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The Kohn-Sham (KS) one-electron Schrodinger equations assume the existence of a one-body effective
potential v.4(x), defined to generate the correct electron density p(x) of the ground state. This paper re-
turns to the electron-density description of an N-fermion system. It is best thought of as starting from a
given p(x), ideally to be obtained from diffraction experiments. A method is then set up that focuses
predominantly on the way the “correct” v 4(x) can be “recovered,” if it exists, from such an experimen-
tal density. Certainly the method has associated with it one practical disadvantage in common with the
KS procedure; an order of N Euler equations have to be solved, with input information p(x), though the
“unknown” potential v.z(x) does not now appear. In this program, we have found it most helpful to
work with the Pauli potential and energy, which enable the N-fermion problem to be converted to a bo-
son problem for the density amplitude [p(x)]'/2. The way the above-mentioned Euler equations deter-
mine the Pauli potential and energy is worked out explicitly. Examples that embrace the important area
of atomic central-field calculations are presented to illustrate the method. As a by-product, the theory
developed can afford a direct test as to whether a given electron density is, in fact, representable via a
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one-body potential v g(x).

PACS number(s): 31.20.Sy, 71.10. +x

1. INTRODUCTION

Density-functional theory formally completes the
electron-density method introduced into atomic theory
by Thomas [1] and Fermi [2]. This paralleled the ap-
proach of Hartree [3], in which each electron in an atom
is assigned its own ‘“‘personal” wave function. In both
directions, exchange was subsequently included [4,5].

In a landmark paper, Slater [6] brought these two ap-
proaches into contact. In his simplification of the
Hartree-Fock method, Slater in fact averaged the ex-
change energy over the Fermi sea by a procedure which
led to a factor 2 different from that implicit in the origi-
nal work of Dirac [5]. Slater’s pioneering construction of
a one-body potential to use in self-consistent-field theory
was formally completed by Kohn and Sham [7].

While the idea of Thomas and Fermi that the ground
state of an N-electron system could be characterized by
its electron density p(x) was formally proved by Hohen-
berg and Kohn [8], doubts have remained as to the status
of the one-body potential v (x); this is the so-called v-
representability problem [9]. Therefore, in the present
paper, a different philosophy will be set out. From the
outset the basic input will be the ground-state electron
density p(x); ideally to be taken from diffraction experi-
ments [10]. Similar to the Kohn-Sham (KS) approach,
the present work requires the solution of the order of N
single-particle Euler equations. These are now, however,
characterized solely by the input density p(x).

It proves most helpful in the present work to focus, in
implementing the above program, on the Pauli potential
[11] and energy, and to demonstrate the way in which
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they can be constructed explicitly from the solution of
the above-mentioned Euler equations. The central gain
from working with these Pauli quantities is that the N-
fermion problem is thereby converted to a boson problem
for the density amplitude [p(x)]'/2.

The layout of the paper is then as follows. After sum-
marizing relevant basic results of density-functional
theory in Sec. II, a variational approach to derive Euler
equations characterized by the input ground-state density
is fully worked out in Sec. III. The determination of the
Pauli potential as a functional of p(x) is the focus of Sec.
IV. In Sec. V, contact is made with a body of earlier
work on one-dimensional problems, which embraces the
atomic central field case. Section VI constitutes a sum-
mary of the main results of the present work. Three ex-
amples are presented in Appendices in which the effective
potential is constructed from a specified density.

II. FOUNDATIONS OF DENSITY-FUNCTIONAL
FORMALISM

A. Fermion form

Consider a system of N fermions (electrons) interacting
among themselves via Coulombic repulsion and interact-
ing with some external potential (e.g., due to a nucleus
for an atomic problem, or to fixed nuclei in specified posi-
tions for molecular and condensed-matter problems). In
addition, it will be convenient to assume, with no
significant loss of generality, that all electrons have only
one (e.g., up) spin polarization.

The existence theorem of Hohenberg and Kohn [8]
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plus the work of Kohn and Sham [7] allows the ground-
state energy E5g and the density pgg(x) of the system to
be obtained from

Egs= ngn {Tilp]l+Vealpl} =T lpgs]+ Verlpas] »

2.1

where the variational density must normalize to the
correct number N of electrons:

Jdxpx)=N . (2.2)
The first term occurring in Eq. (2.1) is the kinetic-
energy functional for N noninteracting fermions, defined
by Levy [12] as
Ty[p]= min (¥ |TI¥,) (2.3)
P
where the search for the minimum, which we carry out
explicitly below, is here restricted to single Slater deter-
minants W, which lead to the given density p(x):

Nfdxz. cdxy |V (XX, L xy)P=p(xg) , (24)
while 7T signifies the kinetic-energy operator for N parti-
cles. The second term in Eq. (2.1) is the effective poten-

tial energy functional

Veﬁ'[p]zEes[p]+Exc[p]+ V[P] >

where the terms in order are (i) the classical Coulomb
self-interaction energy, (ii) the exchange-correlation ener-
gy, and (iii) the external potential energy.

The minimization (2.1) with the constraint (2.2) leads
to the Euler-Lagrange equation

(2.5)

8T[p]
-+ ;X]=A, 2.6
sp(x) Ueﬁ'[p X] ( )
where the effective KS potential is given by
§Veslp]
veff[p;X]Z—e—ﬁg*=ves[p;X]+vxc[p;X]+v(X>- 2.7

op(x)

The last term only in Eq. (2.7), the external potential
v (x), is independent of p. While v [p;x] is a known non-
local functional of p, the precise form of the exchange-
correlation potential v, [p;x] and the energy E, [p] is
not presently known.

Unfortunately, the definition (2.3) does not provide any
constructive  algorithm to evaluate T;[p] and
8T,[p]/8p(x). In order to circumvent this difficulty,
Kohn and Sham assumed that densities p(x) which are
close to the solution pgg(Xx) are v representable for nonin-
teracting electrons. This results in the KS equations; to
be solved iteratively to achieve self-consistency.

The noninteracting N-fermion picture of the system is
in evidence at each iteration, when the density distribu-
tion used to evaluate v is fixed. The original electron-
electron interaction, of course, is subsumed in v and v
as functionals of p.

The aim below is to develop an algorithm which allows
the calculation of T[p] and 8T[p]/8p(x) for arbitrary
density distribution p(x) which is noninteracting v
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representable; i.e., under the same assumptions made by
KS. We have found it very helpful to use the language of
Pauli energy and Pauli potential, which allows the fer-
mion problem to be reduced to boson form explained as
follows.

B. Reduction of fermion problem to boson form

In an admittedly very approximate form of the
density-functional theory, the Weizsidcker approach,
March and Murray [13] already noted that the Euler
equation for the density could be transformed into a sim-
ple Schrodinger equation for the density amplitude
[p(x)]'"/2. However the effective potential entering this
equation was v.g(X)+vp,,;(x), where the Pauli potential
[11,14] was found within this approximate framework to
be

Weiz _ 5

Upauli — 3Ck [p(x)]*7, (2.8)

where ¢, =(3/10)(67%)*/3 for single occupancy of states.
Later workers have generalized this [15-17], and always
the essential quantity appearing is the difference between
T, introduced above and the Weizsicker kinetic energy:

TW[p]=%fdx|Vp(X)|2/p(X)=%fdx\Vpl/z(x)P 29

In addition to the Pauli potential defined in Ref. [11], see
also Ref. [14], it will be helpful for what follows to define
the Pauli energy functional Ep[p] as

Eplp]=Tilpl—Twlp] -

In following sections we shall discuss how Ep[p] and its
functional derivative can be evaluated. Therefore, at
present, we assume they are known, just as was assumed
above for E, [p].

It is to be noted that

(2.10)

Ep[p]=0 for N=1, (2.11)

since in this case the ground-state wave function, ¢, say,
can be chosen to be real and positive, and then
p'2(x)=¢,(x), resulting in Ty [p] coinciding with T, [p].

