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Bound solitons in the nonlinear Schrodinger — Ginzburg-Landau equation
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Interaction of slightly overlapping solitary pulses (SP’s) is considered in the cubic nonlinear
Schrodinger equation with small pumping and dissipation terms, and in the quintic Ginzburg-Landau
equation with small dispersion terms. In both cases, the small perturbing terms render the asymptotic
wave form of a SP spatially oscillating. Using the description of the interaction of SP’s in terms of an
effective potential, it is demonstrated that this fact may give way to formation of two-pulse and mul-

tipulse bound states, which are weakly stable.
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The subject of this work is the perturbed nonlinear
Schrodinger (NS) equation with pumping and damping
terms:

iu,fu, F2lulPu=iyou+iyu, —iy,lul*u (1)

(Y0¥ 1,72>0), which has attracted attention as a dynam-
ical model of plasma physics and hydrodynamics [1-3].
Recently, Eq. (1) has also found an application in the
theory of optical solitons in fibers [4,5]. Equation (1) de-
scribes a situation when the trivial solution ¥ =0 is unsta-
ble against small disturbances. In various physical prob-
lems, there occurs another situation, when the trivial
state is stable against small disturbances, but can be trig-
gered into a nontrivial state by a finite disturbance. The
simplest model describing this situation is based upon the
quintic perturbed NS equation [6]:

iu, Fuy F2lulPu=—iyou+iyu, +iy,lul*u
—iyslul*u , )

where the damping (74,71,73)
coefficients are all positive.

One treats Egs. (1) and (2) as perturbed NS equations if
the dimensionless parameters ¥, ¥,, and ¥,y 3 are small.
In the opposite case, the same equations can be regarded
as the Ginzburg-Landau (GL) equations, which also have
applications in plasma physics [3] and in hydrodynamics
[7,8], and attract a great deal of attention as general mod-
els for pattern formation and onset of chaos [9].

An important object governed by Egs. (1) and (2) is a
solitary pulse (SP). It is known [1] that Eq. (1) with
¥,=0 has an exact SP solution; if ¥,7-0 but y, and y, are
small, the SP can be found approximately as a solution
close to the soliton of the unperturbed NS equation with
a fixed amplitude:

and pumping (y,)

u=2insech[2n(x —z,)lexp(4in’t —ik |x —zo| +igg) , (3)
=3vor1+2yv2) 7", k/m=3Q2y,+7)), @)

zy and ¢, being arbitrary constants. The presence of the
small wave number k produced by the perturbing terms
implies that the asymptotic wave field of the soliton is os-
cillating in x, unlike that in the absence of perturbations.

4

As for Eq. (2), in the near-NS regime (y,7,,7oY3 <<1) it

has the soliton solution in the form (3) with
k/m=y,—yo/4n% where [10]
77 =(647,)"{527,—7/)

+1/5[5(27,—71)*— 9670751} (5)

In the opposite (near-GL) regime, Eq. (2) has a stable
solution in the form of a broad SP [11,12].

The aim of this work is to demonstrate that, in both re-
gimes, slightly overlapping SP’s can form stable bound
states (BS’s). These can be two-pulse states, multipulse
ones, and periodic arrays of SP’s. This result may be im-
portant in applications. For instance, a casual formation
of a two-soliton BS is detrimental for operation of fiber
communication lines, therefore it is necessary to know
how this can happen.

Note that the soliton solution of Eq. (1), given by Eqgs.
(3) and (4), is unstable as, at |x|= 0, it coincides with the
trivial unstable solution u =0. However, this cir-
cumstance is not so important, at least in application to
the optical solitons in fibers [4,5]. Anyway, the soliton
solution of Eq. (2) given by Egs. (3) and (5) is stable, and
the general results obtained below apply as well to these
stable solitons.

The interaction of the slightly overlapped solitons in
the unperturbed NS equation was analyzed by means of
the perturbation theory in Ref. [13]. To obtain an
effective potential of the soliton-soliton interaction, it is
sufficient to insert the linear superposition of the two un-
perturbed solitons into an exact expression for the energy
of the system, and calculate a term produced by overlap-
ping of each soliton with the “tail” of another one. It has
been found [13] that the interaction potential in the un-
perturbed NS equation has no local minimum, so that it
cannot give rise to a stable bound state of the two soli-
tons. This inference accords with the well-known fact
that the exact solution of the NS equation admits only
unstable two-soliton and multisoliton states with zero
binding energy [14].

