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Sheared dipolar suspensions
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Simulated sheared suspensions of particles with dipole interactions are found to adopt a number of
different structural and rheological phases including a novel flowing crystalline phase. A crossover
from Brownian to Stokesian transitions between phases is driven by particle-size eA'ects.

PACS number(s): 47.50.+d, 62. 15.+i, 82.70.Dd, 81.30.—t

Experimental [1-5] and simulation [6-8] studies of
suspensions of interacting particles reveal a variety of
phases which possess ordered structures under shear.
Structure underlies [1,5-8] non-Newtonian rheology.
Suspensions of polarizable particles form columnar aggre-
gates [9,10] under an applied field and these cause [11]
the suspension to develop a dynamic yield stress and a
viscosity enhancement known as the electrorheological
(ER) effect [10-12]. The present work examines, by
simulation, structure in the bulk of a model suspension of
polarizable particles under shear. Current thinking sug-
gests that [10,13,14] polarization and hydrodynamic in-
teractions determine the ER eA'ect; here, Brownian forces
are included.

A complete treatment of sheared suspensions would in-
clude many-body hydrodynamics. Elegant techniques for
approximating these have been developed [15]—to date,
however, these O(N ) methods have only been able to
simulate the dynamics of small monolayer systems. Un-
der simple shear all three spatial directions are distinct
and it is necessary to predict the structure of sheared
strongly interacting systems in full three-dimensional
(3D) space. To make progress, the present work follows a
number of authors [6,7,16-18] and considers an O(N )
algorithm [6] which neglects many-body hydrodynamics.
While quantitative accuracy of viscosities must therefore
be abandoned, intriguingly these algorithms do show the
non-Newtonian rheologies of experiment [6]. The work-
ing hypothesis is that these algorithms also give qualita-
tively correct predictions for structure under shear.

The simulation model [16-19]consists of particles in-
teracting via repulsive and point-dipole interactions
suspended in a fluid medium represented by Brownian
forces and a viscous drag. Simple shear at a rate y is ap-
plied to a bulk periodic system by use of periodic sliding
boundary conditions [6].

The simulation algorithm [6] is a linearized version of
the position Langevin equation describing overdamped
motion in a viscous medium. The qth coordinate of the ith
particles position is updated over a time step h by

r q(t+h) =r q(t)+ [Fq(t)+R(t, h)lh/mg

+ yrvi(t)h8qv,

where the friction coefficien g =3xri, a/m, ri, is the
viscosity of the fluid, a and m are the particle diameter
and mass. Following Ref. [2], V denotes the direction of

Q (4rrkTeoe, a ) 'p (3)

e, is the dielectric constant of the fluid. Real particles in
an ER suspension will have complex core interactions due
to lubrication, rough surface, and most likely polymer
coating (added to provide steric stabilization). In the
spirit of this simplified study the model includes a steep
power-law core repulsion with exponent n and dimension-
less interaction strength a; set here to unity. The core
does introduce some ambiguity in the definition of particle
diameter and volume fraction. The dipoles p(E) are fixed
in alignment parallel to a uniform field E along V (see Fig.
1). The aligned dipole interactions are truncated cubical-
ly [20]. A real ER suspension will have stronger many-
body multipolar and hydrodynamic interactions. A simu-
lation of a small monolayer system using O(N ) tech-
niques for these, but without Brownian forces, has been
reported [21],but suffers from the reduced dimensionality
argued above to be inappropriate. The neglect of particle
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FIG. 1. The computational geometry.

shear velocity, V the direction of shear gradient, and e the
third direction (see Fig. 1). The final term in (I) imposes
the shear gradient along V; F and R denote the particle in-
teractions and fluid random Brownian forces, respectively.
This level of algorithm corresponds to the free-draining
approximation of polymer dynamics. The interparticle
forces are derived from the potential

g ak T/(a/r J )"+g Q (k T) (1 —3ry~/r J )/(rs/a)

(2)

where the dimensionless interaction strength Q is related
to the particle dipole moment p(E):
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ri, = I+ r~ Wv+ rip (5)

where ri„ is the contribution to the viscosity due to the
stress, (r„), of the particle interactions averaged over a
simulation run: ti„= —(r„)/(ri, y) and ri, is the solvent
viscosity. The Einstein contribution is implicit in the
viscous drag included in the algorithm. Structure was
probed by use of

c»qM =N

+exp[i

M�(2+/s)r~~]
(6)

where s is the computational box-side length. Transitions
involving M layers forming normal to the dimension q
(q =&,V, or e) are signaled by sudden increases in S~br.

