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Evolution of bioconvective patterns in variable gravity
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Measurements are reported of the evolution of bioconvective patterns in shallow, dense cultures of mi-
croorganisms subjected to varying gravity. Various statistical properties of this random, quasi-two-
dimensional structure have been found: Aboav's law is obeyed, the average vertex angles follow predic-
tions for regular polygons, and the area of a pattern varies linearly with its number of sides. As gravity
varies between 1 g and 1.8g (g =9.8 m s '), these statistical properties continue to hold despite a tripling
of the number of polygons and a reduced average polygon dimension by a third. This work compares
with experiments on soap foams, Langmuir monolayer foams, metal grains, and simulations.

PACS number(s): 87.45.—k

I. INTRODUCTION

Cellular patterns appear in a variety of natural prob-
lems [1]—soap foams [2,3], Langmuir monolayers [4],
metal grains, etc. It has been supposed that unifying
principles underly these diverse phenomena. As a conse-
quence, a standard set of statistical tests have been ap-
plied to identify universal correspondences. These range
from simple cell-side distributions to more formal rela-
tions akin to physical laws. An example of the latter is
Aboav's law [1]—the product of cell sides, n, and the
average number of neighboring cell sides, m, is linear in n
(mn =Sn+8). While (in many cases) these relations
were originally proposed to describe biological patterns,
they have not been applied to a striking biological exam-
ple of cellular patterns, that arising from bioconvection.

Bioconvection has been known for at least a century
and a half [5]. It appears in dense cultures of free-
swimming micro-organisms, mostly motile algae and pro-
tozoa. Its characteristic feature is the spontaneous self-
organization or self-concentration of swimmers into a
macroscopic pattern. The pattern arises from a fluid in-
stability, often compared to thermal convection and
hence given the name bioconvection [6]. For organisms
that are both heavier than their suspending medium
(5—10%%uo denser) and that swim upward (due to negative
geotaxis, etc.), conditions are set for an unstable density
inversion. Heavy organisms accumulate above lighter
Quid and a Rayleigh-Taylor instability leads to rapid Quid
turnover and self-generating cellular patterns [7,8]. In
addition, for many algae, the organisms are bottom heavy
(like buoys) and hence have a preferred and stable orien-
tation in coupled gravitational and vorticity fields
[9—12]. Where these combined torques sum to zero,
downstreams or focal lines appear, and the torques to-
gether lead to what has been called gyrotactic swimming.
This behavior is important to a large class of motile al-
gae.

For the present purpose, the important feature of these
descriptions is their gravity dependence. These theories
predict that patterns should disperse in zero gravity. For
conciseness, we call these Quid density models.

A second schoo1 of thought, however, predicts the op-
posite outcome, namely that patterns arise not from den-
sity differences but directly from the hydrodynamics of
swimming, either owing to small vortices generated in the
fiuid by nearby swimmers [13,14], or due directly to some
attractant such as oxygen [15] or electrostatics [16].
These theories are gravity independent and hence predict
pattern generation in zero gravity. These are referred to
here as wave-reinforcement theories.

We have recently conducted low-gravity tests to
differentiate between these competing schools of thought
[17]. It was observed that protozoa and algae follow fiuid
density models, while spermatozoa behavior agrees with
wave reinforcement. Herein we report the statistical
analysis of cellular patterns driven by Auid density and
compare their structure to other pattern-producing phe-
nomena. Results at different gravity levels are contrasted
and an extremely simplified Quid model is applied to cap-
ture many of the principal observations.

II. EXPERIMENT

A. Organisms and gravity test

Mainly two organisms were used: the motile algae, I'o-
lytomella parua, and the protozoa, Tetrahymena pyri-
formis. Both were obtained from American Type Culture
Collection and grown axenically in recommended aque-
ous media [18]. These species and their respective
bioconvective patterns have been well characterized pre-
viously [7,16]. Cultures were incubated at 28'C constant
temperature during a 24-h photoperiod (20 lux over
400—700 nm, supplied by cool white fiuorescent tubes).
Their growth was monitored by cell counting using a
hemacytometer.