The circumstance that drastically alters the situation
for the slightly perturbed equation is that the tail of
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the soliton (3) contains the oscillating factor
exp(—ik|x —zg|). Let us reproduce the calculation of
the effective potential, taking account of this factor. We
will consider the interaction of two solitons (3) with equal
amplitudes 7. The solitons are separated by a large dis-
tance z=z\'—z{?) (z9p>>1) and have a phase shift
=0’ —¢?. The soliton-soliton interaction is account-
ed for by the term

Hy,=— f_+:|u(x)l“dx (6)

in the full Hamiltonian of the unperturbed NS equation.
Following Ref. 13, one inserts the linear superposition of
the two slightly overlapping solitons, ¥ =u,+u,, into
Eq. (6). It is easy to see that in the first approximation
the effective potential U of the soliton-soliton interaction
following from Eq. (6) after this substitution is the sum of
two symmetric terms,

U=—4 [ " Ju,(x0)"Relu, (x)u§ (x)]dx +(1=22) ,  (7)

where u,(x) is realized as the soliton wave form (3) with
zp=0. ¢¢=0, and u,(x) is the tail of the second soliton
which can be taken in the form

u,(x)=2inexp(4in’t —2n|x —z|—ik|x —z|+i¢) . (8)

Note that, when inserting the tail of the first soliton into
the second term of the potential (7), one must change
signs in front of z and ¢ in Eq. (8). Subsequent straight-
forward calculations yield the expression

U = —256m’exp( —2nz )cos¢ cos(kz) , 9

which coincides with the unperturbed effective potential
if k=0.
The potential (9) has two sets of the stationary points:

cos¢=0, cos(kz)=0, (10)
sing=0, cos(kz)+(k /27)sin(kz)=0 . (11)

The stationary states (10) are unstable (saddles) as their
binding energy is exactly equal to zero, see Eq. (9). How-
ever, the states (11) are stable, provided cos¢ cos(kz)> 0.
Thus the oscillating potential (9), unlike the unperturbed
one with k=0, gives rise to the set of stable two-soliton
BS’s with the distances between the solitons

z,~2n—1)7w/2lk|, n=1,2,3,--- . (12)

Note that the underlying assumption ¥, ¥, ¥o¥3<<1
implies |k|/n<<1 [see, e.g., Eq. (4)], so that the bound
solitons are indeed slightly overlapped, as it was
presumed: 7z, >>1. By the same reason, the binding en-
ergy E of the BS is exponentially small:

E,=—U(z=z,)
~128|k|n%exp[ —(2n —)wy/|k|] . (13)

Note that the potential energy was analyzed in the sys-
tem which, strictly speaking, had no potential at all as it
contained small dissipative terms. However, analysis of
full equations of motion for the solitons’ parameters,
which is an exercise on the perturbation theory, leads to
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an effective equation of motion for a particle in the poten-
tial (9) in the presence of friction, so that the minima of
the potential are stable indeed.

Alongside the two-soliton BS’s, there may as well exist
multisoliton ones, and also the BS’s in the form of period-
ic or irregular arrays of solitons, with distances z, be-
tween neighboring solitons.

Let us proceed to the GL regime. In this case it is con-
venient to rewrite Eq. (2) in the form of the GL equation
proper:

v,=—(1—€ew+(1+iB,, +(1+ia)lv|?
—Z(1+i8)|vl% , (14)

where a and B are small dispersive parameters, the addi-
tional one § has been added for generality (it is implied
a~pP~8), and € is assumed small too. At
a=pB=8§=€=0, Eq. (14) has the exact kink solution.

vo(x)=2explidy){1+exp[ —20(x —z4)]} 12,
o==x1, (15)

where ¢, and z, are arbitrary constants, cf. Eq. (3). As
has been demonstrated in Ref. 12 (see also Ref. 11), when
the perturbing parameters in Eq. (14) are different from
zero, the kink (o= +1) and antikink (o= —1) can form
a large-size SP, provided e~a? The frequency of the SP
is w=4a— 38, and the local wave number in a vicinity of
each kink is

k(x)=c[ A+Blvy(x)?],

A=2a—(B+38)/2, B=3(B—98)/16. (16)

Thus the kink has the SP on one side of it, and on anoth-
er side the wave field falls off exponentially, cf. Eq. (8):

v(x)=2expligglexplint —(14+id)|x —z4|]. (17)

Again, Eq. (17) tells us that the small perturbing terms
render the tail of the SP oscillating.

Let us now recollect that, in the case a=p=58=0, Eq.
(14) can be presented in the gradient form, v,=—8L /v,
where the Lyapunov functional is

L= [""ax[(1—elo+lv P~ Llo[*+ Lo[].  (8)

Stable configurations correspond to minima of L. We
will consider the interaction of two SP’s with a relative
phase ¢, which are separated by a large distance z >>1.
One can again insert the linear superposition of the two
slightly overlapping SP’s into Eq. (18). The lowest-order
term that accounts for their interaction is [cf. Eq. (7) ]

U=2 [ (o0 lR=11l, 0P

XRe[v(x)v3(x)]ldx +(1=2) , (19)

where v,(x) is the kink (15) with z;=0, ¢,=0 times
exp(iwt), and v,(x) is the tail (17) of the adjacent an-
tikink (belonging to the other SP), with zy=z, ¢o=¢.
The eventual result is [cf. Eq. (9)]