In terms of E, and V4[p] the ground-state problem
(2.1) may be rewritten as

Egs= mpin {Twlpl+Eplpl+Velpl} 2.12)

with the constraint (2.2). Furthermore we are led to the
equation

5Ty [p]
Sp(x)

with the effective potential for the boson problem given
by

+vglp;x]=A (2.13)

vplp;x]=vp[p;x]+vglp;x] (2.14)
where we have now explicitly introduced the Pauli poten-
tial already referred to:

SE
Up[p;x]:_iﬁé’i

2.15)
Sp(x) (
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while v.4 was as defined in Eq. (2.7).
By performing direct functional differentiation of the
Weizsdcker energy in Eq. (2.9) we obtain

8Twlpl _ 1 | Vpx) | _ 1 V¥(x) _ 1 V[p'%x)]
8p(x) 8 | p(x) 4 p(x) 2 pYx)
(2.16)

This allows one to rewrite Eq. (2.13) as

—%Vzpl/z(x)-i-vB[p;x]pl/Z(X)=7»pl/2(x), (2.17)
which is of the precise form written by March and Mur-
ray [13] in their early study of the Weizsacker functional,
with the Pauli potential approximated there by Eq. (2.8).
Because of the importance of the form (2.17) for densi-
ty functional theory, (see Ref. [11] and, other references
cited therein), let us comment on its interpretation. Im-
agine that the N-particle density p(x) in Eq. (2.2) is due to
N bosons, instead of N fermions, which in the ground
state all occupy the same state, described by the wave

function b (x):
p(X)=N[b(x)]*. (2.18)

Then Eq. (2.17) turns out to be the Schrodinger-like equa-
tion for the boson function b (x):

—%Vzb(x)+uB[Nb2;x]b(x)=kb(x) (2.19)
with the constraint
Jdxbxx)=1. (2.20)

The Lagrange multiplier A is to be determined from the
constraint (2.20). The boundary conditions for the func-
tion b (x) are

b(x)—0 as x —boundaries of system . (2.21)

It should be noted that Eq. (2.19) represents a second-
order differential nonlinear equation. The difficulty with
this nonlinearity may be overcome by introducing again
the self-consistent scheme of solution.

The ground-state energy of the system in Eq. (2.12)
may be written in terms of the eigenvalue A=Ay and the
density pgg(x) obtained from Egs. (2.18)—(2.21) when
self-consistency is achieved as

Egs=Twlpgs]*TEplpcs]+ Verlpcs]
=Ny + [Eplpl= [ dxp(xvplpix] |

Valpl= [ dxpxdoalpixl .

PGs

+ (2.22)

It is to be noted that, as in the prior scheme, the N nonin-
teracting boson picture of the original system is in evi-
dence in each particular step only of the self-consistent
procedure.
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III. DETERMINATION OF PAULI ENERGY
AND EFFECTIVE POTENTIAL
AS FUNCTIONALS OF DENSITY

A. Choice of appropriate trial functions

Under the assumption of noninteracting v representa-
bility, the density and the kinetic energy of the system
can be written as sums of N contributions connected with
the single-particle wave functions ¢;(x). Therefore, ac-
cording to the definition (2.10) of the Pauli energy, the
functional Ep[p] in terms of T[p], Eq. (2.3), and Ty [p],
Eq. (2.9), can be obtained as a solution of the minimiza-
tion problem

EP[P]:¢ min¢ (Ti[¢ ]+ - - + T [¢n]1—T[p'*])
oo fON
(3.1)

with the following constraints on the trial functions

¢1(X)
(a) They shall yield the given density p(x) through

|1 (x) >+ - -+ +]py(x)*=p(x) ; (3.2)
(b) normalization
[dxlg;xP=1, j=1,...,N; (3.3)
(c) orthogonality
[dx¢r(x)p (x)=0, j#k, jk=1,...,N. (3.4)
The boundary conditions are
¢;(x)—0 as x—boundaries . (3.5)

In Eq. (3.1), the kinetic-energy functional corresponding
to a single orbital is defined as

T,[f1=1 [dx|Vf(x)?.

Of course the presence of the last Weizsacker term in
Eq. (3.1) does not influence the minimization, which is
dictated by Eq. (2.3), because it is performed at fixed den-
sity p(x).

In order to obtain a fruitful route to determine Euler-
Lagrange equations corresponding to Eq. (3.1) with the
constraints set out explicitly above, we shall replace the
set ¢(x),...,dy(x) of trial functions by another set,
into which the condition (3.2) is explicitly incorporated
into the structure of these functions. While this can
be done in a variety of ways, in this section we shall ex-
plore the consequences of  explicit choice
{x(x),K,(x),...,Ky(x)}, defined in terms of the origi-
nal set as

(3.6)

XX)=[1$ ()2 + - - +py(x)[*]'2 (3.7
K;(x)=6,(x)/[1$(x)]>+ - - - +]gy(x)]2]'
=¢,(x)/x(x), j=2,...,N . (3.8)

It will be convenient also to define an auxiliary function
K ,(x), which however depends on all the independent
functions K ;:
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K (x)=K(K,(x),...,Ky(x))
={1—[IK,(x)>+ - - +|Ky(x)|2]}12. (3.9

The inverse transformation between these two sets can be
written

¢;(x)=x(x)K;(x), j=2,...,N
o (x)=x(x)K (K,(x),...,Ky(X)).

(3.10)
(3.11)

We have chosen above to label the functions ¢;(x) so that
¢,(x)is the lowest, i.e., nodeless function of the (assumed
given) single-particle Hamiltonian leading to the given
p(x) according to noninteracting v representability.
Therefore ¢,(x) can be chosen to be real and positive; this
justifies the correctness of Eq. (3.11) with (3.9), where the
square root is to be understood as the arithmetic one.

Since the functions ¢;(x) are continuous (as represent-
ing one-particle wave functions), evidently one must re-
quire the same continuity for the density amplitude
x(x)=p'”? and K,(x). Also, in general, for the same
reason, the gradients should be continuous, except at
those points (lines, surfaces) where Vp(x) is discontinu-
ous. This latter property would reflect the presence of
singularities in the underlying potential.

Thus, it can be seen that the two sets of trial functions
referred to above consist of the same number N of
members and the transformations between these two sets
are continuous and differentiable. Therefore, by replac-
ing the original set with a new one in the minimization
problem (3.1), we have not changed the value of the

minimum.
The constraint (3.2) written in terms of the new set of
functions is just

XHx)=p(x) . (3.12)

Therefore, in order to satisfy it, the function }(x) can be
kept fixed at its value p!/%(x). Proceeding to rewrite Eq.
(3.1) in terms of the new set, we evaluate the functional
(3.6) for f =¢; given by Eq. (3.10):

T,[6,1=T,[xK;1=1 [ dx[V(XK}))-[V(XK;)]
=1 [dx{(V?IK,; |2+ x} VK, |?
+LVOA- VUKD
(3.13)

Let us note here that Eq. (3.9) defining K; may be rewrit-
ten as a sum rule for all X including K ;:

N
S K (x)*=1.

j=1

(3.14)

This allows Eq. (3.13) to be summed over j to yield
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4
N N
3 Ti¢,1=1 [dx (V) +x* 3 |VK;|?
i=1 ji=1
+%[V(X2)]~[V1]]
_ N
=T,[x)+L[fdxx* 3 IVK,[2.  (3.19)

j=1

This enables us, by using Egs. (3.12) and (3.15), to rewrite
Eq. (3.1) as

N
Eplpl= min_ [dxp(x) 3 LIVK;x)*, (.16)
Ky ..o, Ky =
where K| is given by Eq. (3.9). It is to be noted that the
Weizsacker term is precisely cancelled with the corre-
sponding term present in Eq. (3.15). While the constraint
(3.2) is already satisfied, constraints (3.3) and (3.4) remain
to be imposed:

[dxpxIK;(x)>=1, j=2,...,N (3.17)

[dxp(0K*(x)K,(x)=0, j#k, jk=1,...,N.
(3.18)

In Eq. (3.17) the case j=1 is omitted, since it is
equivalent to the constraint (2.2) minus the sum of all
constraints listed in Eq. (3.17).

It is worth emphasizing that the noninteracting kinetic
energy T, the Weizsacker energy T, and the Pauli en-
ergy Ep can be written as integrals of the corresponding
energy densities: e,(x), ey (x), and ep(x) which are relat-
ed by e (x)=ep(x)+ep(x). These densities are to be
identified with integrands occurring in Egs. (3.1) with
(3.6) for ¢; corresponding to the minimum. It is obvious
from these definitions that e, =0,e,, =0, while Eq. (3.16)
demonstrates that e, 2 0. Therefore we have Ep >0 for
N =2 [and Eq. (2.11) otherwise].

