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Mode-coupling theory of the glass transition in colloidal systems
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Within a mode-coupling approximation we investigate the inhuence of the short-time dynamics of col-
loidal fiuids on the glass-transition scenario. We assume Brownian dynamics, neglect hydrodynamic in-
teractions, and follow approximations used to construct a mode-coupling theory (MCT) for structural re-
laxation in dense atomic Auids with underlying Newtonian dynamics. This approach predicts the same
scenario for the kinetic glass transition in colloidal systems as the MCT for atomic systems. We com-
pare this result with recent computer-simulation studies of the glass transition for atomic and colloidal
liquids.
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I. INTRODUCTION

Recently, dynamical properties of concentrated col-
loidal suspensions have gained increasing interest. Exten-
sive light-scattering studies on sterically stabilized col-
loidal liquids [1] have revealed that with increasing con-
centration the liquid undergoes a kinetic transition to a
glassy state. The structural relaxation then becomes
frozen over experimentally accessible time scales. As far
as static properties are concerned one can view a col-
loidal suspension as an atomic liquid [2,3] and use usual
liquid state theory [4] to predict the structure. This is
not true, in general, for the dynamics: due to the com-
plete separation of time scales between the colloidal and
the solvent particles [2] the dynamics is Brownian for col-
loidal liquids, whereas it is Newtonian for atomic ones.
Since the kinetic glass transition is connected with dy-
namics, it is a priori unclear whether the relaxation
scenario near the transition of a colloidal Quid is similar
to that of an atomic liquid where, by now, experiments
[5], mode-coupling theories [6] and computer simulations
[7—9] have provided a lot of detailed insights. It has been
argued that on long-time scales the motions both in a col-
loidal liquid and in an atomic fluid can be considered as
"interactive diffusion" [10],which makes it plausible that
the relaxation scenarios are similar, too. In order to clar-
ify the dependence of the long-time relaxation on the
short-time dynamics, a computer simulation was per-
formed [11]for a simple model of a charge-stabilized col-
loidal suspension. To facilitate the comparison, both
Brownian dynamics (BD) and molecular (or Newtonian)
dynamics (MD) have been used for the same model sys-
tem. It was shown that upon cooling the glass transition
occurs at the same temperature for both BD and MD.
The nonergodicity (Edwards-Anderson [12]) parameter
turns out to be very similar, too, as well as the final a-
relaxation scenario, whereas for short and intermediate
times the relaxation has qualitative di6'erences.

The main objective of the present paper is to investi-

gate within a mode-coupling approximation the inhuence
of the short-time dynamics of colloidal systems on the
glass-transition scenario. For atomic systems a mode-
coupling theory (MCT) has been constructed during the
past decade [6]. This theory gives detailed predictions on
the asymptotic relaxation scenario of density Auctuations
near the kinetic glass transition. It was originally
developed for simple one-component systems with spheri-
cally symmetric interactions and then extended to two-
component mixtures [13,14]. Recently, it was shown that
some of its predictions are experimentally encountered in
much more complex systems like sterically stabilized col-
loidal Iluids [15], polymers [16], molten salts [17], and
other complex liquids [18]. It has been suggested [6] that
the predictions of the MCT are universal, i.e., they do not
depend on the form of the short-time dynamics. In the
present paper, we prove this statement explicitly for the
case of Brownian dynamics, valid for colloidal systems,
where the equations of motion are governed by the Smo-
luchowski rather than by the Liouville operator [2]. We
start with the memory function representation of the den-
sity autocorrelation function derived by Cichocki and
Hess [19] and follow a mode-coupling approach, very
similar in spirit to that used for Newtonian dynamics [6].
In this way we construct a MCT [20] which leads to the
same asymptotic form of the time dependence of the den-
sity autocorrelation function as the MCT derived for
atomic systems. This means that all the analytical con-
clusions [6] of the original MCT remain true for the
glass-transition scenario in colloidal systems.