Within 2—3 d following final seeding, bioconvective
patterns were induced by first concentrating the cultures.
This was accomplished in 200-ml portions, wherein the
cells were harvested by drip filtration [either with 25
psi (absolute) vacuum pressure or without pumping]
through a 0.2-pm mesh. Over several hours, the culture
volume was allowed to fall to 10 ml, thus yielding a max-
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imum organism density of approximately 10 ml
The patterns were observed in circular plexiglass

chambers, 4.8 cm in diameter and between 0.3 and 0.8 cm
in depth. The 10-ml lots of concentrated cultures (media
plus organisms) were transferred from filters to dishes us-
ing 5-ml plastic pippettes. The chambers were complete-
ly filled and sealed with fill-port screws such that no free-
surface effects or Quid sloshing was possible. It is worth
noting that the absence of an air-water interface does not
give an obvious source for oxygen gradients; hence the
presence of protozoan patterns in our sealed chambers
contravenes the previously "definite conclusion that the
presence in the medium of a sharp oxygen gradient espe-
cially close to the water-air interface is a necessary condi-
tion for the appearance of bioconvection in a dense
Tetrahymena suspension" [15]. Similar findings to ours
have been seen by others in sealed chambers before [6]
and it is assumed that oxygen appears at a necessary
agent only because anoxia leads to slow loss of motility
and because motility definitely is necessary for bioconvec-
tion.

When photographed against a black background, pat-
terns were visualized by two collimated and remotely
cooled incandescent beams angled at 45 and a video
camcorder fitted with a macrolens. Although the algae,
P. larva, is mildly photosensitive, no pattern changes
were induced using our exposure time and light intensi-
ties.

Variable gravity was induced using NASA's KC-135
research aircraft. It is a modified Boeing 707 Turbojet
which by Aying a parabolic trajectory alternatingly ob-
tains 25 s of 10 g (+2X10 g) during a push-over
phase and 20 s of 1.8 —2 g during pull-up and pull-out
phases. During a typical 2-h flight, it Aies 40 parabolas
between 7.32 and 10.37 km over the Gulf of Mexico. Fol-
lowing takeoff, cabin temperature remained a constant
28 C.

B. Experimental observations

For clarity, experimental presentation will focus on
two runs, one each for algae and protozoa, and subse-
quent statistical analysis will include detailed examina-
tion of algal patterns under varying gravity.

Figure 1 shows digitized images of two algal P. parva
bioconvective patterns at 1 g and 1.8g. The dark regions
represent dense lines of falling organisms, whereas the
central regions of each polygon include diffusely,
upward-swimming organisms. The density difference be-
tween dark and light regions is between 25 and 100 times
[6]. The number of polygons varies between 20 and 100,
with a minimum appearing at higher gravity levels (Table
I). The dynamics of these geometric networks does not
involve coalescence; rather small (typically three-sided)
polygons shrink (called T2 transformation) or vertices ex-
change (Tl transformation) without changing the number
of polygons [1].

The summary of gravitational response is shown in
Fig. 2 for two species and two Quid depths. The absence
of algal or protozoan patterns in low gravity is consistent

(b)

FIG. 1. Digitized images taken of Polytomella parua biocon-
vective patterns at (a) 1 g and (b) 1.8g 30 s later than (a). The
shallow samples (0.64 cm) are viewed from above in dishes 3.175
cm in diameter. Flight samples included Tetrahymena at a con-
centration of 2.2X10 ml ' and PolytomeIIa at concentrations
of 1.7X10, 3.2X10, and 7X10 ml '. The digitized images
are for a population density of 3.2 X 10 ml

with fluid density models and apparently at odds with
chemotactic and wave-reinforcement hypotheses.

III. STATISTICAL ANALYSIS

A. Number of polygons

A good indicator of organism activity and hence the
tendency for pattern formation is the number of polygons
[19]. For three cultures, the number of polygons is plot-
ted in Fig. 2 as a function of gravity level. Patterns show
a definite cycle that oscillates over six Bight parabolas of
alternating high, low, and unit gravity. As has been not-
ed in both bioconvection and thermal convection, reduc-
ing the chamber depth increases the number of polygons
and hence decreases the typical pattern dimension. This
will be shown quantitatively in the next section. Shal-
lower cultures show the same cyclical relation to gravity.

A comparison between the two species of bioconvect-
ing organisms shows some variation between polygonal
number (roughly half for Tetrahymena), but the same os-
ciHation in varying gravity. There has been little work
done to compare bioconvection in different organisms,
but motility, size, and density change between species and
hence give it a characteristic polygonal network.

