PHYSICAL REVIEW A

VOLUME 44, NUMBER 9

1 NOVEMBER 1991

Quantum collapses and revivals in an optical cavity
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We study the influence of the atomic spontaneous-emission decay on the collapse-revival phenomena
in the optical region. We demonstrate that revivals of the atomic inversion are much more sensitive to
cavity-field damping than to spontaneous emission. This suggests that the additional dissipation caused
by spontaneous emission would not offer an insurmountable obstacle to the experimental observation of

optical revivals in high-Q cavities.

PACS number(s): 42.50.Dv, 42.52.+x, 32.80.—t

I. INTRODUCTION

The interaction of an atom with a single-mode cavity
field [1-5] characterized by a coupling constant g results,
in the absence of dissipation, in interesting nonclassical
dynamics [2-5] including collapses and revivals of the
atomic inversion [2,3]. On the other hand, the interac-
tion of an atom with a cavity field naturally involves two
dissipative processes [6]: cavity damping characterized
by a damping rate k and secondly, spontaneous decay at
rate ¥ into a continuum of field modes other than those
of the cavity. In the strong-coupling limit (i.e., g >k,y)
the interaction between the atom and the cavity field can-
not be described perturbatively, but involves a detailed
knowledge of the coupled (composite) atom-field system
[1]. In this case one can expect to observe nonclassical
effects such as collapses and revivals of the atomic inver-
sion, which depend on the cavity-field photon statistics,
but only if dissipative influences are much less than the
atom-field coupling.

Recently theoretical [2,3] and experimental [7] investi-
gations have been carried out in the microwave region
with Rydberg atoms, for which spontaneous emission is
negligible and the coupling constant g is larger than the
cavity damping rate w/Q, where o is the field frequency
and Q the quality factor of the cavity. Under such cir-
cumstances the significant source of dissipation is the
finite Q of the cavity. It has been shown that while col-
lapses of the atomic inversion are not affected strongly by
the cavity damping (if g = k), revivals are much more sen-
sitive to cavity-field dissipation [3]. Until recently com-
plementary studies in the optical domain have not been
made, mainly because the atom-optical-field coupling
constant g is usually far less than the cavity decay rate
and the spontaneous-emission rate y¥. Nevertheless very-
high-Q optical cavities have been constructed recently
[8], allowing investigations of the dynamics of an atom
interacting with a quantized optical cavity field. In par-
ticular vacuum Rabi splitting [5], the splitting of spectral
lines by the strong atom—vacuum-field coupling, has been
observed [9]. In the microwave region it is very difficult
to measure directly the cavity-field spectrum, so that
quantum properties of the field must be inferred from
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measurements on the states of the atom involved in the
transition. This would not be necessary in the optical re-
gion, for here photons can be counted and spectra mea-
sured directly. However, in the optical region, spontane-
ous emission will play an important role in the atom-field
dynamics, and will affect the collapse-revival phenomena.

The purpose of the present paper is to study the
influence of the atomic spontaneous-emission decay on
collapse-revival phenomena in the optical region. We
will demonstrate that revivals of the atomic inversion are
much more sensitive to the cavity-field damping than to
spontaneous emission. This suggests that the additional
dissipation caused by spontaneous emission would not
offer an insurmountable obstacle to the experimental ob-
servation of optical revivals in high-Q cavities. After
presenting our results we discuss the physical origin of
the asymmetry between cavity and atomic damping in
atom-field evolution.

II. FORMULATION OF THE PROBLEM

Let us consider two levels of a single atom resonantly
coupled to a single Fabry-Pérot cavity mode. In this sys-
tem at least two different dissipation mechanisms can be
identified. First, the cavity mode loses photons through
the cavity mirrors. Second, in an open-cavity geometry
the excited atom spontaneously emits photons into non-
cavity modes. The atomic spontaneous emission out of
the optical cavity occurs at a rate . This atomic-decay
rate to modes other than the privileged cavity mode is in
general different to the free-space rate [6]. Transition
losses through the cavity mirrors occurs at a rate 2k.
Generally dissipation through the cavity mirrors can be
modeled via the coupling of the cavity mode to a reser-
voir of external electromagnetic vacuum modes [10]. In
the Markovian approximation one can trace over the
reservoir modes, which allows us to include dissipation
into the master equation for the reduced system-density
operator p (see, for instance, Refs. [11-13]). The result-
ing interaction-picture master equation in the dipole ap-
proximation for the reduced atom-field density operator p
is
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where a and a are annihilation and creation operators of
photons in the cavity mode and o, and o _ are the Pauli
atomic raising and lowering operators. The coupling
strength g between the atom and the cavity mode can be
expressed in terms of the free-space spontaneous-emission
rate [12].

