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Resonance fluorescence in radiative collisions: Theoretical study of the spectral line shapes
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We describe the spectral properties of the resonance fluorescence emitted in radiative collisions. The
line shapes of the anelastic components of the spectrum are found to be strongly asymmetric, with ex-
tended wings related to the van der Waals shift of atomic levels. The specific case of europium and
strontium atoms is considered for a combined collisional-radiative interaction following adiabatic dy-
namics.

PACS number(s): 32.80.—t, 34.50.Rk

I. INTRODUCTION

Radiative collisions are usually described by the gen-
eral reaction

A;+B;+nA'Q~ Af+Bf+(n+1)fiQ

where A;f and B; f denote initial and final states of the
atoms (or molecules) A and B, colliding in the presence of
a monochromatic laser field with n photons of frequency
A. Among atomic radiative collisions, laser-induced col-
lisional energy transfer (LICET) has been extensively
studied both theoretically and experimentally [1—17].
The process is described by the reaction

A *+B+A'Q~ A +B* (1.2)

where the asterisks denote electronic excited states of the
two atoms and the laser frequency 0 is near resonant
with the interatomic transition frequency Qo= [E(B*) E(A*)]/R. —Up to now the LICET process
has been studied from the viewpoint of evaluating the
cross section of reaction (1.2) as a function of the laser
frequency Q (excitation spectrum). The process, pro-
posed by Gudzenko and Yakovlenko in 1972 [1],was ob-
served for the first time by Harris and co-workers in 1977
[3]. However, only recently have improvements of the
measurement accuracy [13,16,17] as well as progress in
the development of theoretical models [11,15] provided
an agreement between experimental and theoretical re-
sults over the full line shape of the excitation spectrum
[17], leading to a deep understanding of the dynamics un-
derlying the LICET reaction. In fact, the comparison be-
tween theory and experiment has confirmed, to the
present accuracy, the validity of the basic assumptions of
the models: (i) the atomic trajectories are assumed classi-
cal and rectilinear; (ii) the laser field, assumed constant
during the collision, is described classically; (iii) the col-
lisional interaction is described by a scalar dipole-dipole
potential; and (iv) the magnetic degeneracy of the states
involved in the transitions is neglected.

The process is conveniently described in terms of adia-
batic quasimolecular states, considering the interatomic
transition taking place in (1.2) as due to a transfer of en-
ergy from a doublet of states of a transient molecule,
which is formed during the collision, to a final state. The
resulting excitation spectrum cr(0), peaked at 0=00,
shows a strongly asymmetric shape, with an antistatic
side falling off to zero very rapidly and a static wing, ex-
tending over a wider range of laser frequencies, following
the double-slope law:

CT(n} ~n n~ —' '(~n —0 ~+b, ) (1.3)

where 6 is the frequency difference between the quasi-
rnolecular states at infinite interatomic separation.

Among other radiative processes of a transient mole-
cule interacting with a laser field, near-resonant scatter-
ing appears to be of some interest. In a very recent paper
[18], to be referred to as BM, we have presented a
theoretical study of the resonance Auorescence spectrum
emitted by a collisional pair during a LICET reaction.
Following an adiabatic dressed-state approach, a seven-
peak spectral structure was predicted. Some of the spec-
tral lines were found to be due to emission processes tak-
ing place only during the collision, allowing a characteri-
zation of the process as resonance fluorescence of a tran-
sient molecule. In this paper we proceed with the
theoretical investigation of the process with the aim of
showing how the line shapes of the anelastic components
of the spectrum are related to the collisional dynamics.
We will refer to the specific case of collisions between eu-
ropium and strontium atoms, for which an extensive in-
vestigation has been carried out for the measurement of
the excitation spectrum [13,16,17] and work is in pro-
gress to observe the resonance Auorescence spectrum.

After reviewing the model introduced in BM (Sec. II),
we proceed in Sec. III with an analysis of the interaction
dynamics based on an adiabatic approximation, provid-
ing explicit expressions for the spectral components of
the emitted Auorescence. In Sec. IV we treat the case of a
weak-field excitation and we derive analytical expres-
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sions, valid in the wings of the spectral line shapes, by us-
ing the method of the stationary phase. In Sec. V we
present the results of numerical calculations to show the
validity of the approximations used in the preceding sec-
tions. Finally, in the Appendix, we detail the calculations
relative to the stationary phase method.

