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Origin of gain in systems without inversion in bare or dressed states
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We analyze the origin of gain in systems that do not exhibit population inversion either in

terms of the bare states or dressed states. Such systems involve light amplification by coherence.
We show that gain arises from coherence (a) among Fano states in Arkhipkin-Heller-Harris-like
systems and (b) between the two dressed states in the A system of Imamoglu, Field, and Harris
[Phys. Rev. Lett. 66, 1154 (1991)].

INTRODUCTION

Many schemes for laser action without population in-
version have been proposed. ' While some schemes de-
pend on interference eAects, others make use of external
fields. The external fields change absorption and emission
profiles from those of the bare atoms leading to the possi-
bility of gain even in the absence of population inversion.
In several cases ' one finds that the gain can be attributed
to the population inversion between two dressed states
even though there is no population inversion between the
two bare states. For example, consider a two-level system
of frequency mz driven strongly by a coherent field of fre-
quency tot and amplitude e. One finds that there is gain
for a probe field if the probe frequency co is in the neigh-
borhood of the three-photon Mollow side band, i.e.,

r i/2

cp =cot (cop cot ) +4

where d is the dipole matrix element. One can under-
stand this gain in terms of the inversion in semiclassical
dressed states obtained by diagonalization of the Hamil-
tonian for the two-level system interacting with the exter-
nal coherent field of frequency col. There are, however,
several other schemes in which population inversion does
not occur in any basis. We consider two of these schemes.

a. Three level A-system. Imamoglu, Field, and
Harris have analyzed a three-level A system [Fig. 1(a)]
and have shown that gain can be obtained under certain
conditions. The state ~1) is puinped incoherently from
both the lower states ~2) and ~3). In addition, a coherent
field couples the transition ~1)~~2). The laser transition,
i.e., the transition on which the probe field is amplified, is
the transition

~
1)

~
3). Imamoglu, Field, and Harris

found gain even in the absence of population inversion. In
the presence of the strong coherent field on the transition
~1) ~2), the states ~I) and ~2) go over to the dressed
states ~y~). The bare level ~3) is connected to ~y~) by
the weak probe field. The amplification can take place
even if the total population of the states ~y+) and ~y —) is
less than that of 3).

b. Autoionizing system. We next consider the scheme'
involving the pumping of the autoionizing state ~a) as
shown in Fig. 1(b). The state ~a) is pumped at the rate A

)eading to a population distribution in the states ~a) and
~i) with p„=A/I. Here, I is the rate of autoionization.
Even if p„&p;;, one can have gain for a certain frequen-
cy range depending on the parameters A, I, and the Fano
asymmetry parameter q.

The question thus arises —what is the source of gain?
In this paper, we analyze this question and demonstrate
that gain arises from finite "coherence" between the ap-
propriate dressed states ~y~) and ~y —). The coherence
between

~ Vr+) and ~y —) is induced by the coherent pump
on the transition ~1) ~2). Note that

~ y+) and
~ y —) are

not connected by dipole transition. The induced coher-
ence depends on the strength of the coherent field and the
rate of incoherent pumping. Systems with such gain can
be identified by the term light amplification by coherence.
We next give explicit calculations for the two schemes
mentioned above.

(b)

(c)
FIG. 1. Schematic representation of diff'erent schemes where

coherence eAects are the key to laser action.

GAIN IN THE SCHEME OF IMAMOGLU,
FIELD, AND HARRIS

We demonstrate how coherence eAects lead to gain in
the level scheme of Imamoglu, Field, and Harris. Our
purpose here is not to show the existence of gain, but to es-
tablish the origin of such a gain. In order to keep the
analysis simple, we consider the case when (i) the
coherent field is on resonance with the ~1) ~2) transition
and (ii) the level

~
1) is pumped incoherently only from the
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level I3). The transition I 1) I3) is the laser transition. We examine the question of gain of a probe field of frequency cv(

on the transition
I
1) I3). The density-matrix equation in the rotating frame can be written as

p = —
y~ (& ~ i p

—2pl 1 +33+P+ 1 1 ) y2(+ l i p 2p1 I +22+ P~ l t ) A(~ 33P 2P33+ l l+ P+ 33)

+iG&l»&21+ l2&&II,P]+ig&l»&3I+ I3&&i l, p], g
=

The induced polarization in the dressed-state basis is
A

3l
P(co() = (pro+ p-0) .

2
(4)

This leads to gain at ro( if Im(p+0+p-0) (0. In the
dressed-state basis the equations of motion for p+ 0 are

p-to = (poo pa -t ) p-t +.
+tg ~g

2 2

I P + 0 yOP T 0 ~ &~P + 0

yl+y2
I =~+ yo yo=

2

The steady-state polarization can be obtained from Eq.
(5) and from the values of poo, p~ ~, and p+ in the ab-
sence of the probe field. Before we examine gain of the
probe field, we examine the character of the steady state
in the absence of the probe field. The populations of the
dressed states in the limit 6)& yl, y2, A satisfy

—y2P~+ =Apoo~ (p++ —p- —) —ylp~ ~,
which leads to

2

poo = yl +0, p++=p ——=
2 (1 —poo), (7)

yi+2A 6
and hence

2A —yl
p+++ p —— poo =

2A+ yl
(8)

Thus, the population in the dressed states I y~) and I y —)
will be less than that in the ground state if

yl &2m.

where we have assumed that the probe field is also on res-
onance with the I 1) I3) transition and A,p are the tran-
sition operators

(2)

In Eq. (1), 2G(2g) is the Rabi frequency of the field on

the transition
I
1)~I2) (probe field). Assume for simpli-

city that g and 6 are real and positive. The induced polar-
ization at the probe frequency co( is given by P(co()
=d3lpl3. For the purpose of calculation of gain, it is
sufficient to know the density-matrix element pj3 to first
order in g. Such a calculation is straightforward and one
finds the gain for a certain range of parameters even in the
absence of inversion.