B. Euler-Lagrange equations for functions K ;(x)

The minimization (3.16) with the constraints (3.17), fol-
lowing the introduction of Lagrange multipliers A, leads
to

2] N o
—_— Ep[p,K.,K*
SKI*(X) j§1 P[p J j]
N
-3 }»j(S[p,Kj,K]?"]—l) =0,
j=2
[1=2,...,N (3.19)
where

Eplp.K; K} 1=1 [dxp(x)[VK}(x)]-[VK,;(x)], (3.20)

Sip.K; K} 1= [ dxp(x)K} (XK, (x) . (3.21)
In Appendix A it is demonstrated that all contributions
except that due to Ep[p,K|,K;] can be evaluated in a
fairly straightforward way. This latter term is also calcu-
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lated there, and this enables another central result of the
present approach to be obtained from Eq. (3.19), namely,

—1v2K,—Lp~'Vp)-VK,+v [p,k(K,, ..., Ky)IK,

=MK;, 1=2,...,N, (3.22)

where the quantity v, in Eq. (3.22) is obtained explicitly
as a function of x in terms of the particle density p(x), the
function K (x), and their low-order gradients. Precisely,
the result for v, is

velp, K 3x]1=1K ' (x)V2K (%)
+1p Ux)Vp(x) - [K T H(X)VK, (x)] .
(3.23)

Equation (3.22) constitutes a system of (N —1) second-
order differential coupled equations for the functions
K,;(x). The coupling arises through the potential v, Eq.
(3.23), which depends on all functions K; via K,, Eq.
(3.9). This is, however, a local type of dependence, be-
cause in effect v.(x) is a function of K,(x), its gradient
and its Laplacian, together with the density p and its gra-
dient, solely at the point x. To complete the integration
of the differential equations (3.22), one must specify the
boundary conditions on K,;(x). This is done in Appendix
B.

To conclude this section, let us also comment that the
requirement of weighted orthogonality of the functions
K; expressed in Eq. (3.18) was not included in the varia-
tional approach because it was anticipated that these con-
ditions will be fulfilled by functions resulting from the
solution. This is demonstrated in Appendix C.

C. Existence of solution of Eq. (3.22): The effective potential

Having specified the boundary conditions, we can in-
tegrate the system (3.22) of (N — 1) differential equations
for arbitrarily chosen parameters A; and then their prop-
er values can be determined with the aid of the con-
straints (3.17). In other words, this is a typical
eigenvalue-eigenfunction problem. Because these equa-
tions (3.22) have a nonlinear coupled character, it may
perhaps be questioned whether their solution exists.
Below, we answer this is in the affirmative, by making use
of our general assumption about the noninteracting v
representability of p(x) [which is involved in Egs. (3.22)
and (3.17)]. This assumption means that p(x) can be
written in terms of one-particle wave functions ¢;(x) of
some one-electron Hamiltonian:

—1V%,(x)+v4(x)d;(x)=¢;¢;(x) , (3.24)

Jdx¢;(x)¢,(x)=5 , (3.25)
N

p(x)=3 |¢;(x)]*. (3.26)

j=1

Although by assumption the potential v (x) exists, its
form is not known a priori. Using Eqgs. (3.8) and (3.9), let
us therefore construct functions K;(x), j =1, ..., N from
the functions ¢;(x), j=1,...,N, which satisfy Egs.
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(3.24)—(3.26). Then it can be directly verified that the
functions K;(x) thereby obtained satisfy boundary condi-
tions and Egs. (3.22) and (3.17), and (3.18) having eigen-
values

)\.1 =g;—

e; I=1,...,N. (3.27)

In this way, it has been demonstrated that there exists a
solution {A;[p],K;[p;x], j=2,...,N} of a system of
(N —1) equations (3.22) with constraints (3.17), (3.18) and
the desired boundary conditions (found in Appendix B).
It should be noted that the solution is a functional of
p(x), because this density enters these equations quite ex-
plicitly.

In terms of the above-mentioned solution, we can ob-
tain functions ¢;(x) by employing Egs. (3.10) and (3.11)
with (3.12). But this also means that the effective poten-
tial can be obtained, since from Eq. (3.24) we have

(3.28)

In fact any one of the functions ¢,(x) can be used for that
reason, but the nodeless function ¢,(x) can be expected
usually to be the most convenient. Therefore the effective
potential which generated the given p(x) is obtained in
terms of the above solution as

Veglp;x]tHconst=v 4[p; x] — €, =0 5(x)

=271V pAx)K [p;x]} /{p"A(x)K [p;x]} , (3.29)

where K, is given by Eq. (3.9).

It is important to note here that the problem of calcu-
lating the effective potential from the particle density for
one-dimensional systems was solved by Werden and
Davidson [18] in quite a different way.

In any practical application, having some particle den-
sity p(x), we may not know in advance whether it has the
property of being noninteracting v representable. Never-
theless, we can attempt to solve the systems of Egs.
(3.22), along with (3.17), utilizing this density p(x). If a
solution is found, then surely p(x) is v representable, with
the potential given by Eq. (3.29). Otherwise, it does not
belong to this class. Of course, such categorical con-
clusions can be drawn only in the case when the input
density together with the solution of the system of equa-
tions are represented analytically (see examples given in
Appendix E). In the case of numerical input and solu-
tion, the conclusions are conditional on the accuracy and
reliability of the code employed.

D. Pauli energy

According to Eq. (3.16), the Pauli energy can be writ-
ten in terms of the density plus the functions K; found
above as

N

Eplpl= [dxp(x) 3 LIVK,[p;x]?. (3.30)
ji=1

This can also be expressed in terms of the eigenvalues A;.

To obtain this form let us first multiply both sides of Eq.

(3.22) by K;*(x). We then obtain
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_(zp)_lKI*V'(pVKI)+UCIK1|2=A[‘K[|2 N
1=2,...,N. (331

Next, we take the complex conjugate of this equation and
then average the two equations to find

—(4p) " [K}V-(pVK) +K,V-(pVK)]

+u K, 12=M K12 (3.32)
which may be transformed to
—(4p) "'V -(pVIK,|2)+27 VK, |2 +0, K, |?
=MIK|> 1=2,...,N. (3.33)

Actually it is readily shown from Eq. (3.23) that Eq.
(3.22) and therefore Eq. (3.33) holds also for /=1 with
A;=0. Now we perform the sum of Egs. (3.33) from /=1
to N, using the sum rule (3.14), to find

E VK, |2 +v, = 2 MIKG2. (3.34)
I=1
Substituting this result into Eq. (3.30) we obtain
N
Eplpl= | 3 A |— [dxp(x)v (x), (3.35)
1=2

and after substitution of Eq. (3.23) for v, and some ma-
nipulation the result is

K (x)

_— 3.36
l(x) ( )

Eplp]l= ——fdxp(

27&1

To this result, we have to add the requirement that the
proper solution {Aj,Kj, j=2,...,N} or {g;, ¢,
j=1,...,N} should correspond to the following
enumeration of the eigenvalues

0=A, <A,< -+ SAy_;

<AyS<A., N<k  (3.37)

in order to ensure the absolute minimum of the variation-
al procedure. It should be noted that the ordering (3.37)
is equivalent to the similar ordering of €, —the eigenval-
ues of a one-electron problem, Eq. (3.24), because of the
relation (3.27).