II. THE MODEL

~i ) = ~Eu(6s6p) P9q2) ~Sr(5s ) 'So),
~x ) = ~Eu(6s ) S7&2 )

~
Sr(5s5p) 'P& ),

f ) = ~Eu(6s ) S~&z ) ~Sr(5p ) 'D2 ) .

(2.1)

A diagram of the relevant energy levels of the europi-
um and strontium atoms involved in the LICET process
is shown in Fig. 1. The Eu atom, prepared in the
(6s6p) P»2 excited state at 21767 cm ', undergoes a
collision with the Sr atom in the (5s ) 'So ground state in
the presence of a monochromatic laser field, nearly reso-
nant with the interatomic transition Eu( 6s 6p ) P9/2~Sr( 5p ) 'D2. Due to the absorption of a photon of en-
ergy AA from the laser field, the excitation energy of the
Eu atom is transferred during the collision to the Sr
atom, which is then left in the excited state (5p ) 'D2 at
36970 cm '. Since the Sr(5s5p) 'P, excited state at

. 21704 cm ' is nearly resonant with the Eu(6s6p) P9&2
initial state, one channel of excitation dominates the pro-
cess which is then conveniently studied in the following
product-state basis:

0
H(t) = V(t)exp( i b—, t )

0

V(t)exp(ib t )

0
—y exp( —i5t )

—y exp(i5t)
0

(2.4)

In (2.4) h=(E; E„—)/fi= 63cm ', 5=0—(Ef E)—/A',

and V(t) and g describe, respectively, the collisional and
the atom-field interactions. As a result of the short time
scale z, of the collision, of the order of 1 —10 ps, y is as-
sumed constant, while V(t) is well described by a dipole-
dipole collisional interaction given, taking classical and
rectilinear trajectories for the colliding atoms, by

V(t)=d~d~/A(b +v t )'~ (2.5)

P(A„)=y g f b f Ut(t)F(t)dt db
0 oo

(2.6)

where b is the impact parameter, U is the relative speed of
the atoms, and d~ d~ is the dipole-dipole interaction en-
ergy. The Sr(5p ) 'D2 and Sr(5s5p) 'P, levels are cou-
pled by a dipole radiative transition and the Sr atom can
radiate during the collision emitting a photon of energy
A'Ak with decay rate y. Since the collision takes place on
a time scale much shorter than the radiative lifetime 1/y
of the Sr(5p ) 'D2 level, then at most one Auorescence
photon per atom is emitted during the collision, and the
analysis of the process is greatly simplified. In BM we
have shown that the Auorescence spectrum can be written
as

According to Refs. [11]and [15], the equations of motion
for the probability amplitudes of states (2.1) are written
as follows:

where U(t) is solution of the differential equation:

i U(t) =H(t) U(t), (2.7)

ia(t) =H(t)a(t) (2.2)
F(t) is given by

0
with

a, (t)
F(t) =af(t)exp(i5kt) 1

0
(2.8)

a(r) = a„(t)
af(t)

(2.3) with 5k =0& (Ef E)/A', and —o repre—sents the polar-
ization of the emitted radiation.

III. ADIABATIC INTERACTION

(6a6P) 8P&~z

(6Hz) ~ s yyz

Eu atom

(mp~) ~+2

(5g5p) 1P

(5~z) ~SO

Sr atom Compound
systam

(xo

By using the unitary transformation:

UT(&) = T(&) U(&)

with

exp( i ht ) 0 —0
T(&)= 0 1 0

0 0 exp(i5t )

we obtain

i UT(r) =H'(r) UT(t)

with

(3.1)

(3.2)

(3.3)

FIG. 1. Configuration of the relevant energy levels of the Eu
and Sr atoms involved in the near-resonant scattering process.
Energy levels of the product states are shown on the right.

H'(t) = V(t)
0

V(t) 0
—x (3.4)
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The Hamiltonian H (t) can be diagonalized by the uni-

tary transformation

D(t)H''(t)D '(t) =A(t)

(3.8)

Transformation (3.5) leads to the definition of the time-
dependent adiabatic dressed states:

A, , (t)
0

0 0

A,,(t)
0

(3.5)
~ DJ, n) =DJ, (t)~l') ~n )+DJ2(t)~x ) ~n )

+D (t)~f ) n —1) (3.9)

where the matrix elements D k(t) of D(t) are given by

D, , (t) = V(t)[AJ(t)+5]/S, (t),
D,,(t) = [X,(t)+5][A,,(t) —b, ]/S, (t),
D, ,(t) =y[h —A,, (t)]/SJ(t)

(3.6)
UD(t)=D(t)U T(t)

evolves in time according to

(3.10)

used in BM to predict a seven-peak structure for the
spectral distribution of the scattered radiation.