Since over time there exists a slow loss of motility (ow-
ing to anoxia, depletion of carbon energetic sources, etc. ),
patterns eventually disperse for metabolic, not gravita-
tional, reasons. We have corrected the data of Fig. 2 for
this loss of metabolic power by subtracting a least-
squared fit to the trend in number of polygons over all
gravity levels. This amounts to approximately one po-
lygon lost per minute. The trend-corrected data are
shown in Fig. 3 with the middle inset directly comparing
the number of polygons for the two species of protists.

The inhuence of boundaries can be seen for polygons
that number less than 100 or so, as was the case in 1.8g
patterns (Table I). The role played by boundaries can be
made quantitative by scaling the number of wall and bulk
patterns with coefficient o, . For soap foams governed by
diffusion [2] between patterns, X,&&, is proportional to
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TABLE I. Summary table of organisms tested and gravity dependence of bioconvective patterns in
Polytomella parua.

Parameter

Dimension (pm)
Shape
Typical concentration (cm )

Swimming speed (pm s ')
Interorganism distance (pm)
Density (g cm )

Gravity comparison of patterns
Average max. dimension (cm)

1 g
1.8g

Average no. polygons
1g
1.Sg

a [boundary effects (N„,s =kNb„s, )]
1 g
1.Sg

Tetrahymena

30-50
ellipsoidal

1O'-1O'
450
150

1.076

Species
Polytomella

10
ellipsoidal

1O'-1O'
100
50

1.018

0.48
1.32

83
26

0.84
1.00

Spermatozoa

2 —10
ellipsoidal

1O'

50-100
10
1.1

Nb„&k, where a=0. 5 for a large number of polygons.
Larger values of a indicate the inhuence of walls. Partic-
ularly for the high-gravity patterns, boundary effects
(a= 1) appear and distort the distribution of polygonal
sides, n; this will be shown in Sec. II C.

As shown in Fig. 4, the logarithm of the average num-
ber of polygons shows a peak at unit gravity. This peak
should not be interpreted too rigorously, as it represents
an interpolation between three gravity levels only. In
fact, a more convincing argument is that the zero-gravity
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FIG. 2. The number of polygons as a function of gravity.
The top graph depicts the step function (+0.002g) in gravity
achieved by parabolic flights. The lower graphs depict the num-
ber of polygons at varying gravity levels for the two species as
marked. The inset at lower right shows a schematic of the digi-
tized patterns; the inset at lower left shows the 50-pm protist,
Tetrahy mena.

FIG. 3. Trend-corrected data for Fig. 2. A least-squares fit
of the number of polygons has been subtracted from 1 g and
1.8g results to account for the slow loss of motility over several
parabolas. This effect presumably arises from anoxia, depletion
of carbon sources, etc. The middle inset directly compares the
number of polygons for the two species, with the upper jagged
line applying to P. parva.
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runs, the average area from seven parabolic Qights is
shown for both algae and protozoa in Fig. 6. The rise in
pattern area can similarly be interpreted as an
increase in the characteristic maximum dimension,
D = (4 2 )

'~ /m. This is shown in Fig. 7.

C. Polygon-side distributions

1.0,',
0

I

I
g (980 cm s )

FIG. 4. A semilog plot of average number of polygons for P.
larva as a function of gravity and of the perimeter ratio (scaled
to the case for 1.8g). Each point is the average of eight parabo-
las.

limit corresponds not to X=O, but rather to X= ~.
This view not only removes the arbitrary uniqueness of
unit gravity, but also has strong analogies to the zero-
thickness limit in Benard-Marangoni convection.

An interesting comparison between the log number of
polygons and the ratio between the computed perimeter
ratios for polygonal networks shows remarkably similar
behavior as gravity is varied. This can be demonstrated
explicitly by a linear plot of perimeter ratio as a function
of the log number of polygons (Fig. 5). Such a relation
has apparently not been advanced previously for other
polygonal networks. It would be interesting to test this
kind of relation experimentally in, for example, Langmuir
monolayers using component concentrations rather than
gravity as the relevant variable.

mn =(6—a)n +( 6a+p )2, (2)

where a is a constant of order unity and p2 is the second
moment of the polygon-side distribution, p (n):

Since theory [1] has described the coarsening of net-
works using area and side distributions, these are the pri-
mary experimental parameters of statistical interest. For
an infinite space-fiHing two-dimensional network with tri-
gonal vertices, the Euler relation gives (n ) =6 for the
average number of sides in a polygon (first moment).
Since bioconvection polygons are quasi-two-dimensional,
the first moment difFers from six, as shown in Fig. 8.
However, the first moment remains constant for the two
gravity levels tested, indicating that boundary eCects do
not appear to change selection of polygonal sidedness.