IV. DETERMINATION OF PAULI POTENTIAL
AS FUNCTIONAL OF DENSITY

Having determined the Pauli energy Ep as a functional
of the density, we turn to one of the main results of the
present work, namely, the calculation of the Pauli poten-
tial vp, as the functional derivative of Ep:

_ 8Ep[p]
vplpx]= “8p(x)

4.1
According to Eq. (3.30), using Eq. (3.20), the Pauli energy
is
N ~
plp1= X Eplp.K;[pl,K}'[p]1], 4.2)
j=t

where {A;[p],K;[p;x], j =2, ..., N} represents the solu-
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tion of the eigenvalue problem posed in Egs. (3.22), (3.17),
(3.37), and boundary conditions (Appendix B) and where
K, is given in terms of this solution by Eq. (3.9). It fol-
lows from Eqgs. (4.1) and (4.2) that one can write the Pauli
potential vp as a sum of two contributions, namely,

vp[p;x]=viir(x)+viMd(x) , 4.3)
where the direct contribution is given by
. N SEp[p,K;,K*]
vifx)=y ———L 4~ (4.4)
P jél Sp(x)
In Eq. (4.3) the indirect piece (i.e., via K;[p],
1=2,...,N, as independent functions) is
; N 5K*[p;y]
vird(x)= dy | ———
F 2 Jay 8p(x)
S | S Erlo.K, K]
—_— Ep[p,K; K
Klt(y) jgl pLP J J
+c.c. I .
4.5)
From the definition (3.20) we obtain immediately
i N
vp"(x)= 3 LIVK;(x)|*. 4.6)

j=1

In order to calculate v"‘d let us first add and subtract the
term

2?» (S[p,K

j=

in the expression within the brackets in Eq. (4.5). After
that, use may be made of Eq. (3.19), which is fulfilled by
the functions belonging to its solution. Thus the only
term which remains is that connected with Eq. (4.7):

j*]]

(4.8)

8K *[p;y]
Sp(x)

L
BKI*(

f(x)—zfd

+c.c.

Next we use the fact that only independent functions K
and K; are involved in Eq. (4.8); there being no K, there.
Hence the summation over j can be removed:

2 N fd 8K*[p;y] 8S[p,K;,K["]
Sp(x) 8K *(y)

md( x)

(4.9)

After inserting the functional derivative of S, Eq. (A1),
we have



&

I [P» ]
Sp(x)

3K, [p;y]
Sp(x)

pind(x)= 2 A [ dy p(y)K,(y)

p(Y)K*(y)

N
S n [dyply) Sp(x )(IKI p;yll®) . (4.10
=2

Now let us calculate the functional derivative of both
sides of the constraint in Eq. (3.17):

o [dypy) K [p;y]?

Bp( x)
=K [p;x]>+ fdyp(y) o (Kilesyll*)=0
(4.11)
Employing this result in Eq. (4.10) we obtain
vind(x)=— % MK (x)]? (4.12)

1=2

Collecting direct and indirect contributions, we have
finally the Pauli potential vp in the form

N
vplpsx1= 3 (3IVK;[p;x]I?

j=1

—Aj[P“Kj[P;X]Iz) (4.13)
Of course, any arbitrary constant can be added to Eq.
(4.13), because, according to Eq. (2.2), the integral of
Sp(x) is zero.

Equation (4.13) is, as already mentioned, one of the
principal results of the present work. It shows that vp(x)
is made up of two parts. Clearly the first term in Eq.
(4.13) is positive everywhere; one might loosely refer to
this direct contribution therefore as a “repulsive” poten-
tial. However, one has a balance between this and an
“attractive” term, since A; in Eq. (4.13) is, according to
(3.37), positive. It is worth emphasizing that through Eq.
(4.13) the Pauli potential has been expressed solely in
terms of the solution {kj[p],Kj[p;x], j=2,...,N} of
the eigenvalue problem connected with the determination
of the Pauli energy Ep[p].

By analogy with the case of the Pauli energy, other
forms of Eq. (4.13) for the Pauli potential v, are possible.
Thus, if we make use of Egs. (3.34) and (3.23), then Eq.
(4.13) reduces to

vplp;x]=—v.[p, K\[p];x]
VK VK
SRR U At S 1 72 20 U Uit B (RSO
2| K, P K,
where K, =K ,[p;x] is given in terms of the solution via
Eq. (3.9).

It is of some interest at this point to calculate the com-
bination occurring in the expression (2.22) for the

XOo<Xj 41,1 SXj 1< Xjp12<Xjp <t <X <Xy <Xj; -

b
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ground-state energy reduced to the boson problem
N
Eplp]l— [dxp(x)oplp;x]= 3 Alp] - 4.15)
=2

This result was obtained directly from Egs. (3.35) and
(4.14).

Results similar to those obtained in Secs. III and IV in
terms of variational functions K;(x) are exhibited in Ap-
pendix D in terms of conventional single-particle wave
functions. Simple illustrative examples of the solution of
the system of Egs. (3.22) for some particular one- and
two-dimensional densities p(x) and subsequent derivation
of the effective potential and Pauli quantities are given in
Appendix E. The purpose of the final Appendix F is to
demonstrate explicitly that the Pauli potential can be
written in terms of the particle density and the kinetic-
energy density in the case of the one-dimensional har-
monic oscillator problem.

V. ONE-DIMENSIONAL CASE:
RELATION TO HYPERSPHERICAL FUNCTIONS

A. Variational problem in terms of K ;(x)

So far the methods devised have been applicable to
problems of any dimensionality and arbitrarily low sym-
metry. In this section contact will be established between
these more general methods and an earlier body of work
on one-dimensional problems. This latter class can, of
course, embrace central field problems, after separating
the wave function into a product of radial and angular
(spherical harmonic) functions.

Let us note that for the one-dimensional case all eigen-
values of the single-particle Hamiltonian (3.24) are non-
degenerate while the eigenfunctions can be chosen to be
real. If they are enumerated according to the following

ordering of the eigenvalues
€1<E, <  <gy<eEy41 < (5.1)

then the jth eigenfunction has exactly j —1 nodes x; ; ly-
ing between the boundaries (called proper nodes)

¢j(xj,k)=0, k =1,2,

while the boundary conditions (3.5) can be viewed as two
additional (improper) nodes, say

Li—1, (5.2)

X1 0=X30= " =x;o= - =lower boundary ;

x1,1=x2’2= =xj,j:

=upper boundary
(5.3)

(both infinite or finite boundaries may occur). The proper
nodes of the (j+ 1)th eigenfunction lie between the nodes
of the jth function

(5.4)
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If the minimization problem (3.1) for E, is solved for the
one-dimensional case in terms of K j(x), Eq. (3.8), then
the requirement (3.37), which asserts that in order to
have the solution at the absolute minimum, it should em-
brace the N lowest eigenvalues, can be replaced by the re-
quirement that the set of eigenfunctions forming the solu-
tion should include these only, which have
0,1,...,N —1 proper nodes, according to the property
(5.2) with (5.1); it is obvious from Eq. (3.8) that the prop-
er nodes of K;(x) coincide with the nodes of ¢;(x). The
new requirement is much more convenient for numerical
implementation than the previous form.

B. Variational problem in terms of phase functions

Following Dawson and March [19], and also
Nalewajski and Kozlowski [20,21], we shall explore a set
of trial functions [6;(x), j=1,...,N —1], called phase
functions, as variational functions for the minimization
problem (3.1), suitable for the one-dimensional case. In
these terms, the set {Kj(x)} or {¢j(x)}, Jj ., N in-
troduced in Sec. III is given as the so-called hyperspheri-
cal functions:

K (x)=p~'%¢,=K,(6,)=cos[6;(x)] (5.5)
K;(x)=p~'¢;=K;(6,,0,,...,0;)
=sin(6,)sin(6,) - - - sin(0; ;)
Xcos(6;), j=2,3,.... (5.6)
By definition, for an N-particle system we put
Oy(x)=0, (5.7

]

exp[ify _(x)]=
=y 1x)+igy(x)]/]
— (2N =3)7/2<0y_((x)<m/2 .

()
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thus leaving (N — 1) functions Qj(x), j=1,...,N—1,in-
dependent.
The definition (5.5)—-(5.7) ensures that the basic proper-

ty (3.14) is fulfilled for arbitrary x:

2 K} (x)=

ji=1 j=1
In order to define the opposite transformation
{K;}—{0,} or {¢;}—{6;] in a unique way we assume,
without loss of generality, that K;(x)>0 for x close to
the lower boundary. Then the above transformations are
given by the following.

(i) For j=1 and N=3,4,...,

x)]=arccos(¢,/p'"?) , (5.9
(5.10)

EK (04 ...,60,)=1.

; (5.8)

0,(x)=arccos[ K

0<Oi(x)<m/2 .

(i) For j=2,...,N—2 and N =4,5,...,
0;(x)=arccos[K; /(K}+K}  + -+ +K3)'"?]
=arccos[¢, /($3+¢7 .+ -+ +3)' 7], (5.11)
0<0;(x)<m . (5.12a)

The function 6;(x) oscillates around the level 7/2, satis-
fying

0,(x,,)=m/2 for k=1,2,...,j—1, (5.12b)

which follows from the property (5.2).