From the master equation (1) we can derive the equa-
tions of motion for the matrix elements of the reduced
field-density operator, defined as

where |i) corresponds to either the lower (i =1) or the
upper (i =2) state of the atom. The equations of motion
for p,; read

Pr1=ig(p1a —a'py)+ypyu+kLipy) , @)

f’22=ig(P21“T““Plz)_?’P22+kL(P22) ’ 3)

p12=ig(p”aT—a*p22)—-72’—p12+kL(p12) > 4)

pau=ig(pya _aPn)_%le‘*'kL(le) , (5)
where

L(p)=k(2apaT—aTap-paTa) . (6)

We note that the atomic matrix elements Pij (i,j=1,2)
are still operators with respect to the photon field. Now
instead of the four matrix elements p;; (i,j=1,2) we in-
troduce the following Hermitian operators:

PV =pntpi )
PP =pp—pi 8)
p”’:é(amz—pzla” , )
p(4)=é(p12a —a'p,)) . (10)

It can be easily seen that the operator
pV=Tr 4(p)=pyp+pu 1n

is equal to the reduced-density operator of the field.
Moreover the trace over the photon variables of the
operator p(Z), ie.,

W=Tr 4p[(00,— 0 )p]=Trp(p?) , 12)

is equal to the population inversion of the atom. From
Egs. (2)-(5) we obtain the equations of motion for the
operators p'”) in the form

pV=—2gp M +2gp+kL(p) , (13)

p (2) — _zgp(3)__2gp(4)_,},(p(l)+p(2))+kL(p(2)) ,
(14)
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Here we note that, in contrast to Egs. (2)-(5), Egs.
(13)-(16) contain only bilinear combinations of photon
operators in the form p'”a Ta,ap“)a ' ..., which means
that in the photon-number representation, equations for
the diagonal matrix elements p!?) and for the off-diagonal
elements p!/) are decoupled. This significantly reduces
the complexity of numerical calculations, because instead
of integrating N? coupled differential equations (where N
is the upper limit for photon numbers, N >>1, considered
in the numerical evaluation of sums over photon-number
distributions) we have to integrate only 4N coupled equa-

tions.

III. COLLAPSE AND REVIVAL PHENOMENA

From Egs. (13)-(16) we can derive a system of coupled
equations for the diagonal matrix elements p!) =P”
i=1,...,4,n=0,1,...)

PV=—2gP ) +2gP\¥+2k[(n+1)P}"), —nP"],

(17)
P(,,2):"_2gP,(,3)—ng,(,4)‘"’VP,(,I)_YP,(,Z)
+2k[(n +1)PH,—nP?], (18)
P ‘,,3’=§(n + 1PV =P+ PP+ PR
— |+ L | PY42k[(n + DR —nP Y],
(19)
P=Enpl —P"+P2, +P?)
+ k—Jzi PY—2kP®
+2k[(n + 1P, —nP®] . (20)

This system of equations can be integrated numerically,
here by the fourth-order Runge-Kutta method. In the
case when the atom is initially in the excited state, the in-
itial conditions for P\” are

PV(0)=P2(0)=P\ , 21



6094

P(0)=P*(0)=0, 2)

where P!/ is the initial photon-number distribution of
the cavity field. The atomic population inversion (12) can
be written as

w(t)= ﬁp;”(t). (23)
n=0

In what follows we study in detail the influence of both
damping mechanisms on the time evolution of the atomic
inversion (23). Using the numerical solutions for the di-
agonal elements P.?)(¢) we plot in Figs. 1 and 2 the atom-
ic inversion versus the scaled time gz. The atom is initial-
ly in the excited state [W(z =0)=1] and the cavity field
is in a coherent state with an intensity 7 equal to 10 (Fig.
1) and 20 (Fig. 2). The time evolution of the atomic in-
version is studied for various values of the cavity damp-
ing k and the spontaneous decay rate y (both decay rates
are measured in units of g).