The matrix U D(t), defined by the unitary transforma-
tion

with
iU D(t) = [A(t)+ iD(t)D '(t) ] U D(t) . (3.11)

S,(t) =
I V'(t) [A., ( t)+ 5]'+ [A,,(t)+ 5]'[AJ (t) —b, ]'

+y'[6 —A,, (t) ]'] 'i' (3.7)

and where the time-dependent adiabatic eigenvalues A, (t)
are given by the solution of the third-order secular equa-
tion:

For a laser detuning in the antistatic region of the excita-
tion spectrum (5+6,)0) the adiabatic eigenvalues A. (t)
never cross and, for 5+6, &) 1/r„ the off-diagonal terms
of D(t)D '(t) in (3.11) become negligibly small when
compared to the differences ~AJ(t) —Ak(t)~ (jWk). We
can therefore ignore the term in D(t)D '(t) in (3.11) to
find the following simple solution for U I, ( t):

UD(t)=

exp i j—A, , (t')dt'

exp —j A (2t')dt' 0

exp —i j A3(t')dt'

(3.12)

No transfer of population occurs among the adiabatic dressed states (3.9) during all the interaction time, even though
the bare states (2.1) can have a non-negligible fraction of population. The matrix U(t) to introduce in (2.6) assumes
then the following expression:

U(t)=T '(~)D '(~)UD(~)

D»(t)exp i f [6—
A, ,(t')]dt'

D, 2(t)exp i f J,(t—')dt'

t

D, 3(t)exp —i f [8+a,(t')]dt'

D»(t)exp f [b, —A,,(t'ldt'
t

D»(t}exp —i f a (t2') td'

D23(t)exp —i f [5+A (t'}]2dt'

D»(t)exp i f [b.—k (t'3)]dt'

t

D,z(t}exp i f J,(t'}d—t'

D33(t)exp —i f [5+F3(t'l]dt'

(3.13)

and

0

Since D»( —~)=1 and D,2( —~)=D»( —~)=0, the
first column of (3.13) is the solution of (2.2) for our initial
condition:

aJ (t) =D»(t)e p xi j [5+—A, i(t')]dt' (3.14)

with

is the expression of aI(t) to introduce in (2.8). The
fluorescence spectrum assumes then the following expres-
sion:

P(A„)=@g[I„(Ak)+I,2(Qk)+I, 3(Qk)] (3.15)
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8'i& t exp

8', t p

W t-p

2
i f (0„—Q)dt' dr db,

i f [A„—A —
A, ,(t')+A, ,(r')]dr'

i f [fI„—0—
A, ,(r')+A, ,(r')]dr'

2
dt db,

2
dt db,

(3.16)

and where

IV,J(t) =D,3(&)DJ2(t) (3.17)

0 0 0
(4.6)

are the dimensionless radiative matrix elements that cou-
ple the dressed state ~D„n & with the dressed states
~D ~n

—1& of a lower-lying multiplet.
This spectral structure is sketched in Fig. 2, where the

relative intensities are not significant. Due to the adia-
batic character of the combined radiative-collisional in-
teraction, in the seven-peak spectral structure only the
lines originating from transitions startirig from state
~D„n & will be present. The elastic component l»(Qk) is
symmetric with a width related to the inverse of the aver-
age collision time. The anelastic lines, I,z(Q& ) and
I,3(Qk), are asymmetric with shapes affected by the col-
lisional van der Waals shift. The detailed analysis of
these line shapes can be of great importance for the study
of the dynamics of radiative collisions.

W„(t)=—csin 8/[5+1,+(t)],
W, 2(t) = —y sin8 cos8/[5+ A+(t) ],

—y (sin8)(5+5)
[5+A,+(r)]'[5+A, (t)]

and the three spectral components (3.16) to

(4.7)

and treat H, (t) as a perturbation, to obtain the expres-
sions of all the relevant quantities of Sec. III to the lowest
order in y. In particular, the matrix elements (3.17)
reduce to

IV. WEAK-FIELD REGIME

In the absence of the laser field, the Hamiltonian (3.4)
describes the collisional interaction between Eu and Sr
atoms. It is shown in Refs. [11]and [15] that, since the
condition

i V(r)/V(t)i «b, (4.1) (a)
is satisfied, the time evolution of the colliding atoms is
well described by adiabatic collisional dressed states
defined by

(+ & =(cos8)(i &+(sin8)(x &,

J

—) =(cos8)(x &
—(sin8)(i &

(4.2)

with tan(28)=2V(t)/i), The coll.isional dressed states
(4.2) are quasimolecular states with adiabatic time-
dependent eigenvalues given by &frne

A, +(t) =(b, /2)(1+ I 1+[2V(t)/b, ]'j '~'),

A, (t) =(b, /2)(1 —
[ 1+[2V(t)/b, ]'] '") .