(iii) For j=N—1 and N=2,3,..., the function
Ox _1(x) is determined by the following complex equa-
tion:

[Ky_1(x)+iKy(x)]/[KZ_(x)+KZ(x)]?
+¢§v(x)]1/2 ,

(5.13)
(5.14a)

The 0, _,(x) is a decreasing (on average) function of x, having the following particular values at nodes of ¢,y _; and ¢ :

—(k—1)m, k=1,2,...,N—1;
—(k—m, k=1,2,...

GN—I(XN,k)z
9N—1(xN~1,k): aN—z >

which follow from the properties (5.2) and (5.4).
In all cases (i), (ii), and (iii) we have

0<0;(x)<m/2 for x close to x;, -

(5.14b)
(5.14¢)

(5.15)

The established conditions (5.10), (5.12), and (5.14), which must be imposed on the variational functions 6,;(x), guaran-
tee that the functions ¢,(x) expressed in terms of 6;(x) have the required number of nodes as in Eq. (5.2). In this case,
of course, positions of the nodes are not known a priori, so their number and ordering only is important.

It is to be noted that we order the functions K in a different manner from that adopted in the work of Dawson and
March [19] and of Nalewajski and Kozlowski [20].

The minimization problem (3.16) for the Pauli energy rewritten in terms of 6,(x) via the transformation (5.5)-(5.7) i

1+ [ axpll
-1

(the number of terms being N —1). Here and elsewhere we write

6,1+ [sin(6,)0;1*+ - - - +[sin(6,) - - - sin(8; _)0; P+ - - - } (5.16)
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Frooy=3LX) AR
dx ’ dx?

The normalization constraints

[ dx p(x)K A6y(x), ...,0;(x))=1, j=1,...,N
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(5.17)

(5.18)

have to be imposed, only (N —1) of them, however, being independent due to Egs. (5.8) and (2.2). The orthogonality

constraints (3.18)

[ dxp(x)K;(8y(x), ..., 0,(x)K(6y(x), ...,0,(x))=0, jFk

are fulfilled by the solutions, as has already been demonstrated.
It turns out that the Euler-Lagrange equations for the problem (5.16) and (5.18) are

891(x)

N
= 34 [[d eI 6,0, ..., 6,00)~1 ]

j=2

where the A; are the Lagrange multipliers connected with
the constraints (5.18). Because the integrands in Egs.
(5.20) depend solely on the zeroth and first derivatives of
the variational functions 6,;, Egs. (5.20) lead to a system
of (N —1) second-order differential nonlinear coupled
equations. We shall not write these down explicitly for
arbitrary N as the detail proliferates. Rather the example
N=2 will be discussed in some detail in Sec. V E and the
example N=3 in Appendix E2.

The boundary conditions necessary to solve such equa-
tions are

0;(x)—>0 as x—boundary . (5.21)

These conditions follow directly from Eq. (B8) via the
transformations (5.9), (5.11) or (5.13). Both infinite and
finite (e.g., at x=0 for a radial equation problem [22,23]
referred to above) boundaries are covered by Eq. (5.21).

Therefore, for any N, a system of equations and con-
straints [(5.20), (5.18), (5.21), (5.10), (5.12), and (5.14)], in-
volving the given density p(x), defines an eigenproblem
which can be solved numerically, leading to the unique
solution

[kj+1[P],9j[P;x],j =1,...,N—1} .
(5.5)-(5.7),

(5.22)

Next, using Egs. this solution can be

transformed into
[)VJ[P]’K][P’XLJ =1’ LU 7N} .

Here A, =0 is added, see Eq. (3.27), and then, using Egs.
(D2), (D6), (3.10), and (3.12), transformed into

(A;lpldlpsx),j=1,...,N} .

(5.23)

(5.24)

C. Pauli quantities

This will allow the use of the forms for the Pauli ener-
gy and potential derived in Secs. III and IV. In particu-
lar, using Egs. (3.29) and (5.5), we have for the effective
potential in terms of p and 8, only

\%fdy P8P+ - - - +[sin(8,) - - - sin(0y _5)8 _, 12}

(5.19)
=0, =1, ,N—1 (5.20)
f
1 [p'"%cos(6,)]"
v ;x]teonst=vg[p;x]=——FF75—"— (5.25)
eﬂ‘[p ] E[P ] 2 pl/ZCOS(ol)
Using Eq. (4.14) we have for the Pauli potential
vplp;x]=21(67)*+ Ltan(6,) |67 + i';—e'l ) (5.26)

The basic expression for the Pauli energy coming from
Eq. (5.16) with the solution (5.22) is

Eplp]= [ dxip([6i]+ -~
+[sin(6,) - - - sin(Oy _,)0y _,1*} .
(5.27)
Using Eq. (4.15) it can be written in terms of all eigenval-

ues and one function 6,(x) [via Eq. (5.26)]:

N
Eplpl= | 3 Mlp] |+ [ dx p(x)vplp;x] . (5.28)
1=2

D. Differential form of virial theorem

It should be mentioned that for one-dimensional sys-
tems there exists an interesting differential form of the
virial theorem given by March and Young [24] and by
Baltin [25). This relates derivatives of the kinetic-energy
density e,(x) and the effective potential v 4(x), namely,

e, (x)+1p(xig(x)—4p""(x)=0, (5.29)

where e, is defined in terms of single-particle solutions
Y;lp;x] as
N

elpix]= 3 ()5 Tlpl=[dxelp;x]  (530)
1

i=
[to be compared with Egs. (D8) and (3.6), remembering
that Ep=T,—Ty,; see also the last paragraph of Sec.
IITI A]. Below we shall use Eq. (5.29) to obtain vp in
terms of e, and p. Let us differentiate Eq. (D24) using
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also Eq. (2.16):

—Vig . (5.31)

Into Eq. (5.31) we shall now insert v,; from Eq. (5.29) to
find

2

—pm{es'(x%—[pl/z(x)]'[pl/z(x)]”} )

vp(x)= (5.32)

E. Two-level results

For compactness, the remainder of this section will be
restricted to the two-level problem. In this case, only one
eigenfunction 6,(x)=0(x) and one eigenvalue A,=A\ are
to be determined. Equation (5.20) then simplifies to

8 ’ 2__ a2 —
Wfdyp(y){%[@ (»)P—Asin?[6(»)]} =0 . (5.33)

Therefore the Euler equation is (see Harriman [26], also
Nagy and March [22])

0" +£-6'+1sin(260)=0 . (5.34)
P
This is to be solved subject to the conditions
6'(x)—0 as x—boundary (5.35)
and the constraints
J dx p(x)sin’[6(x)]=1 (5.36)

and [see Eq. (5.14)] that —7/2<6(x)<w/2, that 6(x)
must have one node and that A > 0.

Equations (5.34)-(5.36) can be readily solved numeri-
cally for given density p(x), leading to the solution
A,=A[p], 6,=06[p;x]. Then from Egs. (5.25)-(5.28) one
can find the Pauli quantities, as well as the effective po-
tential v 4.

VI. SUMMARY

Following the early work of Stoddart et al. [10] on Be
metal, in which the Bragg reflection experiments of
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theory. For general N-electron atomic and molecular
systems, without invoking any simplifications due to the
possible existence of symmetry, N —1 Euler equations
(3.22) have been derived. The first stage of practical im-
plementation of the present method must be the solution
of the eigenvalue problem posed by these equations, for a
given input p(x). Provided these equations have physical
solutions (which is the test of potential representability of
the input density), it is then demonstrated explicitly how
the eigenvalues and eigenfunctions can be used to con-
struct the Pauli potential and energy, as well as the KS
potential. Some examples are given to illustrate the ap-
proach. It does not need stressing that it is now of the ut-
most importance to have high-quality electron densities
for atoms, molecules, and condensed matter from x-ray
and/or electron scattering experiments. Standard
quantum-chemical procedures using extensive basis sets
should then be adequate to solve the Euler equations
(3.22) derived here. These have the merit of “locality,” in
the sense that the functions K;(x), plus gradient and La-
placian, together with the input density and its gradient,
alone enter these equations at a single position vector x.
Solutions of these equations, when they can be found for
a given input density, then demonstrate v representability
of that density. In terms of them the Pauli potential, en-
ergy and effective one-body potential can all be extracted.
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APPENDIX A: INTERMEDIATE STEPS IN DERIVATION
OF THE EULER EQUATIONS (3.22)
FOR K j (x)

The results below have been employed in passing from
Eq. (3.19) to (3.22).