An empirical relation governing the number of polygo-
nal sides and I, the average number of sides for neigh-
boring polygons, is attributed to Aboav [1]:

mn =Sn+8 .

This is plotted as the uppermost dark solid line in Fig. 9.
Bioconvective networks deviate from this correlation
with a least-squares fit agreeing better with the Aboav-
Weaire relation [1] found valid for soap foams,

B. Area
@2= gp(n)((n) —n) (3)

Table I summarizes the direct comparison between the
same pattern-forming culture (P. parva) separated by 20 s
in two gravity fields. If, following Berge [20], we com-
pute the average polygonal area by dividing the available
surface area by the total number of polygons for repeated

2.0 ,

Values of a =0.75 and p2=0. 55 were found to match in-
dependently with the least-squares 6t of mn vs n and a
direct calculation using (3) for p2. Within the limits of
our analysis, this agreement is reasonable. The second
moment does vary with gravity as shown in Fig. 9, indi-
cating that, unlike the first moment, the second moment
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1.8 2.0

FIG. 5. A least-squares fit of the perimeter ratio (Fig. 4) plot-
ted against the log of the number of polygons. Parameters of
the fit are shown for the inset. Each data point is the average of
eight parabolas.

g {980cms )

FIG. 6. Average polygonal area as a function of gravity level.
The top line holds for Tetrahymena and the bottom line for Po-
lytomella. Vertical lines represent the spread between different
parabolas. A least-squares fit to Polytomella data has a correla-
tion coefficient R =0.974 for ( 2 ) =1.5g —0.02. A least-
squares fit to Tetrahyrnena data has a correlation coeScient
R =0.999 for ( A ) =7.9g —0.85.
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FICz. 7. Average maximum polygonal dimension
(D =23 ' /~) as a function of gravity level. The top line holds
for Tetrahymena and the bottom line for PolyIomella. Vertical
lines represent the spread between di8'erent parabolas. A least-
squares fit to Polytomell'a data has a correlation coefficient
R =0.978 for (D) =0.6g —0.06. A least-squares fit to
Tetrahymena data has a correlation coefficient 8 =0.999 for
( A ) = l.4g —0.03.

tween five and six sides and nearly equal probabilities for
comparison runs. This topic will be examined again in
the discussion when bioconvective results are compared
to simulations and related experiments.

D. Vertex angles

Stability arguments require that a two-dimensional
foam should converge to a vertex angle of 120'. This has
been shown from experiment [20] for foam structures in
Langmuir monolayers +13'. We have measured the dis-
tribution of angles as a function of n for gravity between
1 and 1.8g. For digitized images of the network, the an-
gles were measured with a protractor for different num-
bers of sides; the result is shown in Fig. 11. The weighted
average

50

does reveal a change in network morphology for higher-
gravity levels. For example, higher-gravity patterns show
a peak number of five-sided polygons, where unit gravity
peaks at six sides. Further analysis of this variation for
boundary effects and equilibrium patterns is a challenging
problem, because in contrast to diffusion-dominated
effects in soap foams, bioconvection includes diffusion,
bulk convection, and swimming, each of which competes
to give polygonal networks.

Plotted as a function of gravity, the complete distribu-
tion functions for polygon sides are shown in Fig. 10. As
mentioned previously, gravity plays a role in selecting the
maximum in the side distribution at five for higher gravi-
ty and six for unit gravity. Given, however, that the
average remains the same and that the variation between
runs is likely to be significant, this variation appears to be
in line with what has been observed for soap foams be-
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FICx. 8. First (n ) and second moments (pz) of the polygonal
side distributions p(n) for Polytomella as a function of gravity.
For the two gravity levels averaged over eight parabolas, the
average sidedness is approximately 5.4 independent of gravity
and the second moment varies inversely with gravity. The
dashed lines are schematic only; no intermediate gravity levels
were experimentally accessible and linear behavior is not im-
plied. The trends are indicated for comparison. The second
moment in terms of the probability p {n) of an n-sided pattern is
found within a general network g„p(n)((n ) —n) with average
(n).

