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Zhidang Chen and Helen Freedhoff
Department of Physics, York University, 4700 Keele Street, Toronto, Ontario, Canada M3J 1P3
(Received 5 November 1990)

In this paper, we study cooperative two-photon transitions in a system of two (nonoverlapping) atoms
for two processes: two-photon spontaneous emission and two-photon resonance fluorescence. Expres-
sions are obtained for the energy shifts and decay rates due to the interaction of the atoms with and via
the field. The altered decay rates signal the existence of superradiance and subradiance in the two-atom
system. The energy shifts of the single-excitation states are found to be proportional to R ~° for small
atomic separations R, and to R 2 for large separations.

I. INTRODUCTION

The subject of cooperative radiative transitions by a
system of two or more identical atoms (or molecules) has
received considerable attention over the years, beginning
with an initial study by Dicke [1]. Many authors since
have dealt with coherent single-quantum electric dipole
excitations of systems of two [2,3] or more [3,4] atoms. A
few exact analytical studies exist of the collective spon-
taneous emission by fully inverted systems [5], and a very
large literature exists involving approximate (and usually
numerical) treatments of “Dicke superradiance” [6]. The
effects of the atomic interaction include in general the
splitting of each atomic energy level into a number of
sublevels, the shift of each sublevel from the single-atom
energy, and a change in the lifetime of each sublevel from
the single-atom radiative lifetime.

With the exception of a single paper dealing with
cooperative electric quadrupole transitions in atoms [7],
all the work performed to date has dealt with single-
photon, electric dipole transitions. It is our purpose in
this paper to address the question of cooperative two-
photon (2-y) spontaneous emission and resonance
fluorescence in multiatom systems. We study the sim-
plest example of such a system: two identical atoms,
separated by a distance R (large compared to the atomic
diameter so that overlap can be ignored), interacting with
a common radiation field, each atom capable of making a
2-y transition between two of its levels (of the same pari-
ty) via nonresonant intermediate levels (of the opposite
parity). Two cases are studied: (i) the atomic system ini-
tially in a single-excitation level, interacting with the vac-
uum field (2-y spontaneous emission); and (ii) the atomic
system initially in its ground level, interacting with the
vacuum field and with a weak probe field (2-y resonance
fluorescence).

In studying the evolution in time of the atoms-plus-
field system, we do not make the rotating-wave approxi-
mation [8], and we include two types of “essential states’:
states that are resonant in energy with the initial state,
which both alter the decay rates and shift the energies of
the atomic single-excitation levels; and nonresonant
essential states, which contribute only to the energy shifts
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through the exchange of virtual photons. We find that
the effects of the atomic interaction are analogous to its
effects for (two-atom) single-photon transitions [2,3].

(i) The energy level corresponding to a single atomic
excitation is split into two sublevels, corresponding to the
symmetric (|+ )) and antisymmetric (| — )) states of the
two-atom system.

(ii) The decay rates of the sublevels are functions of
koR, where #ikyc is the energy difference between the
single-atom levels |» ) and |a ) (see Fig. 1). These decay
rates first appear as the convolution of two functions,
representing the retarded dipole-dipole interaction be-
tween the two pairs of oscillating dipoles that character-
ize each atomic (2-y) transition. Integration yields a gen-
eral expression which consists of oscillating functions of
koR, multiplied by inverse powers of kyR ranging from
(koR)™7 to (koR)™ 2 For small kyR, the |+ ) state is
superradiant, with a decay rate double that of the single
atom 7,; the | — ) state is subradiant, with a decay rate of
order (koR)*y, [9]. For large kyR, the effects of the
atomic interaction become negligible, and the sublevels
merge into a single level with frequency and decay rate
identical to those of a single atom.
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FIG. 1. Three-level atom, with a 2-y transition between lev-
els |[a) and |b ) via the intermediate state |m ).
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(iii) The energies of the sublevels are shifted from the
single-atom energy. The shifts are also oscillating func-
tions of ko R, with leading terms proportional to (k,R ) ~®
for small kyR and to (koR )2 for large kyR.

(iv) In 2-y resonance fluorescence, the total probability
of absorption from the ground state is the sum of the
probabilities of absorption to the levels |[+) (|—)),
which are shifted in energy and broadened (narrowed) by
the vacuum field as they are in spontaneous emission.
The energy of the ground state is shifted by the laser-
induced shift as well as by the second-order Casimir-
London dispersion energy [10].

In Sec. II, we present the theory of two-atom, 2-y
spontaneous emission. In Secs. III-V we evaluate the de-
cay rates and shifts of the two-atom energy levels, and
the distribution of energy in the system as a function of
time. In Sec. VI, we present the theory of resonance
fluorescence by the two-atom system irradiated by a weak
probe beam. In Sec. VII, we discuss the results of this pa-
per. Finally, in the Appendix, we give details regarding
the evaluation of some of the integrals in the paper.

II. SPONTANEOUS EMISSION

The calculations in this paper are based on the
Heitler-Ma (HM) treatment of 2-y transitions [11],
developed as part of a program to extend radiation
theory to 2-y processes.