Brown [27] were used to construct an input charge densi- 5 _ _
ty p(x), the philosophy of the present work has similarly 8K*(x) S[p,K;, K 1=p(x)K;(x); 1=2,...,N (A1)
centered on the use of an experimental ground-state den-
sity within the general framework of density-functional and
J
LE,;[p,K,,K,*]= —V-——a—+ 9 {p(x)L[VK*(x)]-[VK,;(x)]}
8K (x) o(VK}) oK} :
=—1p(x)V?K,;(x)— L[ Vp(x)]-[VK/(x)], I=2,...,N . (A2)
[
The term presenting the most difficulty will now be but [see Eq. (3.14)]
written as N
_ VIKi(x)]= 3 (—K,VK*—K*VK,) . (A4)
EP[P,K1,K1]:de«C1 ji=2 Y ’ !

=1 [dxpx)[KI )] {V[KI(x)]}> (A3)

It follows that
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aL,
aK}

=1p[2[VK})-[— VK, IKD'+[V(KD KK}

=~_—ZP—1<;1(VK1 )-(VK,)+§(K;IVK1 2K, (A5)

and
oL,
1 _Pg-2 29\ —KV=— P g1
a(VKI*) 4K1 [V(Kl)]( K[) 2K1 (VKI)KI .
(A6)
Also
oL,
A(VK}®)
=3H(Vp) (K1 'VK DK, — 2 (KT VK, K,
+§(K;IVZK1)K,+121(K;IVK1)-VK,. (A7)

Using these steps, the Euler equations (3.22) for the
functions K, follow.

APPENDIX B: BOUNDARY CONDITIONS
ON EULER EQUATIONS (3.22) FOR K ;(x)

In order to integrate the differential equations (3.22),
one must, of course, specify the boundary conditions for
the functions K;(x). These have to be derived from the
properties of a given input density p(x) as the only infor-
mation available about the system.

If p(x) happens to be a periodic function

p(x+R;)=p(x), (B1)

where R; represent the periods (e.g., the edges of a large
box) then the boundary conditions are found from the
conditions that the functions K;(x) must exhibit the same
periodicity

K/ (x+R,)=K,(x), [=1,2,.... (B2)

Of course, in this case, all integrations must be carried
out over an irreducible region, defined by the transla-
tions.

If p(x) is aperiodic, then, for x— 0, p(x) must tend to
zero fast enough to ensure the convergence of all in-
tegrals involved. The boundary conditions for this case
will be established by taking the limit of a finite-region
case. Suppose that the system under consideration is en-
closed in a spherical box of radius R much greater than
any important physical length in the system. This means
that an additional potential, infinitely repulsive at |x| =R,
is imposed. The density of the system, written in spheri-
cal coordinates, in the vicinity of the boundary must take
the form

p(r,0,6)=p(R —£,6,6)=c(6,¢)5"[1+0(8)], (B3)

where n =2. As to the form of the functions K(r, 6,¢),
they must be nonzero at » =R because of the property
(3.14) valid at any r. Hence one can write
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K;(R —£,6,8)=K,(R,0,8)— 25K ,(R,0,$)6+0() .

(B4)

Next we must turn to analyze Eq. (3.22) in the vicinity of
the boundary. Using Egs. (B3) and (B4) we have for the
second term in Eq. (3.22)

(p7'Vp)VK;=c " (6,$)E "nc(6,¢)&"
3K,(R,0,¢)

XT3R
___,9K,(R,6,9)

——né‘ _—éR—+O(§O) .

As follows from the expansion (B4), all terms in Egs.
(3.22) and (3.23) other than those calculated in Eq. (BS)

for j =1 and j=1 are of the order of £° as £ tends to zero.
Therefore we must require that

3K ;(R,6,4) —0
oR

in order to have the terms arising from Eq. (B5) finite too.
Equation (B6) is therefore the boundary condition
sought, with respect to the radial variable. As a function
of 6 and ¢, the function K is periodic with a period 2.
Therefore conditions analogous to Eq. (B2) are to be ap-
plied

K;(R,0+2m,¢)=K,(R,0,6)=K,(R,0,6+2m) . (BT)

+0(£%

(B5)

(B6)

Now the general case of the infinite domain can be
realized as the limit when the box radius R tends to
infinity. Thus the following boundary conditions are
found:

dlog[K;(r,0,4)] —0

r—> 0 ar (BS)
and
lim Kj(r,6+217,¢)= lim Kj(r,e,qﬁ)
= lim Kj(r,9,¢+21r) . (B9)

r—> o0

This completes the speciﬁca?;ion of the conditions under
which the Euler equations (3.22) are to be solved for a
given input density p(x).

APPENDIX C: ORTHOGONALITY RELATIONS

This brief Appendix is concerned with weighted ortho-
gonality of the functions K;. Let us start from the Euler
equations (3.22) satisfied by K;. As remarked in the text,
the case /=1 with A;=0 can be included because of Eq.
(3.23). Then we multiply both sides by p(x)K *(x), j#I,
and integrate through the whole of space. After addi-
tional integration by parts we then obtain

[ axilp(VK})(VK)+2p0, KK ]=A, [ dxpK}K; .
(e}

A further equation can now be obtained from Eq. (C1) by
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interchanging the indices j and / and taking the complex
conjugate. The left-hand side is then identical with that
of Eq. (C1) and by subtraction we find

0=, —A)) [ dxpK}K;; j#I; j,l=12,...,N .
(C2)

Therefore orthogonality as in Eq. (3.18) is established for
states belonging to different eigenvalues. In the case of
degenerate eigenvalues, corresponding eigenfunctions can
be orthogonalized.

APPENDIX D: PAULI ENERGY AND POTENTIAL
USING CONVENTIONAL SINGLE-PARTICLE
WAVE FUNCTIONS

As mentioned in Sec. III, the Pauli energy may be ob-
tained from a minimization technique by employing vari-
ous possible sets of trial functions. In this Appendix, our
purpose is to explore the set {Y,v,, ..., ¥y}, which is re-
lated to the original set {¢;,...,¢y} in the following
way:

x(x)=[lg;(x)*+ -+ +]pn(x)*]'/?
¢j(x)=¢j(X)’ ]:2, ...,N .

(D1)
(D2)

As done previously, we take the ¢;(x) to be labeled such
that ¢, corresponds to the ground state, so that it is a
nodeless function, chosen to be real and positive. There-
fore the inverse transformation is

¢:1(x)= X x)—[|P(x) |2+ - - +]Py(x)121}172,
$;(x)=9,(x), j=2,...,N

with the arithmetic square root used in Eq. (D3). The
constraint (3.2) may evidently be rewritten as

(D3)
(D4)

XA(x)=p(x) (D5)

and it is therefore automatically fulfilled if the function
x(x) is fixed as p!/%(x); that is x is the usual density am-
plitude. It will prove convenient to define also an auxili-
ary function ¢,(x) depending on p(x) and all independent
functions ¢;(x):

Y1) =1, (p(x),¥,(x), . . ., Pp(x))
=[p(x)—([gh,[*+ - - +|yy[H]'2.

In terms of this function, Eq. (D4) is valid also for j=1
when the constraint (D5) is imposed. We can rewrite Eq.
(D6) as a sum rule involving ¥, as well as all the indepen-
dent ¢; as

P(x) =[Py (x) P4 [y (X34 - -+ + e (x)]? .

(D6)

(D7)

The original minimization problem (3.1)-(3.4) can now
be rewritten in terms of a new set of trial functions as

EP[p]zll) min (Ts[¢l]+Ts[¢2]

e s by

+ -+ L [yy1-T,[p'?D (D8)

with the usual normalization and orthogonality condi-
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tions on ¥;(x).

After introduction of Lagrange  multipliers
A j»J =2, ..., N, connected with the normalization con-
straints, we find from Eq. (D8) the result

)
Syf(x)

{Ts[¢l]_T3[pl/2]

+ éz [Tsw,]—x,- [fdx|¢j|2—1 ]] ’=0.