II. MEMORY FUNCTION REPRESENTATION

We consider a suspension of identical colloidal parti-
cles interacting via a pairwise additive potential V(r)
Familiar choices for V(r) are a hard-sphere potential for
sterically stabilized and a Derjaguin-Landau-Verwey-
Overbeek-type Yukawa potential for charge-stabilized
colloidal suspensions. The basic quantity that is studied
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within the mode-coupling approach is the intermediate
scattering function, i.e., the Fourier transform of the den-
sity autocorrelation function

N
&s'=QDO g ~ Q; ~

p—F; Q, ,
, Br, ' Br,.

(10)

and the brackets ( . . } denote the equilibrium average.
We take the convention that the equilibrium distribution
P,q

—exp[ —g,.&.V(r, )/k~ T] .is formally represented by
the ket vector . . ).

In Eq. (1), Qz denotes the %-particle Smoluchowski
operator that in absence of hydrodynamic interactions is
given by the formula [2]

N

Qq =D og
, ar,

(3)

Here, D0 is the Stokes-Einstein diffusion coefficient of a
single particle, P=1/k~T, and F;=—gj&;8V(r; )/Br; is
the force on particle i Note .that in Eq. (1) the evolution
operator Qz acts on everything to its right, also on the
equihbrium distribution P, .

Starting from the formal expression (1), Cichocki and
Hess [19] derived a very useful memory function repre-
sentation of the intermediate scattering function:

1 ns'F(k;t)= —(n(k) e n( —k)) .
N

Here, n (k) denotes a Fourier component of the density of
suspended particles

N
n(k)= g exp( i—k r, .),

III. MODE-COUPLING APPROXIMATION

To construct a MCT of the structural relaxation in col-
loidal systems we follow the approach of Ref. [6]. We do
not try to substantiate the approximations involved [21]
as the basic aim of this paper is to investigate the univer-
sality of the MCT predictions. We start with the
memory function (7) and make the following approxima-
tions. First we project stress fluctuations o. onto the sub-
space of density products:

o( —k)= g g n( —k, )n( —k2)
(k), k2) (k3, k4)

Xg (k,k2; k3k4)

X(n(k3)n(k4)o( —k)) .
(12)

where Q; =1 P;,—and the projection operator P; is given
by the formula

P, = . exp(ik r, ))( exp( i—k r, )

Cichocki and Hess have shown that M(k;z) is, essential-
ly, the contribution to the generalized friction coefficient
due to interactions of the suspended particles. It is also
closely related to the longitudinal component of the gen-
eralized dynamic viscosity.

S(k)
z+D (k;z)k

Do/S(k)
1+M(k;z)

(4)
Here the sums over k;(k +1 i =1,3, are understood,
and g denotes the normalization matrix

g (k,kz, k3k~)(n(k3)n(k4)n ( —k~)n( —k6) )
(k3, k4)

Here, F(k;z) is the Laplace transform of the intermedi-
ate scattering function

F(k;z)= I dte "F(k;t) (6)
0

and S(k) is the static structure factor, S (k) =F(k; t =0).
In Eq. (5), M(k;z) is the Laplace transform of the

memory function M ( k; t):
0'"t

M(k;t)=Dok P (o(k)e o( ——k)),
where o (k) is the microscopic expression for the
momentum-averaged longitudinal stress fluctuations

o(k)= —Q, g (ik F Ik +k~T) exp( —ik r. )

k1 ks~k2k6 (13)

The second approximation consists of factorizing aver-
ages of products that result from substituting projection
(12) into (7), and replacing the irreducible operator Qz'
with the operator Qz..

