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Diffusion-limited-aggregation model for Poisson growth
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We propose an extension of the diffusion-limited-aggregation model for fractal growth. In our model,
the Poisson equation is statistically simulated through the use of diffusive particles generated everywhere
outside the aggregate. We relate the model to our experiments on viscous fingering in a Hele-Shaw cell
in which flow is forced by separating the plates. Our simulations yield nonstationary fractal patterns
which exhibit multiscaling and look much like the experimental patterns.

PACS number(s): 02.50.+s, 47.90.+a, 82.20.Wt

Diffusion-limited aggregation [1] (DLA) is the leading
model of fractal growth [2-6]. It has been applied to a
wide variety of phenomena: colloidal aggregation [1],
viscous fingering [7,8], crystal growth [9], electrodeposi-
tion [10], and dielectric breakdown [11]. The common
feature of these phenomena is that interfacial motion is
controlled by Laplace’s equation.

In the DLA model of the phenomena, diffusive parti-
cles are launched from a boundary far away from the ag-
gregate. Each particle then executes a random walk until
it lands on a site just outside the aggregate. The aggre-
gate is then augmented by this selected site and the pro-
cess is repeated for the next particle. Because the site-
visitation probability is given by the solution of Laplace’s
equation, standard DLA (which we shall refer to as La-
place DLA) models stochastic growth governed by
Laplace’s equation.

In this Rapid Communication, we propose a general-
ized DLA model which corresponds, not to Laplace’s
equation, but to Poisson’s equation. Particles are
released one at a time not only from the boundaries but
also from all points outside the aggregate with a probabil-
ity that is proportional to the source term in Poisson’s
equation (see below). Laplace DLA can be thought of as
a special case (often an approximation) of Poisson DLA.
Viscous fingering into a compressible fluid, electrodeposi-
tion [12] when non-negligible ion generation occurs in an
electrolytic solution, dielectric breakdown in a material
with a charge distribution, and viscous fingering in a vari-
able Hele-Shaw cell (which is the specific phenomenon we
treat here), are all related to Poisson DLA. Poisson-
DLA generated fractals (nonstationary in their fractal
properties) are fundamentally different from Laplace
DLA (approximately stationary [5]). This is because
“fjords” are rather inaccessible to diffusive particles in
Laplace DLA, but are easily visited in Poisson DLA by
particles generated nearby. In this respect, our model is
closer to other DLA-inspired nonstationary pattern-
formation schemes of Voss [13] and Meakin [14] and the
modified Ising model of Sgrensen, Fogedby, and Mour-
itsen [15].
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We illustrate Poisson DLA with an experiment:
viscous fingering in a variable Hele-Shaw cell (VHSC)
[16]. The glass plates which make up the cell are initially
separated by grease of thickness #,. Rather than displace
the grease with injected air, one of the glass plates is lift-
ed at one end using the opposite end as pivot. The grease
then recedes towards the closed pivot end, drawing air
(assumed to be inviscid) in at the open end (all other sides
are sealed). This simple experiment is of practical in-
terest: it is related to fracture properties of metallic
glasses [17]. At the fracture plane, dilation-induced fluid-
ization of the metallic glass in a thin layer provides the
analog of the grease in the VHSC setup.

To compare the Poisson-DLA model to the VHSC ex-
periment, we performed both experiments and the corre-
sponding computer simulations that take into account
surface tension [18]. A sequence of viscous fingers ob-
tained experimentally and subsequently digitized is
shown in Fig. 1(a). The corresponding set of viscous
fingers given by the Poisson-DLA algorithm including
surface tension is shown in Fig. 1(b). Their resemblance
is striking. The features that distinguish Poisson DLA,
however, are already present in the limit of vanishing sur-
face tension. We will focus on this limit here.

To obtain Poisson’s equation for the VHSC experi-
ment, let v, p, p, h, and p, be the velocity, pressure, densi-
ty, gap separation, and viscosity, respectively, at some
point within the viscous fluid. Consider first the mass of
fluid m within a thin column of height 4 perpendicular to
the Hele-Shaw cell plates and let the plates separate
(8h /8t#0). Clearly, 8m /8t =pbh /8t; it follows, there-
fore, from mass conservation, that

oh

——=—h(V-v), 1
ar (V-v) (1)
where v is now a two-dimensional vector
dv, dv
Vov=—"+4—-2 .
v dx dy

It follows then, taking the two-dimensional divergence of
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the Poiseuille-Darcy equation [v=—(k/u)Vp, where
k =h?/12], that
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) (2)
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FIG. 1. Digitized images from (a) the separating plates exper-
iment and (b) associated computer simulation. Plate dimensions
in (a) are approximately 9 cm X9 cm, initial separation between
the plates is 0.05 mm. The rate of separation at the lifted end is
0.025 cm/min.
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which is Poisson’s equation. In deriving Eq. (2), we have
used VA =0 for nearly parallel plates.

To describe the Poisson-DLA model, consider a cell of
L XL sites. We use periodic boundary conditions for
both the left and the right sides. The aggregate grows to-
wards the top. The interface-boundary (IB) sites are
nearest neighbors to the aggregate sites. We call sites ex-
terior to the aggregate, but not part of IB, exterior sites
(ES). Boundary conditions for a field ¢ are ¢=g(x) on
the aggregate and d¢/3dn =0 at the top of the cell (for a
VHSC cell sealed at the top). Each site i in ES and k in
IB has values f;=f(x,) and g, =g(x;) associated with
it, where f is the source term in a Poisson equation
V2p=1f [see, for example, Eq. (2)]. We deal here with
f>g >0, only.