We consider two identical atoms, centered at R
(s=1,2) with |R;,—R,|=R. Atom s can make a 2-y
transition between its levels |b,) and |a,) via a non-
resonant intermediate level |m;) (see Fig. 1) [12]. We
denote by |C) (with energy E) states of the two-atom
system,

|B>:|b1 )]bz)» Epz=2E,
IM)=|m,)\m,), Ey=2E,

|4)=la,)a,), E,=2E, (1)

|C)=

|w:>=;}_2—<|a1>|b2>i|b1>|a2>>, E.=E,+E,

and we include as well the nonresonant state |M ) (with
E, >E,>E,), which contributes to the energy shifts.
The states |C ) satisfy the eigenvalue equation

HAIC)=(HA1+HA2)IC)=EC|C), (2)

where H , is the atomic Hamiltonian, which is the sum of
those of the two atoms. The Hamiltonian of the field is
denoted by Hp, with the eigenvalue equation

HF|...nk...): EﬁkC(nk"}'%) |nk) (3)
k

Here | - ' n, - -+ ) is the state in which n, photons are
present in field mode k, and so on. The Hamiltonian of
the combined atom-field system is

H=H,+V=H,+H.+V'+Vv?, 4)

where V¥ is the interaction of atom s with the field (in the
electric dipole approximation),

Vi=—pu(s)-E(Ry), (5)
27hick 2
E(R)=i3 " [e(k)a, e R—g*(k)aje "*R],
k,e L
(6)
The eigenstates of H, are the product states

[C)|:-+ng -+ ). In particular, we will be involved with
the states |CO)=|C)|-+-0, -+ ), where |---0, -+ )
is the vacuum state of the field, and the states |Ckl)
[with energy Ec; =Ec+%ic(k +1)], in which the atoms
are in the state |C ) and one photon is present in each of
modes k and /. We shall omit |0) from |CO) when no
confusion can result.

We take for the initial state |I) of our system the
single-excitation state

[IY=c, |+0)+c_|—0), lc *+lc_I>’=1. (D

(For example, if one atom is initially in state |6 ) and the
other in state |a), ¢, =1/v2) In HM, we study
G (E)|I'), the Fourier transform of the wave function
|4()) of the atom-field system,

lw()=—@mi)"' [ ¥ dE G(E)II) exp(—iEt /%) . (8)

The basic (exact) equation of the HM method for 2-y
processes is [11]

[E—H,—K(E)GE)II)=[1+V(E—Hy) '1lII), 9

where the effective operator K is given by

2

K(E)='Y VSE—H,—Hp) 'v. (10)

s,8'=1

Our objective is to find the dependence on the interatom-
ic separation R of the decay rates and energy shifts of the
system, to the lowest nonvanishing order in V. The diag-
onal elements of K (E) (e.g., K ;) are found to give
second-order R-independent (single-atom) shifts and are
absorbed into the corresponding energies (E). Multi-
plying Eq. (9) by {(C| and by ( Ckl| in turn, and denoting
{C|G|I') by G, and so on, we obtain the equations

(E—Ec)Ge— 3 KepGp— 3 KepuGpu=<ClI) ,
D=EC Dkl an

(E =Ec)Gcri— 2 Kcu,pkiGpri — 2 Ker,pGp =0 -
D=EC D

(12)

In Eq. (12) we have neglected the coupling between Gy,
and G py > Which gives rise to higher-order corrections.

If the initial state |I) is |+0)(c.=1,c+ =0), we can
proceed exactly as in HM [11]. For the more general
state |I) of Eq. (7), however, a modified approach is re-
quired. We make the substitution

Gckl(E)ZUckl(E)é’(E—ECkl) (13)



548 ZHIDANG CHEN AND HELEN FREEDHOFF

in Egs. (11) and (12) (i.e., G¢,; cannot be taken propor-
tional to G; in this case), where {(x)=7(1/x)—im8(x).
We thus obtain a system of linear, inhomogeneous equa-
tions for G and Ugy;:

(E—Ec)Ge— X K¢ pGp
DZAC
EZKC,Dklg(E _EDkl)UDH:(C!I) , (14)
Dkl
Ucki— 2 Kcu,prbS(E —Ep)Upyy — EKCkIDGD 0,
D+C
(15)

which we solve using the continued-fraction (CF) rules of
Swain [13], obtaining the results

C4

G = /A L(E) (16)
U(E)=K 4y (E)G_ (E)+K 4, (EG_(E),  (I7)
i |K . c(E)|?
rup=2 |y S8
fi |cFr E—Ec
+3 Ky cr(EVNPEE—E¢gy) | . (18)
Ckl

Furthermore, using Eq. (7), we write G; in the form
G(E)=c,G (E)+c_G_(E). (19)

The decay rates ¥ and energy shifts A, of levels |£)
are obtained, respectively, from the real and imaginary
parts of I (E), evaluated at E =E_ (the pole approxima-
tion [14]):

y+=Re[T.(E.) =~;~z Ko s(EL)PS(EL—E 4)
k,1
(20)
% K m(EP
bs Ky cr(EL)? 1)
&1 (Ex—Eqy)

in which the factors 1/(E . —E ) are understood as
principal values. In Eq. (21), we have dropped the quan-
tities |K4 ¢|*/(EL—Ec) (for C=F,B, 4), which con-
tribute R-independent (fourth-order) shifts.

The time evolution of the system can be obtained from
the Fourier transform (8) and the solutions for the G

functions. The amplitudes {£|¢(z)) and (I|y(z)) are
found to be
(+|9(6)) =c. exp ——%t—%(E¢+Ai) . @
(IY))=c (+pe))+c_{—|v)) , (23)

and the probability amplitude for the state | A4kl) for
times t >>1/y ., 1/y_is

44
(AKI | 0)) ¢+ K 411, +(E 411)
EAkl—E+ A+ /20y,
N ¢_K g1 —(E g11) (24)
EAkI_"E_“A__}‘(i/Z)ﬁ?/, ’

Equations (20), (21), and (24) describe the effects of the
atomic interaction on the decay rates, energy shifts, and
photon distribution for two-atom 2-y spontaneous emis-
sion processes.