(D9)

Contributions from the terms in the square brackets can
be obtained in standard fashion. Special attention is
needed though for T,[v,] [see Egs. (3.6) and (D6)] which
may be rewritten as

T,[¢)= [dxL,= [dxs7'(y)H 7 [V(¥D]*, (D10)
where, according to Eq. (D7)

N
8(y})=Vp+ D AL AR (D11)

J

Thus one has

L,

Gl

=8 ()2, [V P +8~ U(yH) 2V (¢3)(—1)-Vy,

=271 VY PP —27 (W 'VY)(Vy)  (D12)
oLy =871y 2[ V(¢ (= gy, = =27y (V) )y
(V)

(D13)
and
aL,

a(Vyr)

] =—2"Yr AV 2, +27 T (VY )Y,

+27 Ny V) (Vy) .

The sum of Egs. (D12) and (D14) provides the variational
derivative

8T,[¢y] _ 1

(D14)

V24 (x)
¥,(x)

After evaluating the remaining terms in Eq. (D9), we ob-
tain finally the desired Euler-Lagrange equation as

— 3V () + T [P1(p, s, - -

SYr(x) 2

P, (x) . (D15)

YN XY (x)=AY(x)
[1=2,...,N, (D16)

where

1 V2¢'1(X)

Uc[¢l;x]= 2 ¢1(x)

(D17)

with 3, defined by Eq. (D6).
Equation (D16) represents a system of (N —1) second-
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order differential coupled equations for the functions
1,(x). The coupling arises through the potential 7., Eq.
(D17), which depends on p,#¥,,...,¥, in a local way.
This system, together with normalization constraints and
boundary conditions (the same as for conventional wave
functions) can be solved numerically, leading to the solu-
tion {A;[p), ¥ [p;x),1=2,...,N}.

By comparison of (D16) with the system of Egs. (3.24)
for ¢,(x), resulting from the assumption of noninteract-
ing v representability for p(x), one readily sees that ¥,(x)

coincides with ¢,(x), while the eigenvalues are related by
)\,1281_51 . (D18)

The effective potential turns out to be equivalent to the
present coupling potential

7. (X) =0 4(x)=v 4(x)+const

[see Eqgs. (3.28) and (3.29)].
It is easy to establish also the equivalence between the
present solution {A;[p],¥,[p;x], [ =2,...,N} and that

(D19)

discussed in Sec. III, {A;[p], K;[p;x], I =2,...,N}, via
the relation
P, (x)=p""x)K,(x) . (D20)

The eigenvalues remain the same, while the relation be-
tween the coupling potentials (D17) and (3.23) is

8Tylpl
S5

2
_1¥%
4 p

Yo
P

=7, + (D21)

1
Uc:5c+'8_

Again one can obtain the Pauli energy and potential in
terms of the eigenvalues; in view of the procedure set out
in the main text we omit the details. In the representa-
tion used in this Appendix, one form of the Pauli poten-
tial that follows is

1

N
vplp;x]= S UVl x]1P—4,1p]l¢;[p;x]1?
p(x) | =
R R/:¢ (D22)
8 | p(x)

where A, =0 and
Pilpsx]1={p(x)—Ualp;x]®+ - - - +Yylpsx]H}12.
(D23)

An alternative form of the Pauli potential [11] is [see
Egs. (4.14), (D21), and (D19)]

2
1 V? 1|V .
vp(x)= 74—73——3; _;39" —vglp] (D24)
or equivalently
1 Vp"4x)] _ 1 V¥ilp;x]
vp(X)=— —= (D25)
P 2 p'(x) 2 ilpsx]

Also with the aid of Eq. (D21) and the relation between
vp and potential v., see Eq. (4.14), one can write
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8Twl(p]
Up[p;x]:—-M—X)_Ueﬁ[p;x]"_const (D26)
or in terms of the boson potential vgz(x), Eq. (2.14),
8Tylp]
—_— + . —
8p(x) vglp;x]=const , (D27)

i.e., the boson problem Eq. (2.13).

It is to be noted that the present result (D22) is close to
the result of Bartolotti and Acharya [28] (BA). For com-
parison, consider all functions 3, to be real, as tacitly as-
sumed by BA, and also let us write

p;j(x)=13(x) . (D28)
In this case, Eq. (D22) can be rewritten as
N (Vp;)(Vp;) .
UP(X)=—1—‘ E Pj Pj _ (Vp) (Vp)
8 | /=, Pj P
1 N
—= | X Ap; | - (D29)
P |j=1

Thus Egs. (D29) and (14) of BA, taken for a particular
spin polarization, differ only by a constant.

APPENDIX E: EXAMPLES TO OBTAIN
EFFECTIVE POTENTIAL AND PAULI QUANTITIES
FROM A GIVEN PARTICLE DENSITY

1. One-dimensional problem in semi-infinite domain

The following particle density, defined in the one-
dimensional domain (0, « ), is the given input information

p(r)=32r2[(1—2r)2—8 exp(—4r)lexp(—4r) . (El)

This function exhibits two maxima: a narrow one at
r=0.28 with p=2.35 and a broad one at »=1.28 where
p=0.78, separated by a shallow minimum of value
p=0.57 at r=0.79. By integration, this p(r) corresponds
to a number of particles

N=["drpn=2. (E2)
Therefore we can use the formalism given in Sec. VE,
dealing with the two-level problem in terms of a phase
function. Thus one has to determine one eigenfunction
6,(r)=0(r) and one eigenvalue A,=A from the Euler-
Lagrange equation (5.34). Let us rewrite it here in the
form

—(6"+6'p" /p)/sin(20)=A . (E3)
The boundary conditions (5.35) are
6'(0)=0; lim 6'(r)=0, (E4)

the constraints on the range and nodes
—m/2<0(r)<m/2, 6(r,,)=0, (ES)
and no normalization [Eq. (5.36)]

fo‘”dr p(rsin?[6(r)]=1 . (E6)
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We now assert that the desired solution of the above
problem is

O(r)=arctan[R (r)] , (E7)
where
R(r)=8"Y%(1—2r)exp(2r) . (E8)

The following relations, derived from Eq. (E7), will be
useful for verification of the solution:

sin(0)=R /(1+R?)'/?, (E9)

cos(8)=1/(1+R*'? | (E10)

0'=R’'/(1+R?), (E11)
and

0"=R"/(1+R?)—2R(R')*/(1+R?)?. (E12)

It can be seen from Eqgs. (E7) and (E11) that Eqgs. (E4) and
(ES) are fulfilled, with r, ; =1. Condition (E6) is readily
checked with the help of Eq. (E9). By inserting Egs.
(E9)—-(E12) into the left-hand side (LHS) of Eq. (E3) we
obtain after some algebra a constant value

a—_Ll|R” 20-4n R |_

2 | R r R

6. (E13)

The one-particle wave functions [see Eqs. (5.5)-(5.7)],
corresponding to the solution obtained, are

é,(r)=p'’K=p'cos(0)=16r exp(—4r) (E14)
and
é,(r)=p'2K,=p'"*sin(6)
=8r(2)"/X(1—2r)exp(—2r) .  (E15)

Therefore the given density p(r) has been generated by
the one-particle Hamiltonian with the effective potential
[see Egs. (3.28) and (3.29)]

Tg(r)=(1/2)¢Y/d,=—4/r +8=v4(r)—¢,, (E16)

which is the Coulomb potential with Z=4, shifted by a
constant 8. So, if, in addition, we allow for double occu-
pancy of the levels, the above example simulates the radi-
al equation problem of Be, but with the electron-electron
interaction switched off. Its eigenenergies given by

g, =—2Z%/(21% (E17)
are consistent with ¢, =—8 seen in Eq. (E16) and
A=A,=eg,—¢,;=6 from Eq. (E13).

The phase function 6(r), Eq. (E7), has a maximum
60=0.34 at r=0, from which it decreases monotonically,
going through zero at r =1, then 6=—1.21 at 1.0,
—1.55 at 2 and approaches the asymptotic value —/2
for large r.

The Pauli energy can be evaluated numerically accord-
ing to Eq. (3.30), using Egs. (E14) and (E15), as

EP=%fowdrp(r){[K’l(r)]z-l-[K’z(r)]z] . (EI3)
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while the Pauli potential, according to Eq. (4.13), is
vp(r)=1K|P+LK)?*—6K3 . (E19)
This function starts from vp = —Z at r=0, increases (qua-

dratically for small r) to the maximum 3.50 at r=0.65,
then goes through zero at r=0.81 and further decreases
to —4.34 at r=1, to —5.95 at 1.5, and eventually ap-
proaches the asymptotic value —6 for large r.

