qy;)

The free Hamiltonian H , of the detector has nothing to
do with this approximation. The first condition in Eq.
(3.19) is requisite for the position measurement, and the
second one is needed for p=~p,. It should be noted that
the second condition is the one for impulsive approxima-
tion, for which the condition H , <<H' is not needed.
We cannot have t— o because of the first condition.
Hence we arrive at our conclusion: the statistical opera-
tor p is not equivalent to its mixed-state part p,. We can-
not measure the position of S using a one-particle detec-
tor in the von Neumann model. This is because the free
Hamiltonian H of S disturbs the position measurement.
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IV. MOMENTUM MEASUREMENT of the detector is to be |in) =[0,0,0)=(0)|0)|0). Thus
IN THE VON NEUMANN MODEL the initial state of S+ A4 (at ¢=0) becomes W¥(0)
R =|p)[0)[0}|0).
S.o f?r t_he von Neumann model [the Hamiltonian of The decomposition of the time evolution operator now
which is given by Eq. (3.1)] has been used to measure the becomes

position of the object system S because the interaction .

with the detector A contains position operator § of S. o —li/mH — , ~ /A st —U/BH 1 —(if)grg-P

However under the condition of very small object mass

m, we can discuss the momentum measurement and show

that the statistical operator p approaches its mixed-state sk
¢ > _ i/R)Hgt 4.2

part p, as the time ¢ becomes very large, i.e., we have =e v.uvu,, 4.2)

Xe —(i/A)gt2/2m)p-P

p~po- This is because [Hg,H']7#0. We will elaborate where
this in this section.

In a similar way to Sec. III, a state of S may reduce to | g%

i ) 7,= |-L £ |pe
l@)=cilp o) +e, Py e,) @.1) 4 M 3m

where |p,,) are well-localized wave packets in the U = ~/PNt/2M —g’ /3m)P fe —(i/fi)gy, P,
momentum space so that |p;, ) may almost be eigenvec- ! , .
tors of p,: P,|p;, > ~p;,|p;, ). Using a Stern-Gerlach-type o /ANt 2mIp By 4.3)

device, we can always change a wave packet of S to a
spectral-decomposed one in which the expectation value  Suppose that |p;, ) is localized in the configuration space,
of p, is much larger than its uncertainty. The initial state  then we find

|

. —(i/ﬁ)g@zf’ze —(i/B)gt2/2mp, B, —(i/fi)geq,, +8t%p, /2m)P,

|iiiz > = quiz|qiz ><qiz |ﬁiz )e

—(i/h)gtq, +gt?p. /2m)P
iz iz z

== fV_dqiz |qiz ><qiz |p'iz >e

_ —(i /%) gt?p,, /2m)P
= fV_inz 'qiz )<qiz 'piz >e “ ‘
1

_\ —li/A)gt?p, /2m)B,
~|p;; e : 4.4)
when m is very small such that m < <p,,t/2q;,, where V; is a finite nonzero region of (g, |p, ). g, is the maximal
value of the region V;, which is constant
The state at time ¢ is given by

W(r)=e ~/PHY(0)

—(i/f)Hgt —(i/8)(t/2M —g2t3 /am) P} —([/ﬁ)(gtzpiz/Zm)ﬁzl
e

U, U, |, ), )10,0)e 0) . 4.5)
The right-hand side of Eq. (4.5) contains the Glauber coherent states: |(gt’p;, /2m)V's /2#). Here let us introduce new
operators b, b1 and new states |a;uv) given by Egs. (3.10)—(3.12) to treat the action of S(w)=exp[ — (i /A)wP2]. Then
the state W(¢) is written in terms of the new states

—(i/#H,
W)~ Fcie " 'UU B @ 10,00 g v)
—(i/MH,
Ezcie l StUxUy|ﬁiz7¢i;070)|ai;u7v> ’ 4.6)
1
where
2.3 t%p,
_ gt _ 8 p:z‘/
=5 =" Vs/2% . 4.7
=M 3m 0 T om0 @D

The statistical operator p corresponding to the state W(¢) is written as

—(i /A Ht

(i /A H
p=po+(ctc,e U.U, |p‘22,¢2;0,0)(p'12,¢1;0,0|U;Ule S'® oy, v) Caypu,v]+Hoe.) , (4.8)

where p, is the mixed-state part of p. In this case, Eq. (3.17) now becomes
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A A (i/MHgt A A —(i/R)Ht
Tr[(p—po)(O® A)1=ctc,(P1,,91;0,01U Ule """5'00 4,0 " S'UU, Py, 950,0)

X (a1, v|B(b,bNayp,v) +c.c .

