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We have derived an equation of motion for a Wigner operator in phase space, which is the
phase-space analog of the Heisenberg equation of motion for a quantum-mechanical operator. An
application of this operator equation to time-dependent systems possessing invariants is considered,
and the solution for the corresponding Wigner phase-space distribution function is obtained.

I. INTRODUCTION

The phase-space distribution function, originally intro-
duced by Wigner' and subsequently generalized by Moy-
al,> Cohen,®> and others,* provides a means to calculate
the quantum-mechanical expectation values using
classical-like phase-space (PS) integration, where position
and momentum are treated as ordinary variables rather
than as operators. In the PS picture, the quantum
corrections become transparent, and a smooth transition
from quantum to classical physics is encountered. It is
particularly suitable for obtaining quantum-mechanical
(QM) results in situations where a good initial approxi-
mation comes from the classical result and also for deriv-
ing classical limits of quantal processes. The strength of
the PS framework is also revealed by its ability to provide
a unified treatment of states and transitions by associat-
ing PS functions to quantum states as well as quantum
transitions. Also, both pure and mixed states can be dis-
cussed using the same framework.

The Wigner PS function is the Weyl transform of the
density operator and is a particular representation of the
density matrix. There also results another meaningful
picture of the Wigner function when it is interpreted as
the expectation value of the parity operator.’

The calculation of the Wigner function from the wave
function in coordinate space as the starting point is met
with difficulties. Even for the hydrogen atom, one has to
take recourse to either expansion in terms of the Gauss-
ians® or exploit the hydrogen-atom-oscillator connec-
tion.” The equation governing the time evolution of the
PS function has therefore been employed directly in a
variety of problems, such as collisions,® intramolecular
energy transfer,” photodissociation,'® and other semiclas-
sical applications.!! Recently, the PS distribution func-
tion has also been wuseful in discussing quantum
chaos,'>!3 quantum fluid dynamics'* and some aspects of
density-functional theory.!”> The creation and annihila-
tion operators have also been defined in phase space!® (see
Kim and Zachary!’ for a variety of applications of the
physics of phase space).
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The PS formalisms have mostly been centered around
the distribution functions. However, operators known as
Wigner operators (which are essentially Bopp operators)
have also been defined*!?® in phase space. Although the
Wigner operators are not needed for evaluating the ex-
pectation values, they appear in the equations determin-
ing the PS distribution functions. While these equations
involving the PS function have been studied extensively,
the equations of motion for the Wigner operators them-
selves have not attracted sufficient attention. In the
present work, we aim at obtaining the equation of motion
for the Wigner operators in phase space, which will be
the PS analog of Heisenberg equation of motion for a
quantum-mechanical operator.

The equation for the time evolution of the PS function
is not a differential equation with simple order but in-
volves series expansion in the derivatives with respect to
position as well as momentum coordinates. It is there-
fore of utmost importance to have methods of solution
for these equations. We exploit the operator equations
derived here to obtain solutions for the PS distribution
for a certain class of time-dependent (TD) problems, viz.,
those associated with TD invariants,'® which includes
problems involving a TD harmonic oscillator or a
charged particle moving in a TD magnetic field.

In what follows, a brief review of Wigner distribution
functions is presented in Sec. II. The operator equation
of motion is then derived in Sec. III. The colution for the
PS function through the operator equation is obtained in
Sec. IV for general TD systems possessing invariants and
the TD harmonic oscillator as a special case. Finally, we
offer a few concluding remarks in Sec. V.

II. WIGNER DISTRIBUTION FUNCTION
IN PHASE SPACE AND RELATED EQUATIONS

The Wigner distribution function f(g,p) is defined
through the partial Fourier transform of the off-diagonal
elements of the density matrix, viz.,
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flg,p)=am)~" [ dy exp

X{g—y/2lplg+y/2), (1)

or an equivalent expression

—igk

2m#h) ! | dk
(27#h) f exp P

flg,p)=

X{p—k/2|plp+k/2), )
and clearly satisfies the following properties:
[ dq fla.p)={plplp) ,
Jdp fla.p)=4qlplg) 3)
[ dq [dp flg.p)=1.