= —32 exp( —z)cos¢- cos( 4z) , (20)
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where A is defined by Eq. (16). Evidently, the effective
pseudopotential (20) has the set of stable equilibria with
sing =0, cos( Az)+ A4 sin( Az)=0 [cf. Eq. (11)], i.e., with

z,=2n—1)7/2|4|, n=1,2,3, - (21)

[cf. Eq. (12)]. The ‘“margin of stability” of the bound
states, characterized by the value of the pseudopotential
(20) at z=z,, is again exponentially small [cf. Eq. (13)]:

E,=—-U(z=z,)
~32|Alexp[—(2n—1)7w /2| 4]] . (22)

Like the solitons in the NS regime, in the GL regime the
SP’s may form multipulse BS’s and periodic or irregular
arrays alongside the pairwise BS’s.

To analyze the interaction of two SP’s, it was assumed
z >>1, but z need not be large as compared to the proper
size / of the SP. [ is large too, but it is governed by anoth-
er small parameter and it is uniquely determined [12] un-
like the distance z, which depends on the arbitrary in-
teger n.

The analytical treatment made it possible to reveal the
BS’s whose “margin of stability” was exponentially nar-
row, see Egs. (13) and (22). The fundamental reason for
this was that the dimensionless parameters y, v,, and
VoY 3 in the underlying Egs. (1) and (2) had to be assumed
either small or large. However, in the intermediate case
Y1 Y2 Yo ¥3~1 (when the SP’s can only be investigated
numerically [15]) the BS’s, if any, could be more robust.

In many cases, the generalized NS equation must in-
clude additional terms which account for higher disper-
sion. For instance, the nonlinear optical fibers usually
operate in a spectral range near the zero of the first
dispersion; in this case, the second dispersion must be
taken into account, i.e., the term i{u,,, with real { must
be added to the right-hand side of Eq. (1) [16]. This term
gives rise to the additional oscillating factor
explig(x —z)], g =2&7?%, in the soliton’s asymptotic (8).
The crucial difference from the previous factor
exp(ik|x —z|) is that we have (x —z) instead of |x —z|.
After straightforward calculations, one can see that all
the difference introduced by the new factor is the change
of cos¢ in the potential (9) to cos(¢+gz). Eventually,
this amounts to the fact that the value of ¢ in the station-
ary states is determined by the equation sin(¢+gz)=0
instead of sing =0, see Eq. (11). The higher dispersion
does not influence the stability and binding energies of
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the BS’s; in particular, the BS’s are absent if g0 but
k =0. The same pertains to the ‘“skew” terms, like
ifu,,,, added to the basic (this time, dissipative) part of
the GL equation (14)

In conclusion, let us briefly discuss feasible experimen-
tal manifestations of the effect revealed. A plausible ob-
ject that could be interpreted as a soliton in a nonlinear
system combining the dispersion and dissipation is the
quasi-one-dimensional (strongly scratched) localized spot
of convection in a layer of a liquid crystal heated from
below, discovered in Ref. [17]. One might try to interpret
a stationary pattern of the spots observed in Ref. [17] as a
multipulse BS. Another interesting object is the localized
convection pulse observed in a binary liquid filling a nar-
row annular channel [18]. Interaction of two pulses in
this system was recently studied in Ref. [19]. It was
demonstrated that, when the two pulses are not far from
each other, they suffer a slow fusion into one pulse. It
remains to be understood if this interaction can be de-
scribed within the framework of the approach developed
in the present paper.

Note added in proof. In recent work by P. Kolodner
[Phys. Rev. A 44, 6448 (1991); 44, 6466 (1991)], results of
a more accurate experimental study of collisions between
counterpropagating pulses in the annular convection
channel were reported. It has been demonstrated that
the collision may result in the formation of a stable
bound state of the pulses similar to the one described in
the present work, provided the relative velocity of the
colliding pulses is sufficiently small. Although the coun-
terpropagating waves should be described by a system of
two coupled NS-GL equations, the mechanism analyzed
here, i.e., that based on the interaction of the pulse with
the spatially oscillating tail of the mate pulse, is fairly
universal, and it must as well account for formation of
the BS in the system of two coupled equations. It seems
also worthy to mention the ac-driven damped NS model
[D. J. Kaup and A. C. Newell, Phys. Rev. B 18, 5162
(1978)] iu, +u,, +2|ul*u = —iyqu +ecos(wt). As is well
known, this model admits stable solitons with the ampli-
tude 7=V w/2, phase locked to the ac drive. Following
the lines of the analysis developed above, it is straightfor-
ward to see that these solitons can form the BS’s at the
distances z,=~2(2n—1)7n/y, the stable ones corre-
sponding to odd  (in this case, the phase difference ¢ be-
tween the two solitons is always zero, as both are phase
locked to the drive).

*Also at Department of Applied Mathematics, School of
Mathematical Sciences, Tel Aviv University, Ramat Aviv
69978, Israel.
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