2. One-dimensional problem in finite domain

The following density, defined in the range (0,2), is the
given input information:

p(x)=S%14C*+25?), (E20)
where
S(x)=sin(wx /2), C(x)=cos(mx/2) . (E21)

This function has one maximum p=2 at x=1, two maxi-
ma p=2.16 at x=0.41 and 1.59, separated by two mini-
ma p=1.47 at x=0.71 and 1.29, and quadratically ap-
proaches zero at the boundaries.

By integration, this p(x) corresponds to a number of
particles

2
N= [ dxplx)=3. (E22)
Using the formalism of phase functions, developed in Sec.
V B, we have to determine two functions 6(x) and 6,(x)
and two eigenvalues A, and A; by solving the system of
two Euler-Lagrange equations, Eq. (5.20), for [=1,2,
which can be written in the form

07 =—(p' /)i +[ (62—,

+(A,—A3)sin%(6,)]sin(26,) ,  (E23)

oy =— 0, +(A,—A3)sin(26,) . (E24)

£ 42 cotan( 6,)0;
p

We now assert that the desired solution of the above
equations with the boundary conditions (5.21) is

A =(3/8)72, Ay=(5/8)m?, (E25)
0,(x)=arccos[(14C*+25%)"1/2] | (E26)
arctan[2C —(2C)7!], for 0<x <1
0)(x)=—w/2, for x =1 (E27)

—+arctan[2C —(2C) " !], for 1<x <2.

We see that 0, satisfies Eq. (5.10), and 0, Eq. (5.14) with
x,1=1, x3,=% and x,;=%. The function 6; has two
maxima 6;=1.30 at the boundaries and a minimum
6,=m/4 at x=1. The function 6, decreases monotoni-
cally from 0.98 at x=0to —4.12 at x=2.

Having the solution (E25)—(E27) in analytical form,
Eq. (E23) and (E24) can be verified, in principle analyti-
cally. But the expressions became so unwieldy that in-
stead of performing that task we checked them numeri-
cally at a large number of points. With differentiations
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performed numerically, excellent agreement was ob-
tained.

Substituting the solution (E26) and (E27) into Egs.
(5.5)-(5.7), we find

é(x)=p'"%cos(8,)=sin(7x /2) , (E28)

#,(x)=p'/%sin(6,)cos(8,)=sin(7x) , (E29)
and

#3(x)=p'"%sin(6, )sin(H,)=sin(37x /2) . (E30)

Therefore the given density p(x) has been generated by
the potential

Vep(x)=19V/¢=—m2/8=v g(x)—¢, . (E31)
This corresponds to the empty well potential
+ w0, x <0
Veg(x)= 10, 0=<x =<2 (E32)
+ o0, 2<x.

3. Two-dimensional problem in infinite domain

The input information this time is the following densi-
ty in the infinite (x,y) plane:

p(x,y)=py(x,y)D (x,p) (E33)
with

po(x,y)=7"lexp(—x2—y2) (E34)
and

D (x,y)=1+2(x>+y?)+4x%? . (E35)

This function exhibits the symmetry of a square. By in-
tegration, it corresponds to four particles. Therefore ac-
cording to Sec. III, we must determine three functions K,
and eigenvalues A;, [=2,3,4, from the system of Egs.
(3.22). These can be rewritten as

— LK 'WVK,—K[1VK,)
—1p™UVp) (K 'VK,—K['VK,)=A,, [=2,3,4
(E36)
where
K,=(1—-K3—K%—K2)'"?. (E37)

Again, we assert that the solution of the system (E36),
with the boundary conditions (B8) and (B9), is

KXZD_I/Z, K2=21/2xD—1/2 , 38
K3=21/2yD—1/2’ K4=2xyD—1/2 .

By inserting Eqs. (E38) and (E33)—(E35) into the LHS of
Eq. (E36), we obtain some functions of (x,y), which after
lengthy algebra reduce to constant values equal to

AL=A=1, A,=2, (E39)
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proving that the solution (E38) satisfies Egs. (E36). To
find the effective potential according to Egs. (3.28) and
(3.29), we must determine

é =P1/2K1 =P(l)/2 (E40)

[Egs. (3.11), (3.12), (E38), and (E33) were used here].
Thus

l")’eﬁ—(x,y)=%(V2¢l)/¢1
=%(x2+y2)—1

=vglx,y)—€; . (E41)

It is seen that the given density was therefore generated
by an isotropic two-dimensional harmonic oscillator po-
tential. The two-dimensional eigenfunctions ¢,(x,y)
=p'?K,, 1=1,2,3,4, given by Eqs. (E38) and (E33), can
be written in terms of the eigenfunctions of the one-
dimensional oscillator

Yi(x)=m"Y4exp(—x2/2), (x)=2"2x1p,(x) (E42)
(the eigenvalues are § and 3, respectively), as
&1, )=, (x)¢,(p), (%, y)=1,(x )¢, () , (E43)
O3, )=, (), (p),  da(x,¥) =1, (x ), (p) .
The corresponding eigenvalues are
§=3+3=1 g,=e3=3+1=2; g=3+3i=3 (E44)

which is in agreement with €, in Eq. (E41) and with Eq.
(E39) where A,=¢;—¢;. Because the eigenvalues (E44)
are constructed from the lowest eigenvalues of the one-
dimensional oscillator problem, the requirement (3.37) is
fulfilled.

It should be noted here that the ground state of the
system of four electrons, generated by the potential
veg(x,y) in Eq. (E41), happens to be triply degenerate. To
see this, we may replace the fourth function of the solu-
tion (E43) by 9,(x)i;(y) or s(x)¢,(y); the energy
remains unchanged since the corresponding eigenvalue is
5+ +3=3also.

APPENDIX F: PAULI POTENTIAL OF HARMONIC
OSCILLATOR POTENTIAL WITH N OCCUPIED LEVELS
IN ONE DIMENSION

As shown by Lawes and March [29] (LM), the kinetic-
energy density ¢ (x), defined now by

N
tx)=—1 3 ¥y (F1)
I=1

for a linear harmonic oscillator with N occupied levels is
given by

t(x)=LyY}[x*—x%4N +1)+2N +4N?]
— SYR(x2+1=2N)+L1x gyl . (F2)
It will be useful to introduce the quantity

Wyn(x)=vg(x)—ey=1x2—(N—1), (F3)
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occurring in the Schrodinger equation for the Nth state:
Thus Eq. (F2) written in terms of W), becomes
12t =(4Wa — 6 Wy + 2003 —2Wy (¢ )2 +2x ¢y . (FS)

We plan to eliminate ¥y and ¢y from the relation be-

tween Wy and t; to do so we need two more equations.

They are Eq. (2.2) of LM, written in terms of Wy
20=(1—2Wy )% + (¢ )? (F6)

and the derivative of Eq. (2.4) of LM, written in terms of
Wy using Eq. (F4)

P =Wy — 14+ (W ) —2x Yyl - (F7)
Then one can verify readily the identity
12t +(2Wxy—1)2p+p"" =0 . (F8)
Solving Eq. (F8) and forming v+ from Eq. (F3) we have
3t p”
=——— +N . F9
Vegr p 4p ( )

In order to obtain the Pauli potential using Eq. (D22),
let us take the Schrodinger equation for the /th state

1 "
i +v g =e,97 (F10)
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and sum it over all N states. Then using the definition
(F1) we have

N
ttvap= 3 &} (F11)

I=1
and employing Egs. (F9) and (D18) with £, =1 we obtain

N -
S MYi=—2t—Llp"+H(N—1)p.
=1

(F12)

Of course, the price paid for achieving the summation
over [ is the introduction of the kinetic-energy density ¢
as well as p and its derivatives.

The Pauli potential according to Eq. (D22) is

pp=pfir 4 pind= [L_*_%__% P
P P
2t | p”’ 1
__._+ — —_—
4p N 2
3 p"_1p )
=24 P 1L | 4 onst. (FI3)
p 20 8

The same result may be obtained in an alternative
manner from Eq. (D24) with (F9) and (3.29).

It is worth remarking in this context that for this
specific example Eq. (F2) expresses ¢#(x) in terms of the
wave function of the highest occupied level N.
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