To evaluate these quantities, we need the matrix ele-
ments of the effective operator K(E). We define the
single-atom operators K*(E) (s =1,2) by

1
K(E)=Viar—77V°, 25
(E) E-H, A (25)
and the two-atom operators K (E)(s#s’) by
, 1 .
KS(E)=V————— V. 26
(E) E_H, H, (26)
Using Eqgs. (1) and (10), we find
1
Ky an(Ey)= vz —= [Kj i (Ep)EK g (Ey)] (27)
1
Ki,Bkz(Ei)=7§“[Kal,bk1(Ea VEKZ bt (EQ)] (28)
Ky iw(EL)=K_ z4(E_)

=K, i (E)+ K pig(Ep)

7
Ky (Ey) K] i(E,)] (29)

K+Mn (E+)_\/ 2 alb2M" (Ei)

sF#Fs'
K0 (E)], (30)

where |n') is either the vacuum state |0) or the two pho-
ton state |kl ). The single-atom matrix elements K ,,(E)
are evaluated in terms of the matrix elements of V in Eq.

(5):

S ()= — 2””’ Se;(K)e, (VL @l (B, k, 155)
ij
oRFDR, 31)
y ()l (s) b (s)d,(s)
Jji e
an Bl )= e ik T E—E, —#d
=a(E,Lk;s) , (32)

where {r,t}={a,b}, i and j are the {x,y,z} directions,
and p,,(s)=(r,|u’lm,). The matrix elements of the
two-atom operator K are evaluated similarly.

III. DECAY RATES

We square K, 4,(E, ) of Eq. (27) and divide Eq. (20)
into two terms:
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Y+=Yot 712 (33)
1’0:% % ‘Kg,akl(Eb)‘zs(Eb Eyp) s (34)
s, k1
_ 27 1 2
712*7R6%Kb,ak1(Eb K gy, s (E )S(Ey —Eg) . (35)

The summation 3, over the field modes is then replaced
in the usual way:

3

[dk k*aq, 3 ,
e(k)

(36)

L
2

2:»
k

and a factor () is included to prevent double counting
over the frequencies of the photons [15]. The expression
(34) for y, is independent of R; after performing the sum-
mations over the polarizations and integrations over the
solid angles and /, we obtain the expression

|
1 ~p .
Fjy(kR) =~ [ d0,(8;,—k;k, Jexp(£ik-R)
sinkR s 5, | coskR
—R;R) =2+, —3R,R)) R

=8,,[2jo(kR)—1j,(kR)]+R;R,j,(kR) ,
where j,(x) is the sphencal Bessel function (of the first
kind) of order n, and R (k ) is the ]th component of
R/R (k/k). The express1on Siak /,LJ(Z)qu(kR wri(1)
represents the retarded interaction of a transition dipole
at R, oscillating with frequency kc, with a transition di-
pole at R, [3]. Thus it is seen that ¥, is the convolution
of two such dipole-dipole interaction expressions, one
each at frequencies kc and (k,—k)c. We recall that the
decay rates of the two-atom system for single-photon
transitions are expressed as y,1t71, where ¥y}, is propor-
tional to F;,(koR) [2,3]. Thus vy, is the analog for 2-y
transitions of v,.

Equations (37) and (38) are valid for all separations of
the atoms; the general expressions involve exponential in-
tegrals. To obtain a closed approximate result, we re-
place the denominators in the « functions by their values
at k=ky/2 [16]. We are then able to immediately evalu-
J

k
=;'—;§ S, ke k3= Pl (Ey ko ko=, (37)
where we have set kg=(E, —E,)/%c, and omitted s in
afl, because the two atoms are identical. The quantity 7,
is recognized as the 2-y decay rate of the excited state for
an isolated atom (c.f. Ref. [11] and references therein).
The quantity ¥ ,,, on the other hand, is R dependent, and
gives the effect of the cooperative atomic interaction on

the damping rate of the system:

yilR)="Re 3 f *dk k(ko—k)Fj,(kR)

Lj.prq
X F;,((kg—k)R)
af (Ey,k,ko—k;2)
Xali(Ey, k,kg—k;1) . (38)
Here the function F},(kR) is given by
__ sinkR
k3R
(39)
-
ate Eq. (37) for y:
4ck] ) ko ko ||’
V0T 315, & | lE"’T’_z_ “0)
To evaluate y ,, we introduce the A4 integrals:
A(n,n")=A(n',n)
= % foxodx x3(xg—x )y (x)jpelxg—X)
= foxodx X3 (xg—x Y20, 41 o)
XJpv1/2(X0—%) 1)
where J,(x) is a (cylindrical) Bessel function, and

xo=koR. In terms of these integrals, we rewrite Eq. (38)
in the form

(R)=—5R gEkk" o |, 0 Koy
= a ’ y A « y A 2 A s
Y12 OR’ l%q b ) a b5 Ty
X (48,8, 4(0,0)+(8,, —3R,R,)(8,,—3R,R,)4(2,2)
—2(8,,(8,, —3R,R,)+8,(8,,—3R;R,)]14(2,0)} . (42)
The integrals A (n,n’) are evaluated using the recurrence relation
Jl/z(x)=%J3/2(x)_J5/2(x) (43)
and the tabulated integral (for p,v> —1) [17]
Np+LHrv+1)
f dx xH(xq—x)J (X)W (xg—x)= > 2 ARSI ¢ 79 I (44)

V2rT(p+v+1)
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where I'(i1) is the gamma function. We thus obtain
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I®

2V2¢ i ko ko ko ko
VIZ(R)=—~RC 2 a{;a Eb’_r_;z aﬁz Ey,—,—1
V@RS, 272 272
172 5 B (koR)'"'2J 11 /5 (koR)
88y (KoR) 24 5 (kgR)+(8,, —R;R, (8, —R,R,) o
PO o (koR)*"?J4 5(koR)
—[8,4(8,, —R,R,)+5,(8,—R,R,)]—> EEReL (45)

Jjq p

In general, 7, involves terms oscillating at frequency
kR, multiplied by inverse powers of kyR ranging from
(koR)™7 to (koR)™2 In the two limiting cases of
koR <<1and kyR >>1, we find

Yol1—0(koR)*] (koR <<1)
le:[—D(koR)‘zcos(koR) (koR>>1), 40
where the coefficient D is given by
D=Ck(2) e af, |E ko —]iO—'Z abi |E ﬁ —k—o'l
1570, = by g |Tab | Bhr
X(8;,—R;R,)(8,,—R,R,) @7
Thus the decay rates for the |+ ) states become
2y, (koR <<1)
Ye= L/O (koR >>1), (48)
O (kogR)y, (koR <<1)
Y-=ly, (koR>>1). (49)

We see that the symmetric single-excitation state of the
two-atom system is superradiant and the antisymmetric
state subradiant for small atomic separations, exactly as
is the case for one-photon processes. For large atomic
separations, the effects of the atomic interaction on the
decay rates vanish as (koR )72, in analogy with the

4

f
(koR) ™! behavior of the corresponding quantity for one-
photon emission.