These results, written for a single particle in one dimen-
sion, can easily be generalized to higher dimensions and
many-particle systems. Another more general scheme is
the Wigner-Moyal transform, which yields the PS func-
tion A,(g,p) corresponding to a QM operator A4 (q,p)
and is given by? 132021

Y A\ (g—y/2Alg+yr2) . (4)

A, ( fdy exp

Clearly, Eq. (1) is a spemal case of Eq. (4) for the density
operator, i.e., 4=p and f(q,p)=(27#%) 'p,. The PS
function A (q,p) is known as the Wigner equivalent of
operator ;4\ and the transformation given by Eq. (4) can
be recast in several other equivalent forms.'® From Egs.
(1) and (4), it also follows that

Te(pA)= [dq [dp A,(q.p)f(q.p) 5)

which implies a classical-like procedure for the evalua-
tion of expectation values. One also has the generaliza-
tion of Eq. (5), viz.,

Tr(AB)=2n#)"" [dq [dp A,(q.p)B,(q,p) .  (6)

The Wigner equivalent of the product of operators can
be expressed in terms of the ngner equ1valents of the in-
dividual operators. Thus, for F= 4B, one has

A
F,(q,p)= A,(q,p)exp EYS B.(q,p)

2 A.(q,p) , (7)

=B,(q,p)exp

where A (essentially the Poisson bracket operator) is
given by
9

dq

3

8|8
dq

op

3
ap

(8)

with the arrows indicating the direction in which the
derivatives act. In the general multidimensional case, Eq.
(8) involves a multidimensional scalar product.

The Wigner equivalent of the commutator [4,B]_
and the anticommutator [ 4,B ], now follow directly:

([4,B]_),=—2iA,[sin(AA/2]B, , (9a)
([4,B],),=2A,[cos(#AA/2)]B, . (9b)

The classical limits (fi—0) of Egs. (9) yield the desired re-
sult:

(10a)
(10b)

where { }pg denotes the Poisson bracket.

One can thus obtain the Wigner equivalent PS function
corresponding to any QM operator using Eq. (4). The re-
verse process of obtaining a QM operator equivalent of a
classical PS function is via the Weyl transform. One can
also define operators in phase space, known as Wigner
operators. Thus, correspondmg to a PS function 4,(q,p),
the differential operator A w(g,p) is defined as

4,(g.p)=4,0,P), (11)
where Q and P are the Bopp operators?? and are given®!3
by

p-g- |2 ]]2

Q0=q s

ﬁ 9
=p+
=p aq (12)
The PS operator Aw(q, p) can be rewritten as

A,= A,(q,plexp =T (13a)

d

=exp ((A/20) | m— | |7~

4 || 9%

0 9

— | |=— | | 4,(q,p) , 13b
34, 3 s(g,p) (13b)

where (3/3p 4) and (3/9q ) operate on A, while (3/9q)
and (9/0p) are free and are to operate on the function
that follows A4;. One can thus obtain the PS operator A

corresponding to any QM operator A or the ngner
equivalent PS function 4,(q,p) using Eqgs. (11)-(13). The

reverse transformation of the PS operator 4,, into the PS
function A4 (g,p) is by operating on unity, viz.
A,0,P)1=4,0*P*)1=4,q,p), (14)

where 0 * and P* are complex conjugates of 0 and P of
Eq. (12). 4 »(Q,P) is an operator not on the Hilbert
space on which A(g,p) is an operator, but it acts on
functions in PS. It also follows from Egs. (7) and (13)
t}lat ,g/grresponding to the product of QM operators,
F = AB, one has

F.(q,p)=A4,B,1=A4,B,(q,p) (15a)

Aw w
B*A,1=B*A4.(qp), (15b)



4 OPERATOR EQUATION OF MOTION IN PHASE SPACE: ... 67

where B » denotes ﬁw(é * P *). The expectation values
can also be expressed in terms of the Wigner operators,
viz.,

Tr(AB)=Qu#) "' [dq [dp A,(q,p)B,(q,p)
=(1/#) [ dq [ dp 4,B,(q,p)
=(1/%) [dq [dp B, A,(q,p)

and the expectation value { 4 ) is given by [compare Eq.
(5]

(A)=Tr(pA)

(16a)
(16b)

= [dq [dp 4,f(q.p) . 17

One also has the commutator relation

A

A,B*=B*4, . (18)

With the help of the interconnections among the QM
operator A(q,p), the classxcal PS function A4,(q,p) and
the PS (Wigner) operator Aw, the equation of motion for
the density operator, viz.