From the figures we see that the collapse of the initial
Rabi oscillations is weakly affected either by spontaneous
emission or by cavity damping. In the quiescent period
following the first collapse the inversion remains in a
quasisteady state and slowly decays towards |—1) (i.e.,
the atom decays into the lower state). Unlike the col-
lapse, the revivals are strongly affected by spontaneous
emission and by cavity decay. Comparing various curves
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in Figs. 1 and 2, we note the following: (i) The higher the
spontaneous-emission rate ¥ and the cavity-decay rate k,
the smaller the amplitude of the revivals of the Rabi os-
cillations. (i) For fixed values of the spontaneous-
emission rate ¥ and the cavity-decay rate k, the ampli-
tude of the revivals is proportional to the inverse value of
the intensity of the initial coherent field; that is, the
higher the 7 the smaller the amplitude of the revivals.
(iii) Finally we turn our attention to the fact that the am-
plitude of the revivals is much more sensitive to the value
of the cavity-decay rate than to the value of the
spontaneous-emission rate [compare, for instance, Figs.
1(b) and 1(c)]. This of course is true for 7 >>1. For small
intensities of the initial coherent field both damping
mechanisms affect the time evolution of the atomic inver-
sion in the same way.

From the above we can conclude that spontaneous
emission and cavity damping affect revival phenomena in
quite different ways. We recollect here that the revival
phenomenon is a purely quantum effect which is due to
the quantum (discrete) nature of the cavity field [2]. The
collapse of the Rabi oscillations can be associated with
the spread in Rabi quantum eigenfrequencies describing
the interaction between the atom and the cavity field [2].
This distribution of Rabi frequencies depends on the
spread in photon numbers and results in the dephasing of
Rabi oscillations and the collapse of the atomic inversion.
The revivals of the atomic inversion occur when the Rabi
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FIG. 1. Time evolution of the atomic inversion W (t) for an initially excited atom interacting with a coherent field with mean pho-
ton number 7 =10 for (a) y =k =0; (b) k =0, y =0.05g; (c) k =0.005g, y =0; (d) k =0.005g, y =0.05g. Comparing (c) and (d) we can
easily see the dominant influence of the field damping on the diminishing of the revival phenomena. Namely, in (d) we have taken
into account both the field- and atomic-decay mechanisms, but the time evolution of the atomic inversion is almost identical to that

in (c) where the atomic decay rate is equal to zero.
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FIG. 2. Same as in Fig. 1 but 7 =20.

frequencies with n near the mean 7 become in phase with
one other (constructively interfere) provided the atom-
field eigenfrequencies are discrete (i.e., distinguishable).
The quantum revival disappears when the discrete eigen-
frequencies are broadened into a continuous distribution
[2]. Generally, increasing dissipation leads to a broaden-
ing in the widths of the eigenfrequencies of the Rabi os-
cillations, i.e., quantum revivals are sensitive to any
damping in the atom-field system. Nevertheless, as we
see from the figures, the optical revivals are much more
robust with respect to the spontaneous emission than to
the cavity damping. To explain this feature we write the
equation of motion for the photon-number distribution of
the cavity field P\". Ignoring the terms proportional to
k? and yk we can derive from (17) and (18) the following
equation:

) }') (n 1 )]

1
%

P (,,“=—3;—P Dtak[(n+1DP ) —(n—
—gXn +1)(PV =P +PP+P2,)

+gn (P, —PV+P2, +P?) . (24)

From the above it follows that the decay of P.! due to
spontaneous emission does not depend on the particular
value of n and is proportional to

P(l)Ne_(‘V/Z)t (25)
M .

On the other hand, the decay of P! due to cavity damp-

ing is characterized by the intensity-dependent rate

k (2n +1) (for details see Refs. [3] and [14]),

P’(11)~e—k(2n+1)t. (26)

If we take into account that the difference between two

atom-field eigenfrequencies is (see Ref. [5])
(Aw),=g(Vn+1—Vn), 7

which for large intensities of the coherent cavity field can
be approximated as

A g
Ao)=—3S8
@ 2(’—1)1/2

—_

(28)

then we can derive two necessary conditions for observ-
ing revivals of the atomic inversion in an optical cavity:

r g

2 <27 (29)
and

k(2A+1)< —8— (30)

2(7[)1/2 :

These conditions reflect the fact that revivals can be ob-
served only if the atom-field eigenfrequencies are not
broadened into a continuous distribution either by spon-
taneous emission [condition (29)] or by cavity damping
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[condition (30)]. Comparing the conditions (29) and (30),
we see that the revival phenomena are more fragile with
respect to the cavity damping than to spontaneous emis-
sion. It is also seen that for a highly occupied cavity
mode the revival phenomena are more sensitive to cavity
damping. Generally, the higher the intensity of the dissi-
pative cavity mode, the smaller the amplitude of revivals.
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