IV. LEVEL SHIFTS

In this section, we calculate the contribution of the
atomic interaction to the level shifts. All single-atom
shifts (which involve terms independent of the separation

R) are absorbed into the atomic energies E, and E,. We
divide the shifts in Eq. (21) into AL and AT:
Ap=AL+ (50)
|K 4 a(EL)]?
a3 Rea ED (s1)
ot (Ex—E )
|K, p(E)|? K (E)l
nr_ AN D> +,Cki\ E+ (52)
- Ei_EM C#A ki (Ei—ECkl)

The shifts A arise from 2-y transitions from |+ ) to the
states | 4kl ), which are resonant for k +1~k,, while AY
arise from transitions to other nonresonant states. Sub-
stituting into the matrix elements of K (E), denoting k, ,,
by

ky(y=Ep b(a)/fic =(E,, —E, ) /#ic , (53)

and making use of the symmetry properties of
F;,(kR)F;,(IR) with respect to exchanges of the indices
and of k and /, we calculate the R-dependent terms in A%
and AY to lowest (fourth) order in V-

Wh (20l (2) o, (Dud (1) pd, (Db, (1)
Al = 3 . m
== ﬁcRe,szqf S, de dlRPE, (KROF, (IR) (k +ky )k +1—kq) k +k, I +k, ’
, (54)
1 o (D (2) | phn (2D, (1)
. S dk k*F; (k,R H(l=2
+ 20%ic(k, +k,) %f ) k+k, k+k, ( )
— o Re 3 [ 7 [ “ak dl P (KROF,(IR)
Ljpq -
N 2y (2Dl (2) | g2, (DG (1) e, (12, (1)
(k +ky,)(k +1) k +k, I+ka
l‘l’{zm(Z):u'lmb(z) :u’ﬁm 1):l‘l‘ma “Zm(l).u'ma
Tk +k )k +1+ky) k +k, I+k,
an Db D) |yl
(k +k )1 +y) |Hmat &m0 " T Tk,
bl (pd, (1) | — 1 . (55)
mb = ma k+k, [+k,
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The integrals in AY are similar to those in the calculation
of the Casimir-Polder (CP) dispersion interaction energy
between two atoms in the ground state [10,15]; the only
real difference is that one of our atoms is in an excited
state |b ). The integral in AL is new in that the integrand
contains the factor ?P/(k +1—kg,), which has poles at
k+1—kytio=0. Because all integrals extend from O to
o, we cannot in general approximate the k’s and I’s in
their denominators by 1k, as we did for the decay rates.
However, the integrals can all be expressed in terms of
three types of integrals:

I(ky,ky,k3)

= [ 7 [ "dk dI kK*IPF, (kR)F,,(IR)
0 0
1

Xk Tk Ok Tk kt1+ky » %9
I(ky,ky,k3)
= [ 7 Tdk dl K’PFj (kR)F,, (IR)
1
X
(k+k)I+ky)k+1+ky) 57
and I,(k,) or the square of I, where
— ® 3 1
Ik)= [ “dk k Fig(kR) 5 (58)
with {k,,k,}={k,,k,} and k;={0,tk,}. We have,

therefore, to evaluate the integrals in Egs. (56)-(58). For
positive values of k;, these integrals are evaluated rou-
tinely by contour integration in the complex k and !
planes; for negative and zero values of k;, additional care
must be taken for poles of the integrands. We have suc-
ceeded in finding analytical expressions for these integrals
for the limiting cases of small and large kyR. Details of
the evaluation are given in the Appendix. Here we
present the main results and give expressions for the lead-
ing terms in A, for small and for large atomic separa-
tions.

At small separations, the integrals I, and I, are of or-
der R 73, I, of order R ~3. The terms involving I, I,
and I, are therefore negligible compared to the terms in-
volving the square of I;(k;) in AY, which are of order
R ~%; the latter thus provide the dominant contributions
to the shifts at small R. The resulting shifts A,

2#ick ], sin(koR)

I (20l (2B, (D (1) + e, ()b, (1)

Ap—— L
* UE,, +Ep»R®

X

S (1 (D (2)Ep,, (2)pf,, (1)]
Jaq
2

X(8,,—3R,R,)| , (59)

are the leading results at short distances, at which retar-
dation of the interaction should be negligible. Indeed, if
we replace the retarded interaction of Eq. (5) by the in-
stantaneous (Coulomb) dipole-dipole coupling

1 ; A~
Vﬁ;;%m(lw(z)(sjq—3R,.R‘q) : (60)

and use second-order perturbation theory [18], we obtain
the results

[CEIVIO KV M) P
C Ei—EC Ei—EM ’