Using Eq. (3.13), we get
(a;u,vIB(b,b"Nayu,v)

B, o

=B y
2 o

Bf [{aysp,viayu,v)

gt p\,—py.)’s
16m?2#%

=F(a,,a,)exp s (4.10)

where F(a;,a,) is a polynomial in a;.

Equations (4.4), (4.9), and (4.10) show that the statisti-
cal operator p is very close to p, if the mass of S is quite
small such that

g2t4S(Plz — D2 )2

pizt mz
167

m<<—_—

» (4.11)
2g;0

That is, we can assert that in the situation (4.11), the
momentum of S can be measured in the von Neumann
model. The first condition in Eq. (4.11) is needed for the
momentum measurement, while the second one gives us
p=po- Since the two conditions are satisfied for the
large-time limit, p is equivalent to its mixed part. Al-
though the von Neumann model was presented to mea-
sure the position of S, it is performed very approximately.
On the other hand, the momentum of S is measured nice-
ly. The mass of the detector M does not contribute to the
condition (4.11).

V. MOMENTUM MEASUREMENT
IN THE VARIANT VON NEUMANN MODEL

In the von Neumann model investigated in the previ-
ous sections, the mass M of the one-particle detector is

J

Y(t)=e —(i/ﬁ)Ht\I,(o)

2
22C,~e
i=l1

—(i/ﬁ)HstUx U, |5, @;)10,0)e

which contains the Glauber coherent states:

o /Mgt 2p,, /2M)B, +g1p,,

—(i/ﬁ)(r/zmﬁ}e —(i /) (gt%p,, /2M)B, +gtpizéz]| 0)
b

€0y =|gtp, (1s/2M —i) V2T ) |

4.9)

unimportant in the measuring process. As easily seen
from Eq. (3.1), the free Hamiltonian of the detector H ,
commutes with the interaction H’, and as a result the
detector mass M does not influence the process. We thus
consider in this section a simple variant model with
[H 4,H']70, and investigate the effect of the mass of the
detector.

The total Hamiltonian we now consider is
H=H¢+H , +H’, where Hg and H , are as defined pre-
viously, and the interaction H' between S and A4 is given
by

H'=gp-Q,
which commutes with Hg, not H,. The initial state of
the total system S + A4 is the same as that in Sec. IV:
¥(0)=|¢)|0)|0)|0), where |@) is given by Eq. (4.1). To

obtain the final state we must decompose the time evolu-
tion operator as follows:

(5.1

o —Ui/MHI— , ““/mf’s'e —(i/fH 2 —(i/[(gt2/2Mp-P+gtp-Q)

Ee—(i/ﬁ)HstUx u,U, , (5.2)
where
= 1 thZ a2
Hs— -~ >
2m 12M
. 2 . 2 o (5.3)
_ —l/ma/2MmP? —(i/m)(gt2/2Mp, B, +g1p, 0]
U;,=e e .

1

Using the above decomposition, the state at time ¢ is
given by

(5.4)

(5.5

Using the operators b,b and the states |a;uv) defined by Egs. (3.10)—(3.12), the state W(¢) is written in the form

—(i/#)H
V=S e U, U, 15, )@ )10,0) lagip, v)

_ —(i/MH
=2Cie ' StUx Uylpiz)¢i;0’0)|ai;“)v> ’
i
where
w:# = 8Piz t_s+i
2M 7 Vatis | 2M )

(5.6)

(5.7



1368

In deriving Egs. (5.6) and (5.7), we have used S (uv)D (B;)=
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D(a;)S (pv) with B; =pa; +vaf.

The statistical operator p corresponding to the state W(¢) is written as

—(i /%
p=potlcicye ’

H (i/m)H
StUx Uy |p22’¢2;0’0><ﬁ1z1¢1;0>0|U_JUIe l St@ |az;#,v>(a1;y,v| +H.c.],

(5.8)

where p, is the mixed-state part of p. Equation (3.17) in this case becomes

A A i/#)H
Trl(p—po)(0® A)]=ctey(py,. 10,0 U Ufe ™!

X a3, v|B (b, b )y, v) +c.c .