&irr&

(n (k, )n(k2)e n ( —k3)n ( —k~) )

=(n(k&)e n( —k3))(n(k2)e n( —k4)) .
(14)

Consistently, for the normalization matrix g we get

Q, = 1 P„and P, is a pr—ojection operator on the density
subspace

k&k3 k2k4
g(k, k2;k3k~) =

N S(k, )S(k~)
(15)

1
P, = . n( —k)) (n( )k

NS(k) (9)

The evolution operator Qs' in Eq. (7) is the "one-particle
irreducible Smoluchowski operator" [19]

Substituting Eqs. (12), (14), and (15) into Eq. (7), we ob-
tain the mode-coupling contribution to the memory func-
tion. To get explicit results we first need to calculate
(n(k&)n(kz)o( —k)). There are two terms contributing
to this expression. The first one can be easily calculated:
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The second contribution to (n( ki)n( k2) o( —k)) involves the projection operator P, . It is given by a three-particle
average. As the third approximation we calculate it using the convolution approximation [4]:

N
n k, n k2P, ikF,. k —k~T expik. r; = —n k, n k2n —k

i=1
N

X n k ik.F;/k —k&T exp ik-r;
i=1

Nk~ T=N5g +q qS (k)S (k i )S(k2 )
1 2' ' NS(k)

(17)

Adding contributions (16) and (17) we get

k~T
(n(k, )n(k )2o( —k)) = —

5& +z iNnS(k, )S(k2)[k k,c(k, )+k kzc(kz)] . (18)

Here, c (k) is the Ornstein-Zernike direct correlation function [4] and n denotes the density of suspended particles. Fi-
nally, using Eqs. (7), (12), (14), (15), and (18) we obtain the following expressions for the mode-coupling contribution to
the memory function:

k,
,f, [k k,.(k, )+k (k —k )c(lk —kil)]'F(ki, t)p(lk —kil;t) . (19)

The fourth approximation consists of replacing all the
other contributions to M(k;t) by a white-noise term
v(k). In this way we obtain the final expression for the
memory function:

M(k;t)=v(k)+M (k;t) . (2O)

For further analysis it is convenient to introduce the
density correlator

P„(t)=F(k;t)/S(k) (21)

and to write down the equation of motion for the correla-
tor in the following form:

1 —z(I}1,(z)

1+v( k) + cot, m ( k, z)
(22)

Here, Pi, (z) is the Laplace transform of the correlator,
co&=Dok /S(k) is the characteristic frequency for BD,
and m(k, z) is the Laplace transform of the reduced
memory function m (k, t)=M (k;t)/col, . One should
note that the reduced memory function derived here has
precisely the same form as that derived for MD in Ref.
[6]. Let us now assume that Eq. (22) leads to a glass tran-
sition, i.e., that at a certain density and temperature the
long-time liniit of the correlator $1,(t) [and, via Eq. (19),
the long-time limit of the memory function] is greater
than 0. Then, near the glass transition, for small z the
memory function m (k, z) is very large. This suggests that
for small z (large times) we can approximate Eq. (22) by

I

the following one:

P„(z)/[1—zP„(z)]=m(k, z) . (23)

In this way we obtain the same equation of motion for
the asymptotic long-time dynamics near the glass transi-
tion as that derived for MD [6] (the minus sign in the
denominator on the left-hand side of (23) is connected to
a di6'erence in the definition of the Laplace transform
used here and in Ref. [6]). So whereas at short times BD
and MD give diferent results (compare the short-time ex-
pansions of the intermediate scattering functions for BD
and MD given in Ref. [2]), the asymptotic form of P(k, t)
for long times is the same. This implies that all analytical
results based on Eq. (23) remain the same for BD [22].