ar =[H,p], (19)

will have the following form in the Wigner representa-
tion:

9 = —2H.(g,p)sin [ﬁ—" Flapt) (20a)
at 2

which can be rewritten as

%{ (%) VB, — A %) f(gp,0=iLf (q.p.1) (200)

where L is the quantum Liouville operator defined in
terms of the Wigner _operator H and H * » corresponding
to the Hamiltonian A, viz.,

iL=(i#)"YH,—HY) . 21)
Equation (21) is the quantum Liouville equation and
determines the time evolution of the PS distribution func-
tion. Expansion in power series of # using Eq. (13) shows
that the zeroth-order term in Eq. (20) corresponding to
the classical Liouville equation and the terms of even or-
der in 7 represent the quantum corrections.

A

=2 [ [deanG & mexp [,- {g
_,.[g

(&, n)——f [ dqdp A,(q,p)expl—i(&p+nq)],

A

dr=2- [ [agdnG &mexp

where

one obtains the equation for //fw from Eq. (23), viz.,

Equation (20) governs the time evolution of f(g,p
which is the Wigner equivalent of the density operator
The equation of motion for a general operator Aq,p),
viz.,

A(q(t),p(1),1)

1 i
A(q(0),p(1),1)= [a:

#)"'[4(q,p,1),H(g,p,0)]

(22)
can also be transformed into the PS equation:
d )
7 | 4s4a@,p@,0)= | = A q(0),p(0),1)
—iL(q(1),p()) A,(q(1),p(1)) ,
(23)

which yields the classical Liouville equation in the classi-
cal limit #—0. For Hamiltonians of the type

H(g,p,t)=p*/2m+Vi(q,t) , (24)

with V(q,t) linear or quadratic in g, the equation of
motion is the classical Liouville equation. For a general
potential, however, Eq. (20) or (24) does not represent a
differential equation of simple order and involves a power
series. The formalisms presented in subsequent sections
would provide schemes for solving the quantum Liouville
equation.

III. OPERATOR EQUATION OF MOTION
IN PHASE SPACE

While the equation for the PS function [Eqgs. (20) and
(23)] corresponds to the Schrodinger picture of QM, an
analog of the Heisenberg picture can be established
through the PS equation corresponding to the QM opera-
tor equation (22). Since the equation of motion for the
Wigner operator A does not seem to have been studied
earlier, we first present a derivation of this equation.

The time dependence of A can be obtained from Eq.
(23) for the corresponding PS function A4, through the
operator correspondence [Egs. (11)-(13)]. Since Eq. (13)
can also be written'® in the form

9
— = | = 25
(26)
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d 0 PPN
— |4,= A, — ! -
dt] s tat (i#)"WH,A,— A, H,) , 27
by multxplymg with the exponential terms of Egs. (25) and (26) followed by integrations over &, 7, ¢, and p variables.
The term H A, is the Wigner equivalent of the QM operator product H 4 and can be expressed as
Fo=AA)=H,4,=02a7 [ [ [ [dedmdednGy(§,m)G 4(Ex,m)
Xexpl{i[(§,+&)p +(n+1,)q]1+A/2NEm,— &)} (28)
and therefore the corresponding Wigner operator is given by
3
Eo=|o-|amf [ [ [ [ [dsdndednddndg'dp'Gy(&,m)G 4(Enmy)
Xexp[(i#/2)0(Emy—m &) Jexpl{i[(§;+8,—&)p" +(n+n,—n)g]}
. # d
X +l=|l= It — == | |=
exx»t[ép 2 | | 3g 192 | |3 ]I (29)
where use has been made of the identities
A 0 0 #i 0 d
exp [§1 2 | |3 l Tma— |5, a } exp t[ﬁz P15 [ | 3g M |9 3 H
—exp il +e) p+ |2 |12 | | +0pmy) [g— O expltifiza)em—mED] . (30)
p 17520 1P 2i 3q mTm) |9 20 ap p 127 Ms2/ 1 -
[
Since the integral over the p’ and g’ variables of the 3
second exponential term in Eq. (29) gives a & function, (i#) a3 (wa (ﬁ ——I?;)(fwf) (34)
one readily obtains

F,=8,4, (31)
Analogously, the term ﬁ A, is equal to ;f H, by Eq.
(15), and hence the correspondmg Wigner operator is
A H The equation of motion for the Wigner operator

is therefore given by

9
at

d
dt

A, A4,+in " "HA,4,—4,H,) (32)

which is analogous to the Heisenberg equation of motion
for a quantum-mechanical operator.