As illustrated in Fig. 2, three distinct phases exist in the
space (Q, Pe): a liquid phase (L), a Ilowing crystalline
phase (FC), and a hexagonal shear string phase (HSS)

rotation assumes that the particles are freely rotating in

the shear Aow. Particle rotation will couple with the re-
laxation of its polarization [12]. Here this relaxation is
assumed to be so fast that this coupling can be neglected.

The shear rate represented as a dimensionless Peclet
number setting the relative magnitude of the shear to
Brownian forces: Pe = j r„where r„ is the time that one
isolated particle coordinate would take to diff'use its ra-
dius:

Pe =3@iI,a y/8kT. (4)

If it is assumed that [13]p(E) ec cr, the model has just
four parameters: Pe, Q, the repulsion exponent (n), and
the voluine fraction tl)z defined on o. Systems of the same
pi are equivalent in that they map onto the same Q and
Pe. The particle diameter o is implicit in the model: for a
given y and E, systems of decreasing o map via Eqs. (3)
and (4) onto decreasing values of Pe and Q.

The present study fixes ttIt to 0.3 and n to 36. A system
of N =108 particles was simulated at points along many
trajectories in the space (Q,Pe); those discussed below are
shown in Fig. 2. A longer report will be published [22].
Several quantities were monitored, including the relative
apparent viscosity g,
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[6,8,23]. Figure 3 shows various configurations. Transi-
tions between these phases result from the competition be-
tween the Brownian, dipole, and shear viscous forces. In
the absence of shear, Pe =0, for Q ) (some) Qb the di-

pole forces dominate the Brownian forces and the parti-
cles alter from an amorphous structure, Q (Qb, into a gel
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FIG. 2. Phase diagram I.: liquid phase; HSS: shear string
phase; FC: flowing crystalline phase. Solid lines show phase
transitions, dashed lines indicate some of the trajectories along
which simulations were made. Dash-dotted curve indicates a
weak liquid to shear string phase boundary.
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FIG. 3. Several projected configurations along Pe=1000.
The dots indicate the particle centers (to gauge their full size,
note that the box-side length is 5.646cy). The computational box
is shown with its nearest-neighbor periodic images. (a) A pro-
jection onto (V,V) in the shear string phase at Mn = lo; note the
strings in the V direction. (b) A projection onto (e, V) at
Mn = l; note no (V,V) layers are evident. (c) A projection onto
(e,V) at Mn =10 '; note four (V,V) layers have appeared.
(d) A projection onto (V, V) of one of two layers present at
Mn =10;note its strained hexagonal order.
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Q & Qb orientated along E [10,16,17]; this is the equilibri-
um phase transition. In the present model, n =36,
N =108, and pi =0.3, I find 6.5 & Qb & 7. At low Pe and

Q a liquid phase with no discernible long-range order ex-
ists. At higher Pe (Pe& 20) and low enough Q, in the
hexagonal shear string phase, the particle interactions are
dominated by the shear and repulsive core; they form
strings along V which in the present case are ordered in a
6X6 hexagonal pattern in the (V,e) plane. In the present
case for low enough Q and between Pe=20 and 50 Sy6
and Sv6 increase by a factor of 3-4 over the liquid phase
values (ca. 10 for all q and M). Throughout the L
phase the system shear thins with the viscosity dropping
(independent of Q) as [6] Pe P with P=0.08+'0.01. In
the HSS phase rt, =1+ 2 fbi +b(Q, Pe) where the particle
contribution 8(Q,Pe) «1. The competition between the
viscous and dipole forces is set by the Mason number Mn
[13]. In terms of (3) and (4) [17],
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FIG. 4. rt, vs Mn data for the runs at Pe=10 (a), Pe=103
(0); Pe =5 (a), and Pe =0.05 (~). The solid curve sketches the
path of the same plot of the experimental data of Ref. [13] at
Pv =0.23.