IV. DISCUSSION

We have presented a simple mode-coupling theory for
the kinetic glass transition in colloidal liquids, where the
short-time dynamics is Brownian. The theory leads to
the same asymptotic decay of the density fluctuations as
its atomic counterpart. An ideal glass transition is pre-
dicted, i.e., the structure remains frozen for infinite times
at the glass-transition point, or equivalently, the ergodici-
ty is broken. In reality, activated hopping processes may
restore ergodicity on a very-long-time scale. The exact
nature of these jump processes is complicated, but can
probably be understood as a collective exchange of parti-
cle positions of a few particles or whole particle clusters.
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The actual presence of thermally activated jumps seems
to depend sensitively on the microscopic interactions; for
example, they can be suppressed by local charge ordering
in molten salts. In order to incorporate activated hop-
ping processes, an extension of simple MCT was recently
proposed [23] for atomic systems. Within the extended
theory the ideal glass transition changes to a smooth
crossover. Hence it is clear that a direct comparison of
the asymptotic predictions of our simple MCT is only
possible if activated processes are strongly suppressed so
that one is in the asymptotic regime of an ideal glass tran-
sition. A good candidate for comparison is a sterically
stabilized colloidal suspension. The experimental data [1]
were compared with simple MCT for an atomic hard-
sphere system and remarkable agreement was found [15],
although the real colloidal short-time dynamics is com-
pletely different. This agrees with our result that the
MCT predictions are robust with respect to different
short-time dynamics (BD or MD). At least for the
asymptotic decay of density fluctuations, the MCT pre-
dictions seem to be compatible with data of the experi-
mental system whose true short-time dynamics is even
more complicated than BD due to solvent-mediated hy-
drodynamic interactions.

As regards the recent BD-MD simulation of a strongly
charge-polydisperse charge-stabilized colloidal suspen-
sion [11], the thermally activated hopping events are
more pronounced in this system. As was shown by
studying the behavior of high-charge and low-charge par-
ticles separately [8], this can be attributed to the relative
high mobility of low-charge particles. In the simulation
the glass transition point turned out to be independent of
short-time dynamics (MD or BD), and the wave-vector
dependence of the Edwards-Anderson parameter, defined
as Pk(to) where tc is a time typically lying between P-
relaxation and activated hopping processes, was found to
be very similar for MD and BD. Although the presence
of hopping processes make a direct comparison with the
asymptotic predictions of MCT more difficult, this is in
agreement with our result that asymptotic features near
the glass transition do not depend on the short-time dy-
namics. Qn the other hand, in the simulation, the relaxa-
tiona1 behavior was qualitatively different for intermedi-
ate times that are larger than short-time dynamics but

still smaller compared with a time for thermally activated
hopping events. Since MCT only makes asymptotic pre-
dictions for long times, this difFerent dynamical onset of P
relaxation, induced by the different short-time dynamics
(MD or BD), is not captured in our approach. The be-
havior of P relaxation for longer times, however, can be
well fitted by MCT to experimental data [15].

We end with three comments. First, one should think
of hydrodynamic interactions between the colloidal parti-
cles. This type of interaction can be incorporated in the
theory by replacing the short-time diffusion constant Do
by a 3XX 3X diffusion tensor that depends explicitly on
the positions of N colloidal particles [2]. The exact ex-
pression for this diffusion matrix is not known. It has
been found [2] that the very simple way of incorporating
the hydrodynamic interactions [24], i.e., replacing Dc by
the actual, density-dependent short-time self-diffusion
constant, leads to very good predictions for the so-called
long-time self-diffusion coefficient. If the same idea could
be used to describe time-dependent processes hindered by
the hydrodynamic interactions, the main result of this pa-
per, i.e., Eq. (23), would remain valid. A second remark
concerns Fokker-Planck dynamics, which can be viewed
as interpolating between Newtonian and Brownian dy-
namics. This kind of dynamics is relevant, e.g., for ionic
solutions [25]. The asymptotic form of the corresponding
equation for the density correlator does not change
within MCT and consequently the same conclusions ap-
ply to this case. Finally, as already mentioned, it has
been found for atomic systems with Newtonian dynamics
that an extension of the simple MCT changes the ideal
glass transition to a continuous crossover [23]. It would
be interesting to investigate whether the glass transition
predicted by the MCT for colloidal systems is stable
against extensions of a simple approach presented here.
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