IV. TIME-DEPENDENT INVARIANTS
AND SOLUTION FOR THE PHASE-SPACE
DISTRIBUTION FUNCTION

Consider the TD system characterized by the Hamil-
tonian of the form of Eq. (24) and the resulting equation
for the PS distribution given by Eq. (20). Now, assume
that there exists an invariant I(g,p,t) for this TD prob-
lem. The Wigner operator fw corresponding to this in-
variant satisfies

% I,= % I,—Gin " “AJT,—T,A,)=0. (33)
Now, operating (31, /dt) on f(g,p,t) and _using Egs. (33)
and (20) and the commutator condition (A, T*=T*H,)

[see Eq. (18)], one obtains

Hence, (fw f) also satisfies the same Wigner-Moyal-type
equation (20). We now make use of the properties of this
invariant to solve for the PS function f(q,p,?) from Eq.
(20).

The solution involves an expansion in terms of the PS
eigenstates of the invariant operator, given by

(1/#)1, (35)

T3 fum @P, )= fum(@,p,t) -
The definition of the PS eigenfunctions f, , for station-
ary states follows from the generalization of Eq. (1) for

the PS distribution function, viz.,

_ I}
So,m = (27H) 1fdy exp —‘%}—’-
X(q—=y /2P mla+y/2), (36)
corresponding to the density matrix operator

Pnm=In){m|. Here, p,, (=¢,®¢,,) characterizes the
nth and mth eigenstates corresponding to the eigenvalue
problem in the Hilbert space of the wave function, viz.,

Y, =a,v, . 37)

The two eigenvalue equations®
tions f, ,,(g,p) are

obeyed by the PS func-



4
(/BT pm 12)s =1 /8) T, =T 50 m(a:p)
=—2i/#)(q,p,t)sin(AA/2)f,
=y fnm(P) (38a)
YT, fum 1+ )s =1(q,p,t)cOS(AA /2) f 1
=S m (38b)
where the eigenvalues a,,,, and a,,, are related to the QM

eigenvalues by

=(1/#%)a (39a)

n——am)’

a,,=+a,+a,). (39b)
Since the Bopp operators 0 and P defined in Eq. (12) as
well as the operators Q and P * are Hermitian, any real

function of these operators is also Hermitian. Since
J
1 a -3 a A* 1 ~ /\
- - — = + |= —I
# ot T [az T | Fom # Ly = 1)
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I (q,p) is a real function of its arguments, the operator
(I —TI* ») is clearly Hermitian and the eigenvalues {a,,, }
are real Also since {1, ] form an orthonormal set, the
PS eigenfunctions {f,,, ]} also form an orthonormal com-
plete set, i.e., they satisfy

(Zﬂﬁ)glf qu dp fn,mfn*',m’zsnn’smm' (403)
and also the “‘self-orthogonality” relation
S [dadp £ =8, - (40b)

The functions f, , form a Hermitian matrix with respect
to their subscripts n and m, i.e.,

Fum@sps)=fp ,(q,p,1) . 41)

We now proceed first to prove that the eigenvalues

a, are not explicitly time dependent. Differentiating
Eq. (38a) with respect to time, one obtains :

94, 9f n,m
fn,m = ot fn,m +anm ot . (42)

Now, allowing Eq. (33) to operate on f, , and the equation of /I\;‘) corresponding to Eq. (33) on f, ,, and subtracting,

one obtains

9
at

~

9

ot I:J fn,m+

L
i

From Egs. (42) and (43), one obtains

i

Dy )

9 iy *
at} (A, Hw>]fn,m_

ﬁan,m )fn,m N (44)

Taking the scalar product with f . and using the
orthogonality property of f, ,, [see Eq. (40)], we get

ﬁ(an’m’_anm)[fn’,m" at (ﬁw w) fn,m J
=it |2 |(a, )8, (5)
at nm 'Yan'Ymm’ >
which implies that
d
— =0, (46)
ot an,m

indicating that the eigenvalues of the invariant operator
have no explicit time dependence.
Equation (45) for the off-diagonal case implies that

—A ) f0m=0. (43)

fam |=0. @D

ar

9 ‘—(ﬁw *)

.