We next show that a modified DLA model can be used
to simulate Eq. (2). Diffusive particles are generated one
at a time anywhere outside of the aggregate (in ES or IB)
and vanish upon aggregation. To show that the probabil-
ity for a particle to originate at i in ES is f; or at k at IB
is g;, we roughly follow Kadanoff’s [8] scheme. Suppose
we start off N diffusive particles, Nf; of them at each site
i in ES and Ng; at each site / in IB. We assume
S fi+38,=1. Each of the walkers hops to a nearest-
neighbor site with equal probability each time step. All
particles vanish when they reach an IB site and bounce
off the cell top boundary (since 3¢ /3n =0). The process
stops when the particles have vanished. Clearly,
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FIG. 2 Aggregates obtained from simulations and their Haus-
dorff dimension. In (a), the source is constant. Case (b) corre-
sponds to a source f <L —y. In (c), f <y. (d) shows the Haus-
dorff dimension profile on horizontal strips along the y axis for
aggregates of size 30% of cell size (1024 X1024). Strips are of
width 128 sited and correspond to the three aggregates shown
with O corresponding to (a), @ corresponding to (b), and O cor-
responding to (c).
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FIG. 3. Fractal dimension vs aggregate size (expressed as a 0.8 ——~=4t—1 . ! 1

ratio of the number of sites to lattice size). Cell size is
1024 X 1024. Data for aggregates that have reached the top are
not plotted.

Nitl=L'% N}, (3)
jeli)

where (i) stands for the set of nearest-neighbor sites to i,
and N/ stands for the number of particles at i at time .
For a site k in ES, N{*'=N{8,,=Ng;8,,. Subtract N}
from both sides of Eq. (3) and sum over ¢ from ¢ =0 to the
time when all particles have vanished (say z — « ), to ob-
tain

E th_ 2 Nit

t=0 t=0

—N’=1 3 @)

jEeli)

for any i in ES. Therefore the average number of times
that a particle visits a site i, (1/N)32 N/, obeys
Poisson’s equation on sites i in ES and is g; for k in IB,
and can thus be identified with ¢ demonstrating the sta-
tistical validity of the algorithm.

We performed simulations using three different source
terms on lattices of up to 1024X1024. Figure 2(a) shows
an aggregate grown with a constant source term. Figure
2(b) shows the same for a source that varies linearly from
zero at the bottom of the cell to unity at the top. In Fig.
2(c), the source is zero at the top and increases to unity at
the bottom. This last case is like the experimental case
without the surface tension. For these simulations, we
have calculated a profile of the fractal dimensionality
along the y axis, D(y), by using horizontal strips wide
enough (in terms of cells of the lattice) for good fractal
statistics, and yet as thin as possible. Calculating the
Hausdorff dimension for all the lattice cells in the strip
gives some ‘“‘average” fractal dimensions at a given y
value. These results are exhibited in Fig. 2(d) [19].
Clearly, the local fractal dimensionality reflects the
strength of the source term. Figure 3 displays the evolu-

FIG. 4. The generalized dimension D (q) for different mass
ratios m. The symbols A, 0, O, and + represent 1%, 5%,
10%, and 30% mass ratios.

tion of the Hausdorff dimension Dy [which can be shown
to be the maximum value of D(y)]. As the aggregate
gradually fills all the cell space, we find the Dy —2.

The dynamics of Poisson DLA, as for Laplace DLA, is
given by the growth measure [3,20-22]. We focus on the
ensemble of aggregates grown in a lattice of L XL sites,
Q,, (L), where m =M /L? and M is the number of parti-
cles in the aggregate [23]. The parameter m (mass frac-
tion) may be thought of as a sort of time. The growth
measure for an aggregate w in ,, (L) is given in terms of
the set {P;(w)}; g of growth probabilities which is ob-
tained following Refs. [20] and [21]: an aggregate is
grown to mass fraction m at which point launchings of
random walkers continue but aggregations stop. Then
P, =limy_, , N, /N where N, is the number of walkers
that vanished at site k.

To find out if {P,(w)};ecp is a multifractal measure
[24] on IB, we calculate, for various @ in €,,(L ),

§lg;m,Ly= 3 Pf (5)
i€IB

and test the scaling behavior assumption {~L ~7~ V2@

(for a source of the form f <L —y). Our results, which
are shown in Fig. 4, are consistent with this scaling as-
sumption [25]. There is no unique scaling exponent for
all m [D(q) depends on m]. For small m, when the ag-
gregate lies within a region where the source is weak, the
curve coincides with the Laplace-DLA curve (reported in
Refs. [20] and [21]) as expected. As m grows and the ag-
gregate penetrates regions where the source effects be-
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come significant, the shape of D(q) changes dramatically.
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FIG. 1. Digitized images from (a) the separating plates exper-
iment and (b) associated computer simulation. Plate dimensions
in (a) are approximately 9 cm X9 cm, initial separation between
the plates is 0.05 mm. The rate of separation at the lifted end is
0.025 cm/min.