(4.3)

H'(r) =H o(r)+H, (t)

with

(4.4)

For a weak laser field we can write the Hamiltonian (3.4)
as

I

I I

I I

I I

I

I

and

V(r) 0
0 0
0

(4.5) FIG. 2. Structure of the resonance Auorescence spectrum for
adiabatic collisional-radiative interaction: (a) spontaneous emis-
sion transition from dressed state ~D, , n ); (b) corresponding
spectrum, showing the collision-induced wings.
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I»(Qk)=I~(Qk)=y f b f [sin 8/[5+A+(t)]]exp i f (Q& Q—)dt' dt db, (4.8a)

Ii2(Qk)=I&s(QI, )=g f b f [sin8cos8/[5+A+(t)]]

Xexp i f [Q& —Q+X (t) —A, +(t)]dt' dt db, (4.8b)

I, 3( Qk)=I 3i( Qk)=y f b f (sin8)(6+5)/[[5+A+(t)] [5+A, (t)]}

Xexp i f [Qk —Q —5 —
A, +(t)]dt' dt db . (4.8c)

The three spectral features appearing in (4.8) have been recognized in BM as Rayleigh (4.8a), anti-Stokes (4.8b), and
three-photon (4.8c) components, centered, respectively, at Qk =Q, Qk =Q+ 6, and Qk =Q+5+ b, .

The major contribution to the integrals over time appearing in (4.8b) and (4.8c) comes from the two points at which
the phase is stationary and the frequency difference between the emitted photon and the excitation laser photon is equal
to the transition frequency between the quasimolecular states involved in the scattering process, i.e.,

Qk Q=A+—(t) —k (t)

for the anti-Stokes component (4.8b), and

Qk —Q=A, +(t)+5
for the three-photon component (4.8c). Therefore these integrals can be approximately evaluated by using the method
of stationary phase [19],followed in Refs. [11]and [15] to obtain the far-wing behavior of the excitation spectrum (1.3).
Details of the calculation are reported in the Appendix. The final result is that the anti-Stokes (4.8b) and three-photon
(4.8c) components of the fiuorescence spectrum follow in the wing analytical laws given, respectively, by

IAs(Qk )=y (md„dt's/3A' )(u8/[(6+6 )[kbk+2(5+6, )] [hk(6k+25)]'~ ] ),
I3t, (Qk)=y (2nd„dpi/3hu)[(5+6, ) /[(5+6+5k) (5—bi, ) 5k~ (bk+b) ]]

(4.9)

(4.10)

where 6k =0k —Ao is the detuning of the emitted photon
from the respective line centers Qo. Expressions (4.9) and
(4.10) are plotted in Fig. 3 for the specific case 5+6,= 10
cm ' and compared with the double-slope function (1.3).

CD

CD

I I

5 10 i5
Detuning from line center (cm )

FIG. 3. Wings of the spectral line shapes of the (a) anti-
Stokes and (b) three-photon components, plotted for 5+6=10
cm ' and compared with the double-slope line shape of the ex-
citation spectrum (1.3) (dashed line). Data have been normal-
ized to 1 at a detuning from line center of 1 cm

V. NUMERICAL RESULTS

Numerical calculations have been performed with the
aim of checking directly the validity of the adiabatic and
stationary phase approximations used in the preceding
section to obtain the analytical line shapes (4.9) and (4.10)
for the anti-Stokes and three-photon components of the
fluorescence spectrum. All calculations have been done
taking a colhsional interaction energy d z d& =2.17
X 10 erg cm and a relative speed of the colliding
atoms U =5X10 cm/s. The integration time was from—60 to +60 ps. As an example, in Fig. 4 the temporal
evolution of the population of the ~f ) state, ~af(t)~, is
shown for different values of the laser detuning 5 and im-
pact parameter b for a Rabi frequency g=1 cm '. The
continuous lines represent the adiabatic approximation
(3.14) while the dashed lines have been obtained by nu-
merical integration of Eq. (2.2). These calculations show
that, for a laser intensity corresponding to a Rabi fre-
quency of 1 cm ', the adiabatic approximation provides
accurate results for laser detunings in the antistatic side
of the excitation spectrum larger than 10 cm
(5+b, ~ 10 cm ').