(61)

which are found to be identical with Eq. (59), as expected.
These shifts are of the same order of magnitude as the
London-van der Waals dispersion energies [10], which
have been extensively investigated experimentally [19].
For large atomic separations, it is found (as with CP)
that AY yields shifts whose leading terms are proportion-
al to R~7, given by terms involving the integrals
I,(k,,k,,0) and I,(k,,k,,0). In our system, however,
these are found to be negligible compared to A';, which is
of order R ™2 at large R. The shifts A%, involving
I,(ky,ky, —ky) and I,(ky,k,, —kg), are absent in the CP
theory of the dispersion interaction; they are analogous
to the first-order (resonance) dispersion energies arising
between an atom in an excited state and an identical atom
in the ground state in one-photon transitions (see e.g.,
Stephen, Ref. 2). The contribution of the shifts A} at
large atomic separations is much larger than that of the
AT for reasons which can be viewed in the following way:
Photons that fail to conserve energy by an amount AE
can survive only for a time #/AE, which is of the order of
magnitude (kyc) ! in the present case. In that time, they
can propagate a distance of order k, !. Thus, for dis-
tances R >>k, !, the contribution of these virtual pho-
tons is negligible, and the shifts are dominated by A%,

a

Re 3 as
Lj,p,q

A,—F
* 157 (koR)?

These shifts vanish as (kOR)'Z, and are analogous to
those occurring in the corresponding one-photon case,
which involve functions oscillating at frequency kyR and
vanishing as (kOR)_‘ for large atomic separations

(Em,a +Em,b )2

](ajq_ﬁjﬁq)(aip—ﬁ[ ») . (62)

V. ENERGY DISTRIBUTION OF THE SYSTEM

In this section we calculate the probability of excita-
tion as a function of time of the atomic system, and the
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frequency distribution of the photons in the radiation
field.

A. Probability of excitation

When the two-atom system is prepared in the state
|+ ), the population of the initial state decays exponen-
tially with a decay rate y. For the general initial state
|T), the population does not decay with a single exponen-
tial; the probability of finding one of the atoms in the ex-
cited state, P (t), is found to be

P(t)=|{aby|9()) |2+ |{b a,|v(t))|?

=lc % " Hle_|2e T (63)

In the special but interesting case in which one of the
atoms is initially in the excited state and the other in the
ground state, the excitation probability becomes

P(t)=exp(—yt)cosh(y,t) . (64)

We see that the lifetime of the excitation in the two-atom
system is apparently lengthened. This occurs because the
photons emitted from the excited atom can be absorbed
by the atom in the ground state, so that the photons do
not escape immediately from the system. For small
atomic separations, ¥ _ is very small, and the antisym-
metric state |— ) is metastable. For times ¢ such that
y37!<<t <<yl (approximately) half of the energy still
remains in the atomic system, and half is emitted into the
field. For ¢t >>y 1!, P(t) approaches zero, and all the en-
ergy is emitted into the field.

B. Photon frequency distribution

Substitution of the matrix elements of X into Eq. (24)
yields the probability amplitude for | Akl ):

_1
#2
¢ (Kb Egy) F Kby (Eg)]
—Q,—8, +(i/2)y .
¢ (Kb (Egt) =K by 5 (Eg)]
o+, —Q—8_+(i/2)y_ ’

(65)

(Akl|(o0))=

@y +Cl)[

where 8, =A, /#, w;, =kc, and Qy=kyc. Maxima occur
in the distribution for w; +w©,=Q,+8., with widths 7
and hCightS Kazkl,b(Eakl )iKalkl,b(Eakl ). For t>>’}/£1, we
see that

S Akl (o)) P=1, (66)
k1

that is, all the energy is released into the field. For
koR <<1, most of the energy is emitted into the peak
having 0, +©;=Qy+8,. For kxR >>1, both ¥, and 8,
approach zero, and the two peaks merge to give the pho-
ton distribution corresponding to that from an isolated
atom [11].

The spectrum P (w) of the emitted radiation can be ob-
tained by suitably summing and integrating the square of
the probability amplitude in Eq. (65), in the same way as
in Ref. 11. The results are similar: For the initial state
|£), the spectrum is proportional to the factor
@*(Qy+8, —w)®. For general initial states, the spectrum
is a superposition of terms proportional to
X (Qy+8, —0)’ and 0¥ (Qy+86_—0)’.

VI. RESONANCE FLUORESCENCE

In this section, we consider the atomic system in the
ground state | A ), irradiated by a weak probe beam that
is nearly 2-y resonant. The atoms are excited to |+ ) by
the absorption of two photons from the beam, and subse-
quently emit two photons into modes k and /, returning
to | A). At the same time, the probability also exists for
ground state atoms to emit virtual photons and become
“excited.” To calculate the shift of the ground state
properly, we must take both these processes into account.
(We continue, of course, to include emission of virtual
photons from |+ ) as well, so that their shifts too are in-
cluded properly.)

The Hamiltonian H of the vacuum field is given by
Eq. (3), including all modes but that of the (laser) probe
beam. We denote by H;, fick;, and n the Hamiltonian,
one-photon energy, and initial occupation number, re-
spectively, of the (single) mode of the probe beam. The
intensity of the beam is so low that we need to consider in
our calculation only a single (2-y) absorption-emission
event. We separate the interaction Hamiltonian into two
parts: V=73 V¥ as defined in Egs. (5) and (6) (with all
modes but that of the probe); and the interaction of the
atoms with the probe, W= _ W?, defined similarly by

W= —p(s)-E,(R,) , 67)
172
2mfick ik, - —ik, -
E,(R)=i TL (epage™tN—erafe ™Ry
68)

The effective 2-y interaction of the atoms with the vacu-
um field is given by Eq. (10) and with the probe beam by

2
K'(E)='3 WHE—H,—H; ) 'w*. (69)
s,8'=1

The effective interaction operator with the whole field is
given by

KE)=(V+W)NE—H,) '\Vv+wW), (70)
where Hy=H ,+Hy+H,.
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The basic equation of the HM method for 2-y reso-
nance fluorescence becomes