Using
(a;p,v|B(b,b")|ay; )—BﬁJra « (3.1,
ay; i, vIB(b,b ), v) = 2 "o BT (BB,
:F(BT,BZKBJBz) B (5.10a)
2,2 2
- 81 (p1;—P2)” 4M*+5%?
(B,|B,) = exp o e ,
(5.10b)

where F(B},B,) is a polynomial in Bf and f3,, the statisti-
cal operator p is equivalent to its mixed-state part p,
when

giHp1,—p2) aM?+12?
4is 4M?

>>1 . (5.11)
Differing from the position measurement in the von Neu-
mann model, this condition can be satisfied for all values
of mass M of the detector except zero. In the large-M
limit (2M >>ts), the above condition reduces to
g*t%(p,, —p,,)* >>4is, which is the condition for p~p, in
the impulsive measurement. In the small-M limit (or
large-t limit) the condition (5.11) reduces to

gztz(plz P2z )2 t252
4is 4M?

>>1 . (5.12)

Thus we have p~p,. Also in this model, the mass of the
detector does not play an essential role in the measuring
process.

VI. CONCLUSIONS

Using the von Neumann and its variant models, we
have investigated the mass effects. The detector 4 we
have considered consists of a single particle with three
degrees of freedom, which we have called a one-particle
detector.

The von Neumann model with the Hamiltonian given
by Eq. (3.1) has been used for the position measurement
of an object system. In the impulsive approximation,
Hg,H , >>H’, the position measurement was neatly per-
formed, that is, we can prove the statistical operator p is
equivalent to its mixed-state part p, with respect to any
object observable O and any polynomial 4 in detector
operators Q; and ﬁj. The condition for the impulsive ap-
proximation is a very large mass satisfying Eq. (3.20).

®A4,.e

A —(i/f)H gt .
s Ux Uy lp22"pl;0’0>

xy

(5.9

f

The mass M of the detector need not be very large; it
does not affect the measuring process. This is the physi-
cal meaning of the impulsive approximation.

As discussed in Sec. III B, we cannot prove p~p, in
the general case of the position measurement. However,
under the conditions given by Eq. (3.20), the statistical
operator p is quite close to its mixed-state part. Since
this condition breaks down as the time ¢— o, the ap-
pearance of the quantum interference between two
coherent states depends on the time. Consequently,
strictly speaking, the object position can only be mea-
sured very approximately in the von Neumann model.
This results from the noncommutativity between Hg and
H'; the free part Hg disturbs the position measurement.
Note that the position operator § is not a quantum-
nondemolition (QND) observable because [§;,Hg]#0
[40-43].

Next we have studied the momentum measurement in
the von Neumann model, which can be performed almost
completely if the mass m of S is quite small, satisfying
two conditions (4.11). Under these conditions, the statist-
ical operator p approaches p,. Note here that the time ¢
satisfying the conditions (4.11) can become very large (or
t— o). The possibility of the momentum measurement
in the von Neumann model also comes from noncommu-
tativity between Hg and H'; the free part Hg again dis-
turbs the measurement. The momentum operator is not
a QND observable, and the interaction H' is not back-
action-evading (BAE) type [40-43]. Nevertheless, the
operator p can be very close to p, under the condition
(4.11), and get p~ pq. R

In the last model with the interaction H'=gp-Q, the
momentum measurement can be performed almost com-
pletely. We have shown in Sec. V that the operator p is
equivalent to p,. Although the detector Hamiltonian H 4
does not commute with the interaction H' ([H ,,H']#0),
it does not disturb the measuring process at all. Since
[p;»H'),[Dp;»Hs]=0, the interaction H' is a BAE type
and p a QND observable.

The above four cases we have investigated show that
the mass of the detector M is not important in the
measuring process. Hence we can consider (especially in
the second and the fourth models) the paradoxical case
where the object mass m is very large whereas the detec-
tor mass M is quite small; in this case also, the essentials
of the situation remain unchanged. Moreover, if each
state of an object system S is partly described by a
“coherentlike” state, then there may be a possibility of a
model without a detector.
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The quantum-measuring process is said to be irreversi-
ble, a derivation of this being possible for macroscopic
bodies. In the case of a one-particle detector, is it possi-
ble to derive the irreversibility of the measuring process?
Such a derivation may result from considerations of
quantum chaos [44], for example.
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