In Figs. 5 and 6 the line shapes of the anti-Stokes and
three-photon components of the Auorescence spectrum
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are shown. The continuous lines reproduce the analytical
expressions (4.9) and (4.10) while the circles are the result
of numerical calculations performed by using expression
(3.16). Data refer to a laser detuning of 10 cm ' in the
antistatic region of the excitation spectrum (5+5=10
cm ') and a Rabi frequency y = 1 cm '. The compar-
ison confirms that the stationary phase method used in
Sec. IV gives excellent results in the wings of the anti-
Stokes and three-photon components.

0

7 10
I~

0
~ ~I I

5 10
A„(cm )

15

FIG. 5. Spectral line shape of the anti-Stokes component for
y= 1 cm ' and 6+ b, = 10 cm '. Circles are the result of a nu-
merical calculation performed by using (3.16b) while the con-
tinuous line reproduces the analytical expression (4.9).

-10

-10

0 5
time (ps)

0 5
time (ps)

10

10

VI. CONCLUSIONS

We have presented a theoretical study of the spectrum
of the resonance Auorescence emitted in a LICET pro-
cess, showing how the line shapes of the anelastic com-
ponents are related to the collisional dynamics. For a
laser frequency tuned in the antistatic side of the excita-
tion spectrum, the dynamics of the combined collisional-
radiative interaction is found to be well described by adi-
abatic dressed states. The seven-peak spectral structure
predicted in BM reduces, in this case, to a triplet: the
elastic Rayleigh component and two anelastic features
recognized as anti-Stokes and three-photon components.
The anelastic components are found strongly asymmetric
with wings affected by the collisional van der Waals shift.
Due to the different time evolution of the eigenvalues of
the quasimolecular states involved in the scattering pro-

5 10

(c)
~ ~

g I
I

0
~ ~I ~I ~

~ ~
~ I
l M

C

0
-10 5

time (ps)
10

FIG. 4. Temporal evolution of the ~f )-state population
~a~(ti~ . The continuous lines represent the adiabatic approxi-
mation (3.14) while the dashed lines have been obtained by nu-
merical integration of (2.2): (a) g=1 cm ', 6+6=6 cm
b =2.0 nm; (b) y=1 cm ', 6+6=10 cm ', b =2.0 nm; (c)
g=1 cm ', 5+6=10cm ', b=1.0 nm.

5
5 (cm )

T

10 15

FICr. 6. Spectral line shape of the three-photon component
for y=1 cm ' and 6+6=10 cm '. Circles are the result of a
numerical calculation performed by using (3.16c) while the con-
tinuous line reproduces the analytical expression (4.10).
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cess, the three-photon component appears much sharper
and more symmetric than the anti-Stokes component. In
the case of a weak-field excitation, we have provided
analytical expressions valid in the wings of the anti-
Stokes and three-photon line shapes. Numerical calcula-
tions, performed for the specific case of collisions between
europium and strontium atoms, confirm that the approxi-
mations used in the analysis of the process provide very
accurate results. The properties of the combined
collisional-radiative interaction of europium and stronti-
um atoms, which have been extensively investigated in
previous works, together with the results of this study,

make this system a good candidate for the observation of
the resonance fluorescence of a transient molecule.

~~s«k) —x'f, bFAs«k b)db
min

I,p(Q„) y—f bF,p(Q„,b)db,
min

with

(A 1)

APPENDIX

Expressions (4.8b) and (4.8c) can be written, respective-
ly, as follows:

Fzs(Q~, b)= f [sinOcosO/(5+A+)]exp i f (Qk —Q —A++A, )dt' dt (A3)

F3P(Qk, b)= f [sinO(6+5)/[(5+A+) (5+A, )]jexp i f '
(Qk —Q —A+ —g)dr' (A4)

and where

A, + = (b, /2) [I+[ I+(2V/b, ) ]'
= (b, /2) [1—[1+(2 V/5) ]'

(sinO) =
[ [1+(2V/b, ) ]'~ —1j/[2[1+(2V/b. ) ]'~ j,

(A5)

(A6)

(A7)

(cosO)= ] [1+(2V/b, ) ]'~ + 1 j/[2[1+(2V/b, ) ]'~ j .