[E—H,—K(E)IG(E)|I)
=[1+(V+WNE—H, I,
71)

where |I)=|An ). The “essential states” in this problem
are {|[Cn), [Cn—2), |Cnkl), and |C n—2kl)},
where |C n) represent states in which n photons are
present in the probe field, and |C n kI ) states in which
one additional photon is present in each of modes k and I,
etc. The application of Eq. (71) yields

(E_EC,n)GC,n—E' Z K:C,n;D,n’GD,n’

D n'=nn-—2

-3 KC,n;D,n,kIGD,n,kIZSC,A ,  (72)
D;k,l

(E —EC,n-*Z)GC,n*Z—z’ 2 I?C,n —2;D,n’GD,n’

D n'=nn-—2

-3 Ken—20n—2,0CGpn—2,0=0, (73
D;k,l

(E—E_, 1)Gcn ki
-3

D
(E—Ecp—21)Gcn-2k

_2’

D n'=n—2n—2,kl;nkl

E KC,n,kl;D,n’GD,n'=0 s (74)
n'=n;n—2,kl;nkl

Ken—2k:00Gp =0, (75

where the primes on the summations indicate that the di-
agonal elements of K (e.g., K¢ ,.c,») have been absorbed
into the corresponding energies (E¢ ,). We introduce the
U functions by the equations

Gp,,=Up,{(E —Ep,)G; (DFA4), (76)
Gp,w=Up»6(E —Ep )Gy

(n'=n—2n—2,kl;n,kl). (77)
The substitution into Eq. (72) yields
(G 4,) 7!

=E_EAn~2 2 EAn;D,n'g(E_ED,n')UD,n'

D n'=nn-—2

— 3 KinpnuSE—Ep,1)Up nii s (78)
D;k,l

and the substitution into Egs. (72)—(75) yields the equa-
tions for the U functions, which we solve by the
continued-fraction method. Noting that the matrix ele-
ments of the operator K (E) [Eq. (70)] can be expressed in
terms of the matrix elements of K (E) and K'(E),

KcnpnEc,)=Kcp(Ec), (79)
K—C,n;D,n—Z(EC,n):Ké,‘,n;D,n—z(Ec,n) ’ (80)
KenpnuEcn)=Kc,pulEc), (81)

we obtain, from Eq. (78) and the solutions for the U func-

tions, the results

1
G, ,(E)=
an(E) E—E, ,—A,—nfio, +(i#/2)y (82)
')/A:Re & E ‘K:in;’C,n~2(EAn)l'2 ,
h CziEA——EC_AC+2ﬁwL+(l‘h/2)’VC
(83)
A = Kiancn—2Ea)l® K a,c(E I
4 & E,—Ec+2h0, =, E,—Ec
K 4, ci(E 4)I?
+3 4,cki\E 4 ’ (84)
&y E 4 —Ec—ficlk +1)
where y . is given by Eq. (33) and A, is given by
Ky pcnlEsy )
A:_#:Ai’f‘E] +n—2;C,n +n—2 (85)

< E,—Ec.—2%o,

Here A is given by Eq. (50). We see that y 4, and A , are
the width and shift, respectively, of the ground state
|A); vy, and A, are the width and shift, respectively, of
the state |+ ).

The calculation of the matrix elements of K'(E) gives

, #B,»(E,) -2k, R, —2ik, ‘R
KAnyinkz(EAn):‘ ‘/5 (e L zie L l) »
(86)
where
2mek; (Hgm €L N mp "€EL)
E“— — . 8
B »(E,) I nin—1) E,—E, +#io, (87)

With these results, Eq. (83) can be rewritten in the form
v +[1+cos(2k; -R)]
(Qo+8", —20, P +7y% /4
v _[1—cos(2k; ‘R)]
(Qo+8_ —2w, 2 +y2/4 |’

YA zlﬁa,b(Ea )|2

(88)

where 8, =A' /#. The width of level 4 consists of two
terms, corresponding to the probabilities of absorption
from level | 4 ) to the levels |+ ). For small R, the ab-
sorption to level |+ ) is predominant; for large R, y , be-
comes the absorption probability for two noninteracting
atoms.

The shift of level 4 in Eq. (84) is interpreted as follows.
The last two terms are the shifts due to (virtual) 2-y ex-
change between the two (ground-state) atoms; as in the
calculation of Sec. IV, they produce exactly the
London-van der Waals dispersion energy for small R and
Casimir-Polder energy for large R [10]. The first term is
the laser-induced (fourth-order) shift, which can be writ-
ten in the form ‘

P

2
2% | 1By, 5 (E,)| 20, — 0

N |Ba,a,(E,)*[1+cos(2k; -R)]
20

(89)
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and is smaller than the other terms for a weak probe field.
A similar interpretation applies to the second term of Eq.
(85).

Finally, the frequency distribution in modes k and ! of
the scattered photons is the square of the amplitude
(An —2kl|y()) [11],

(An —2kl| ()
_ 1
ﬁ(a)k +Cl)[)_2hO)L —AA +(lﬁ/2)7/A
% K g1, E 45 )K ey —2, an(E 4)
Aoyt o) — Ay — Ap+(i#/2)y e

(90)

We see that, in general, two (resonance) scattering chan-
nels exist: | An)—|+tn —2)—|An —2kl). These have
different probability amplitudes, being proportional to
1+e” L'R, in complete analogy with the scattering in
two-atom single-photon fluorescence [3]. For small R,
the channel | An)—|+n —2)—| An—2kl) dominates;
for large R, both channels contribute, and Eq. (90)
effectively describes the scattering by two independent
atoms.

VII. DISCUSSION

We have used the Heitler-Ma method to study a sys-
tem of two atoms undergoing cooperative 2-y transitions
for two cases: (i) the atomic system initially in a single-
excitation state, interacting with the vacuum field 2-y
spontaneous emission); and (ii) the atomic system initially
in the ground state, interacting with the vacuum field and
with a weak probe field (2-y resonance fluorescence). In
both cases, cooperative atomic effects are found analo-
gous to those which are well known for single-photon
transitions.