In order to understand the origin of the gain, we trans-
form to a new basis (dressed states) defined by

y~ = (ll& ~12&), @0=13& I 1& = (y++ y —) .
2 2

I

In the steady-state, Eq. (5) shows that p+ 0=0 if g=0.
The equation of motion for p+ —leads to

p+ —=(yi+3yp/2 —2iG) '(poo(A+ y2+ yl/2)

—(y2+ yl/2)] -0(y/6) .

(10)

We thus find that the steady state is such that (i) there is

no population inversion if yl & 2A; (ii) there are no opti
cal coherences, i.e., p+. 0=0; (iii) the coherence p+ —be
tween two dressed states is nonzero. In the following, we

show that the gain arises from nonzero coherence p+
We write the approximate solution of Eq. (5) as

Imp+o=(+g/J&6 )~1(poo p++) yo(poo p++)
+Re(+ iGP~ ~ )],

and hence

Im(p+0+p p) =(+g/426')[(3ppp —1)A

—Re(i Gp+ i Gp + )—] .

(12)
Note that if we had ignored the contribution from the
dressed-state coherence, then

Im(p+0+p-0) =(+gA/~&6')(3poo —1)

+ 2gA(y) —A)/ 426 (yl+ 2A) . (13)

One has no possibility of gain as yl by definition is bigger
than A. The coherence contribution in Eq. (12) using

(10) becomes
—iGP+ —+c.c. =poo(A+ y2+ yl/2) —(y2+ yi/2)

= —2y,A/(y, +2A) . (14)

It is important to note that the coherence contribution in

Eq. (12) has a sign opposite to that of the population term

and thus if the contribution of the coherence term exceeds
that of the population term, then one can have gain.

Upon substituting Eqs. (13) and (14) in (12) we obtain

A(y, —A) —y,A
Im (p+o+ p —0) = (+2g/~&6

yl

(15)
Hence, the model will exhibit gain if

y2& (y, —A). (16)

Condition (16) implies that the rate of spontaneous emis-
sion for the transition I 1)~I2) is bigger than the rate for
the transition I

1)~I3). This condition is identical to that
given in Ref. 7. Finally, note that this system in the
dressed-state basis y+, y —,and yo is reminescent of the
Hanle system where it is known how the Hanle coherence
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(p+ —in the present case) affects the radiative properties
of the system.

GAIN IN ARKHIPKIN-HELLER-HARRIS-LIKE SCHEME

where L is the Liouville operator for the system in the ab-
sence of pumping. The contribution from the coherence
terms can be evaluated by standard techniques leading to
the known expression for gain.

Having seen how the excited-state coherence can lead
to gain in the scheme of Fig. 1(a), we examine the origin
of gain in the scheme which uses autoionizing states. As
discussed elsewhere, ' the absorption and emission profiles
for the system [Fig. 1(b)] are such that gain is possible if

A(1+q ) I (8+q) 2

i+6 1+6 ' r '
The pumping of the state ~a& produces a population
p, =A/I in this state. For studying the dynamics, it is
convenient to diagonalize the configuration interaction.
This was already done by Fano. One introduces states
~E& (structured continuum) related to the unperturbed
continuum via

sinh,
~u&+„[V~ sinA/xVE (E —E')

@VS
—cosA 8(E —E') ] [E')dE',

tank= —+~V~
~

/(E E, ), (a)E&—=b(E,a).
Note that a steady-state population in the state ~a& leads
to

pF. , F., =(E~ (p~E2& =(sinA~, sinAF, /rr VF„V~„)p, . (19)

Equation (19) shows that the pumping of the autoionizing
state ~a& leads to coherence in the structured continuum.
However, there is no optical coherence, i.e., pE; =0. It is
the coherence p~~ which leads to gain even if the total
population p, in the excited states is less than the popula-
tion in the ground state )i&. The Laplace transform of the
density matrix for this system can be written in the form

p(z) -p;(z L) '~i&&i~+p—.—(z L)—
Z

dE~ dE ~Ez~&(E ~b2(E ai)b (E2,a), (20)

CONCLUSIONS

We conclude this paper by pointing out how coherence
efI'ects change the entire situation in the framework of a
simple model. Consider the model shown schematically in
Fig. 1(c). We assume that appropriate diagonalization,
etc. , has been done so that the states ~+&, ~

—), etc. , cor-
respond to dressed states. The gain g in this model can
be shown to be

(I-/2)'+A' I /2+iA o

+(+-—), A+o=E+ —Eo —ro(
(21)

where (+ —) means the preceding terms with sub-
script + replaced by —.Note that the populations, coher-
ences p+ —,dipole matrix elements, h, +0, etc. , depend on
the strength of the external fields used to create dressed
states. Equation (21) shows the role of the coherence
term in producing gain (9 & 0) even if there is no popula-
tion inversion.

In conclusion, we have shown how gain in systems that
have no inversion in any atomic basis can be understood in
terms of the coherence in appropriate basis of states.
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