Mn =Pe/12Q . (7)

For a given Pe & 20 as Q is increased the HSS phase per-
sists and then degrades just below Mn, At Mn, the parti-
cles reorder into a FC phase; the Sq~ signature of the
HSS phase is lost and in the present model for
Mn =10 & Mn, & 10 it is replaced with an abrupt
tenfold increase in S,4. four layers form in (V, V) planes
normal to e (see Fig. 3). The individual layers are 2D lat-
tices with defects which flow by both defect propagation
and periodically straining to a maximum at which they re-
lax and reorder [22]. Further increases in Q can cause the
layers to aggregate under the dipole interactions and form
paired or tripled layers. The competition at Mn, between
shear and interaction forces is classified here as a Stokes-
ian transition On de. creasing g the layers persist below
Mn, .

When Q,. =Pe/12Mn, & Qb the dipole and shear com-
petition crosses over to a dipole and Brownian competi-
tion. The model displays [16,21] an effective critical
Mason number Mn, (eff) =-Pe/12gb at which the layer-
ing transition from the L to the FC phase occurs; this
competition between Brownian (thermal) and interaction
forces is here defined as a Brownian transition. It is the
extension of the equilibrium transition of the system. The
term Brownian transition is introduced deliberately here.
The crossover from Stokesian to Brownian transitions can
be driven by decreasing particle size; a feature highly
relevant to ER fluid design. Simulations [22] at several
Pe & 20 indicate a horizontal boundary from Q=gb to
Pe = 12gb Mn„.

Plots of g„vs Mn data for runs at fixed Pe and varying
Q are shown in Fig. 4. At high Mn they all show the HSS
or L phase plateaus in viscosity (the former close to con-
stant, the latter varying as Pe ~) and in the FC phase,
starting at some Mn & Mn„an enhanced viscosity with
g, ~ Mn . A significant increase in viscosity occurs only
some way past Mn„quite generally, noticeable changes in
rheology are not in exact coincidence with structural
changes, the shear thinning through the L phase is all but
completed before the HSS structure emerges. The runs at

Pe =10 and 10 collapse onto the same plot, with the ex-
ponent a =0.96 ~ 0.04. This universal plot and data col-
lapse for the model is qualitatively the same as that re-
cently reported for ER suspensions [13,14].

The runs at Pe=0.05 and 5 do not show universality;
they rise oA' their plateaus in viscosity at lower Mn, vary-
ing with Pe according to the lind of Brownian transitions.
In the FC phase above the Brownian line, the viscosity ex-
ponent a & 1 and it varies with Pe (along Pe =0.05,
a=1.8~0.2). The extent upwards in Q of this break-
down in universality was not studied. Data for rt„of a tra-
jectory at Q =16 (see Fig. 2) follows the universal plot
until low Pe where it deviates to lower values.

The soft core leads to some ambiguity in the particle
size: at high Pe and Q the particles push in against the
core. The eAect is not significant across the Brownian re-
gime but at Pe =10 and 10 the particles —across the re-
gion of the Stokesian transition —have an effective diame-
ter determined from the first peak of the radial distribu-
tion function of 0.96o and 0.91o, respectively. While the
detailed structure within a layer is influenced by the soft-
ness of the core, the fundamental layering transition is
not.

The results here predict that ER suspensions will adopt
a layered crystalline phase, in contrast to the previously
proposed chain model [111. The model extends previous
ER studies [13,14,21] by including particle-size effects.
As cr is decreased for fixed lb', a given operating range of
y and E will map onto decreasing Q and Pe. If cr is too
small, then the crossover from Stokesian to Brownian
transitions will require higher fields to achieve the
enhanced viscosity. The model provides one of the first
predictions of a nonequilibrium phase diagram for strong-
ly interacting sheared suspensions.
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