(i) The lifetimes of the |+ ) states are altered by the
atomic interaction, having the values ¥, =vy,ty,. The
cooperative decay rate y,, consists of oscillating func-
tions of kyR, multiplied by inverse powers of kyR rang-
ing from (kyR )™’ to (kyR) ™% For small atomic separa-
tions, the |+ ) state is superradiant, with 7, —2y,,
while the | — ) state is subradiant, with ¥ _ — O (koR)*y,,.
For large separations, ¥ ;, vanishes as (koR ) %y, and the
sublevels merge into a single level with a decay rate iden-
tical with that of an isolated atom.

(ii) The energies of the |+ ) sublevels are shifted from
the single-atom energy by an amount A, (or A, for the
case of resonance fluorescence that approaches Ay in a
weak probe field), which in general also consists of oscil-
lating functions of koR multiplied by inverse powers of
koR. The leading terms in A, are proportional to
(koR)™® for small separations, and to (kqR) 2 for large
separations. The shift of the ground state | 4 ) in 2-y res-
onance fluorescence is given by the sum of the laser-
induced shift and the Casimir-London energy.

We have studied cooperative atomic effects in a two-
atom system undergoing 2-y transitions, predicting the
existence of and obtaining expressions for energy shifts
and altered decay rates due to the interaction of the
atoms with the radiation field. The two-atom system is,

4“4

however, merely the simplest example of an N-atom sys-
tem. The results obtained for the two-atom system can
clearly be extended to an N-atom system.
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APPENDIX: EVALUATION OF THE I INTEGRALS

In this appendix we evaluate the integrals I, (i =1-3)
of Eqgs. (56)—(58) for small and large atomic separations
R.

It is convenient to introduce the functions

i) =(8;,—R;R)(—ix?)+(8,,—3R,R )x +i)
(A1)

A, (k3K ky)

A(k’l;kl’kz)E Az(k)l;kl’kz

1
(k+k)(k +ky)
. . (A2)

(k+k )1 +k))

If

The integrals I; are then expressed in the form
Iy(ky kg k)
I,(k,ky,ky)

1 © -]
=Ff0 S dkal

Re[f},(kR)e*R]Re[ f,,(IR)e R ]

(k +1+kj3)
X Ak, L3k ky) (A3)
— 1 * i 1
13(k1)—-FRef0 dk[f;,(kR)e kR]m (A4)

We evaluate them by contour integration in the complex
k and [ planes, choosing a contour in the first quadrant
for terms involving e™*®, and in the fourth for those in-
volving e “*R_ For an integrand of the form B (k)e™*X,
we write (where 72 are residues)

J " dk "R () + [ dk ™ B (k)=2mi 3 R (AS5)
100 Q1

or

J dke* B (k)= [ “du e *RB(iw)+2mi TR ; (A6)

2

similarly, for terms involving e ~**R we obtain the result

J dke M B)=—i [ “du e *"B(—iw)—2mi TR,
2

(A7)

where Q; (Q,) is the set of poles of the integrand occur-
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ring in the first (fourth) quadrant. Since B, (x) by the equation

{ki,ky}=1{ky,ky} >0, the function A4(k,l;k;,k,) and L N )

the integrand of I; contain no poles in the first and qu(x):_lfiq(lx)_(ﬁiq—Riﬁq x

fourth quadrants; only the factor 1/(k +/+k;)in I, and +(8. —3R.R )x+1) (A8)

I, may contain poles, depending on the value of k;. M e ’
We begin with the case k;=k,, for which the in-  and change variables k and / into u and u' as in Egs. (A6)

tegrands of I, and I, contain no poles in the first and  and (A7). For later reference, we define the integral

fourth quadrants. We introduce the (real) function Yolky,ky,kg) as

J

A (iu,iu';k,ky)

__1 e 1, —uR—u'R '
Yo(kl,kz,ko)—mfo S dudute B, (uR)B,,(u'R)

iu+iu'+kg
4B, (—uR)B, ('R )5 ka)
ja i —iu+iu'+kg
B (uR)B,(—u'R ) )
s 0 iu—iu'+k,
LB (—uR)B,(—uwR) TR (A9)
1 P —iu—iu'+tk,
in terms of which we express Eq. (A3) as
I,(ky,ky, k)
Ly(ky kg kg) | = YolkiKaoko) - (A10)

For k=0, we first apply Egs. (A6) and (A7) to the integration over /, and express the right-hand side of Eq. (A3) in
the form

1 « i * —i
2R6f0 dk[f;,(kR)e™R+ f*(kR)e ~*R]

o e Alk,iuskyky) Ak, —iu'ky,ky)
x [ “du'e By (u'R)——— = +B,(—u'R) P . (A1)

The factors (k+iu’)”! represent poles at kK = Fiu’, on the imaginary axis. Performing the integration for k as in Egs.
(A6) and (A7), we obtain

I,(ky,k,,0
Iz(klakzyo)

= Yo(kl,kz,())—i--ér—()fowdu'e"zu'R[qu(u’R )B,(—u'R)A(iu’, —iu';ky,ky)

+B,,(—u'R)B,,(u'R)A(—iu',iu";ky,k,)], (A12)

where Y, (k,,k,,0) is given by Eq. (A9) with k,=0, and the factor 1/(u —u’') occurring in Y, is understood as a princi-
pal value.
For ky= —k, we first rewrite the factor P/(k +1—k,) as

_r _1
k+1—k, 2

1 + 1
k+l—ky+io k+I—ky—io

with poles at [ =k, —k=+io. The substitutions / =+iu’ in the / integrations then cause poles to occur in the k integra-
tion at k =k, Fiu’'. Taking these into account, we obtain