The objective now is to find a solution to Eq. (20b)
through the eigenfunctions f, ,, of the invariant opera-
tor. Since {f, ,,} form a complete set, f(g,p,?) can be
written as

flg,p,t)=3FC, . ()f, n{q,p,t) . (48)

Substituting Eq. (48) into Eq. (20), taking the inner prod-
uct with f,. .., and using Eq. (47), one obtains

.ﬁ n',m’ +ﬁ aan',m' C —O
I at at n’,m’'~ VY (49)
where
# aan’,m'
ot
_ Ll 5 o
= | Somes |10 |57 |~ Hy— B | fom|. 60

Therefore, the time-dependent coefficients C,. ,.(¢) are

given by

Cp mlt)=explila, ,(t)—a, ,(t")]}Cp, . (t'), (51)

which on substitution in Eq. (48) leads to
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f(g,p,t)= S exp[ —ia,, ()] [f [ dq'dp’ £,,(q"p" ') fo(q",p"st") |€XPlict, ()] f m(@opst) - (52)

Equation (52) enables one to obtain f(g,p,t) from the
eigenfunctions f, ,, and the boundary condition for
flgq,p,t)att=t'".

As an example, we now consider the case of a time-
dependent harmonic oscillator described by the Hamil-
tonian

H=p?/2+10?(t)g? . (53)
The time-dependent invariant I(f) associated with this
system is given by’

I(p,q,t)=—2‘—[(pp—pq)2+k(q/p)2] , (54)
where k is a constant and p(?) satisfies

pHpwi(t)=k/p* . (55)

Our objective is to obtain the solution of Eq. (20b) for this
system in terms of the eigenfunctions of the invariant
operator (54). The latter can be expressed in the simple
form

I=L(P*+kQ?) (56)

in terms of the new variables Q and P obtained through
the canonical transformations

Q=q/p, P=pp—pq . (57)

Equation (56) suggests that the invariant in the
transformed variable plays the role of Hamiltonian for a
time-independent harmonic oscillator.

For the phase-space considerations of the oscillator
problem, we have

A —B*y=—ip |9 | +inkn) |- 5
(H, o) ip 3q iw“(t)g p |’ (58)
(3~ 5 =—ilpp—pa) |p |- |+p | >
w3 PP=pa) P 15 |HP 5
k 3
+i|5 g = |. (59)
o | op

The second expression when reexpressed in terms of the
new variables Q and P takes the form

d

9Q

Equation (60) suggests that the eigenfunctions in Eq.
(38a) would be functions of Q and P, i.e.,

(I,—T%)=—iP +ikQ (60)

98
apP

—

Sum@p: V=1, ,.(a/p,pp —pq) . (61)

Using this knowledge of the functional dependence of
fn,m on g and p, one can easily solve Eq. (50), rewritten as

—a—%ﬁf"— = fom> |1 |5y |~ Ho—H ) f,.,m]
=—p Lo L, =T 5)f ) (62)
to obtain the phase factor given by
an’m(t)=—ﬁan,mftdtpA2 . (63)

Once we identify (7, —T *) with (A, —H *) of the time-
independent harmonic oscillator, the eigenfunctions f, ,,
can be obtained from standard results.?! Therefore, one
has all the necessary quantities to obtain the distribution
function f(q,p,t) from Eq. (52) when the initial function
Solg,p,t’) is known.

V. CONCLUDING REMARKS

The evolution of phase-space formalisms in quantum
mechanics has been driven by a desire to obtain a classi-
cal conceptual framework for discussing quantum phe-
nomena. It not only provides an enhanced view of the in-
terpretive aspects, but it also enables one to employ the
various methods of approximation or expansion used in
classical cases to the problems of quantum domain.?*

The operator equation in phase space that has been
proposed here supplements the analogous equation-of-
motion approach for the quantum chemical calculations.
Invariance plays an important role'® in obtaining the
solution for the time-dependent harmonic oscillator and
to obtain the phase-space distribution function, the
operator equation for the invariant operator is essential.
Using the operator equation derived here, a time-
dependent density-functional theory?® can be developed
in phase space. A master-equation approach for open
quantum systems can also be developed using the opera-
tor equation. It is also of interest to obtain a path-
integral solution?® to the phase-space function and show
its interconnection with the Bohm’s quantum-fluid-
dynamical approach.'4?*
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