(A8)

The method of stationary phase [19]provides a means to
approximately evaluate integrals (A3) and (A4), respec-
tively, as

k+, =(6k+26, )/2,
sinO, = [bk/[2(hk+b, )]j'

cosO, = [(b.k+2K)/[2(b, &+b, )] j
'

From (A12) we also obtain

V, =d„d~/fiR, = [[bk(6k+26)]' j/2

from where

R, = [4(d„d~/fi) /[bk(6k+25] j
'~

The second derivative of the phase N is given by

'2 1/2 '

(A13)

(A14)

(A15)

F~s(Qk, b) = (4m /~ N, ~
) [sinO, cosO, /(5+ A+, ) ] (A9)

e= —4V" R
dR

2V
(A16)

2
sinO, (b, +5)

F (Q„,b)=(477/~e, )
(6+A, +, ) (6+k , )

(A 10) where

dV
dR R

and

R =v [1 (b/R) ]'—
from where, using (A14), we obtain

where s indicates the points at which the phases (indicat-
ed with N) of the integrand functions in (A3) and (A4) are
stationary, i.e., N, =0. We have ignored the possible in-
terference effects coming from the fact that stationary
phase is reached at two different points.

(A17)

(A18)

1. Anti-Stokes component

In this case we have

N, =Qk —0—
A, +, +A,

bk(6k+26, ) [1—(b/R, ) ]'
(Aq+b, )

(A19)

=Qk —Q —b, [l+(2V, /6) ]' =0

from where

(Al 1)
Introducing (A13) and (A19) in (A9) we obtain

F~s(Qk, b)=(4n/3v)(l/[(bk+b. )[5k+2(Q+b, )]2j )

b[ 1+(2V, /5) ]'~ =Qk —Q =b k+ b, (A12) X [R, /[1 —(b/R, ) ]' (A20)
with b, k=Qk —Q —b, . Introducing (A12) in (A5), (A7),
and (A8) we obtain Introducing now (A20) in (Al) we obtain
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f bFAs(Qk, b)db =(4rr/3u)(1/[ [bi, +2(5+6)] (b+bk ) j )R 3f [x/(1 —x2)'i2]dx
bmin 0

with x =b /R, and where we set b;„=0and b,„=R, . Finally, making use of (A15) in (A21), we obtain

I~s(Qk)=y (trd„d~/3fiv)(8/[(b, +6k)[6k+2(5+6, )] [bk(6k+25, )]'i2}) .

(A21)

(A22)

2. Three-photon component

In this case we have

@,=0k —0—6—
A, +,

=Ok —II —5—6/2i I+[I+(2V, /b, ) ]'~
j =0 (A23)

from where

b [ I+(2V, /b, ) ]'i =2(Ak —II—5)—5 =2ht, +6 (A24)

From (A24) we also obtain

V, =d„d~/RR, =[A.k(b, k+6. )]'

from where

R, =
I (d~ de� /fi) /[h„(b, k+6, )]j'i

2V R
dR

The second derivative of the phase @ is given by
2 1/2

.~1+ '

(A26)

(A27)

(A28)

with b, k
=Qk —0—5 —b . Introducing (A24) in (A5),

(A6), and (A7) we obtain from where, using (A17), (A18), (A24), and (A26) we ob-
tain

sin9, = [6,q /(2b. k+6)]'
(A25)

bt, (A„+6) [1 (b/R—, ) ]'i
(28k+6) R,

N, =6U

Introducing (A25) and (A29) in (A10) we obtain

(A29)

F3P(Ak, b)=(2m/3v) [(5+6) /[(5+6. +6k) (5—bk) (6k+5)] j [R, /[I —(b/R, ) ]'i j .

Introducing now (A30) in (A2) we obtain
maxf bF, t (A„,b)db =(2m/3u)[(6+5)'/[(5+6+6, „) (5 6„)'(b+b—,„)]jR,'f [x/(1 —x')'~']dx

bmin 0

(A30)

(A31)

with x = b /R, and where we have set b;„=0and b,„=R,. Finally, making use of (A27) in (A31) we obtain

I3p(Qk)=y (2md„d~/3%v)[(5+6, ) /[(5+6, +5k) (5—bq) ski (bi, +b, )
i

] j . (A32)
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