I(ky,ky, —kg)
I,(k,ky, —kg)

= YO(kl’kZ) _kO)
ik © '
+7:'—6Re [e °Rf0 du'e 2 Rf ((ko+iu )R)fE(—iu'R)A (ko +iu',—iu'sk,ky)

; k A e —
s J, Ak (kRIE*R +c.c. 1L f (kg =R e TR o cd kog—k3ky,ky) ,  (A13)

+
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where Y,(k,k,,
placed by — k.
Finally, it is straightforward to rewrite Eq. (A4) as

—kgy) is given by Eq. (A9) with k, re-

_ 1
= uR ) -
I(ky) 3 3f due qu(uR)iu X
+B,; (—uR)*‘—‘—1
1 —iu+k,

(A14)

It is noted that the upper limits on u and #’ in the in-
tegrals I, —1I are effectively of the same order of magni-
tude as either 1/R (due to the exponential factors) or k|
[due to factors such as 1/(u2+k(2) )], whichever is small-
er. This allows us to simplify the integrations for two
limiting cases: small separations and large separations.

1. Small separations: kR <<1

In this case, only very small 4R and u'R contribute
significantly to the integrals. It is then sufficient to retain
only the leading terms of B, (fuR)B,(*u'R) and
e T¥RT4R pamely (qu—31’(\jﬁq) 3R,Rp) and 1, re-
spectively. The symmetry of the resulting integrands al-
lows us to extend the integrations to — . For instance,
from Egs. (A9) and (A10), we have

Il(klykzyko) 1 A A A A
Lk ks ko) =.4R6(6] —3R;R, )8, —3R,R,)
(iu,iu';k{,ky)
X
f f du du’ iu +iu'+ kg
(A15)
For I,(k,k,,k), we first factor A4,
1 1 1
— k#k
ky—k, |iu+k, iu+k, (k1 7k2)
Al(iu;kl,kz):
S0 SO S R
3k, | iu+k, b
(A16)
J
I(ky,ky ko), Ik kykog)————
1\K1,Ra, Ko ) 0o K1, K, Ko 4k1k2k0R8f

1 ~
=————(35,,—5R,R
klkszRs Jq9 J7q
Similarly, I5(k,) is found to be

—L_(2s,

TR —5R,R,)

I,(ky)

and the square of I;(k;)

f dxdy e *V[Bj(x)+B;,(—

(35,
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and then perform the resulting integrations, obtaining as
the leading term of the result

I,k ky k) =0 RIS (A17)
For I,(k,k,,k,), we factor A4,
A, Ciu,iu'sky,ky)
B iu-{l-kl iu’ikz i(u +u’)1+k1+k2 , (A1)
and complete the integrations, obtaining
Lk, Ky kg)=O }1; (A19)

Proceeding in the same way for Eqs. (A12)—(A14), we find
that the leading terms of I,(k(,k,,0), I,(k,k,,0),
I(ky,ky,—ky), and I,(k,,k,,—k,) are all O(1/R%),
while the leading term of I5(k ) is

T (8, —3R.R,).

I3(k1)=~2R3 Jq iRq

(A20)

It is the square of I;(k;) that provides the dominant
(R ~°) contribution to the shifts for small atomic separa-
tions.

2. Large separations: kyR >>1

The presence of the exponential in the I integrals en-
sures that only u,u’<1/R, or u,u’<<k,, contribute
significantly to the integrals. We then approximate the
integrals by neglecting # and '’ in the denominators in
comparison with k|, k,, and k.

We consider k; =k, first. From Eqgs. (A9) and (A10),
we find

x)][B;,(y)+B,,(—y)]

—5R,R,) (A21)

(A22)

is thus proportional to 1/R ® for large separations.

In the same way, we calculate I,(k,k,,0) and I,(k;,k,,0): these are found to approach zero as 1/R for large R.

We note that it is precisely these terms that yield the well-known R ~’

with their calculations.

There is no analog in the CP calculation, however, to the integrals I;(k,k,,

results of Casimir and Polder, in direct analogy

—ky) and I,(k,k,—ky) in Eq. (A13).
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These arise from 2-y transitions from the states |+ ) to the states | Akl ), resonant for k +I=~k,. The results are sum-
marized as follows: (i) The term Yy(k,,k,, —k,) is evaluated in the same way as is Y,(k,k,,kq), yielding terms van-
ishing as R ~% (i) The integrations of the second term produce results whose leading term is proportional to
(koR)>cos(koR). (iil) The last term is calculated as is ¥ .; the results are valid for all atomic separations:

T (kOR )5 . aAoa AN
2R Tsm(koR)(qu—Rqu)(Sip —R;R))
(koR)* 2(koR)* 3(koR)? R
+ —T—cos( oR)—————sin(kyR)+———cos(koR ) — sin(kyR)

X[(8;,—R;R,)(8,—3R,R,)+(8,,—3R,R,)8,,—R,R,)]

(koR)* ) . A A ~
Tsm(kOR)-{Q(kOR) cos(koR )—2kyR sin(kyR) (qu—3Rqu)(8,-P—3ﬁiRp)

(A23)

where d =(k,+ky/2)(k,+ky/2). These terms oscillate at frequency kR and are multiplied by powers of k(R rang-
ing from (koR)™® to (kR )™ 2. For small separations, the leading terms of Eq. (A23) are proportional to R ~>, and, as
discussed in Sec. A 1, are negligible compared to the R ~° contribution of the square of I;(k,). It is the first term of Eq.

(A23) that gives, for large separations, the leading results of Eq. (62) for the shifts, with

wk§ sin(kyR)

I(ky,ky, —ko), Ip(ky,kyy —kg)=

(8,,—R,R,)8,,—R,R,) . (A24)

152k, +ko)(2k, +ky)R? ¢
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