20 I I

6 7

FIG. 9. Test of Aboav-Weaire's law for bioconvective po-
lygons of Polytomella patterns as a function of gravity. All
gravity levels indicate a correlation between the number of sides
of a polygon, n, and the average number of sides of its neigh-
bors, m {n). (a) For g= l. (b) Least-squares fit (LSF) of the data
for g =1.8. Parameters fitting Weaire's relation (see text) give
a =0.75, p, =0.55.
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FIG. 10. Polytomella bioconvective pattern ce11-side distribu-
tion for varying gravity. Insets above the x axis show digitized
pictures of actua1 pattern changes, with p(n) expressing the
fraction of n-sided cells. Inset at upper right shows an overlay
of the two distributions for direct comparison, with the high-
gravity result having a peak at polygon sides of five, and the unit
gravity result having a peak at polygon sides of six.

do not agree as well as an equivalent linear plot of perim-
eter as a function of sides. As shown in Fig. 12, biocon-
vective results are ambiguous in this regard. The average
area was computed from pixel counts of digitized po-
lygons and varies linearly (correlation coefficient,
R =0.96) for unit gravity, in accord with Lewis's law. In
contrast, however, agreement with this relation seems to
have a gravity dependence, such that high gravity de-
creases the area occupied by polygons with fewer than six
sides. One reason for this difference may be boundary
effects arising from the fewer number of high-gravity po-
lygons; boundaries may, for example, stabilize normally
shrinking (T2) polygons with a small number of sides.
This speculation is supported by the marked contrast be-
tween area distribution functions (Fig. 13) wherein the
broader high-gravity distribution shows a higher proba-
bility for finding small polygons with five or fewer sides.

IV. AN ANALYTICAL MODEL

Bioconvection has generated much theoretical work re-
cently [8—12,22 —25]. However, a universal model cap-
able of uniting many different kinds of bioconvection has

is summed over all angles with n sides, giving the average
for each n of N(n) Thi.s average is then weighted by the
probability p (n) of finding an n-sided polygon; the result
is 111'+11',with a broad distribution of angles for each
n. Also plotted in Fig. 11 is the expected vertex angle for
regular polygons, which, as one might expect, follows the
trend appearing in the data. Within the variation be-
tween separate runs, the gravity dependence of vertex an-
gles is not significant.

A

O.9-

1g

E. Area distribution for different sidedness

From studies of biological systems, Lewis concluded
that the average area of a polygon ( A„) should vary
linearly with the number of sides. This has been called
Lewis's law [21], although it has never been used to ana-
lyze bioconvective patterns. It is known to hold for
mathematical mosaics generated by Voronoi construction
[1], but for soap foams and grain boundaries, area plots

0.8
4 5 6

@(n)

160

120

0 ~

80

regular polygons

C&(n) =(n-2) 180/n
,0 "'

+,,"""a
,F

J'
0

.PrO
~,r'

o @(n) g=1.8
+ @(n) g=1

A

V

0
3

(A&
R

I I I

4 5 6 7

40 I I ' ~ I ' ~ ' I

2 3 4 5 6 7 8 9

FIG. 11. Polytomella bioconvective pattern average vertex
angles as a function of the number of sides for different gravity
levels. The plotted line is the geometrically expected angle for
regular polygons of n sides with the governing equation (inset,

upper left).

FIR. 12. Average polygonal area ( A„) as a function of n

sides for bioconvective polygons of Polytomella patterns for
different gravity levels, (a) g =1 and (b) g=1.8. Data for unit
gravity indicate a linear fit would be appropriate, in accordance
with Lewis's law. Least-square-fit parameters are shown at
upper left for unit gravity.
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FIG. 13. Probability distribution for area as a function of n

sides for bioconvective polygons of Polytomella patterns for

various gravity levels. Insets above the x axis show digitized

pictures of actual pattern changes, with pc,'A) expressing the

fraction of area occupied by n-sided cells. Inset at upper right

shows an overlay of the two distributions for direct comparison,

with the unit gravity result having a peak at polygon sides of
six, and the high-gravity result having a peak at polygon sides of
five.

not been proposed and may not prove realizable for the
wide variety of organisms known to form dynamic pat-
terns (e.g. , Iiagellates, ciliates, sperm, zoospores, large
bacteria, and certain invertebrates). In particular, the
protists we tested (the ciliate Tetrahymena, and the flagel-
late I'olytomella) do not conform uniformly to previous
theories. As an example, the Aagellate has been observed
to form density-stable fingers Aowing upward into less-
dense media [26]—an experimental observation that con-
trasts markedly with expectations of a simple Rayleigh-
Taylor instability (heavy over light fiuid). Likewise, al-
though Tetrahymena has all the characteristics of a gyro-
tactic swimmer [27] (e.g. , a rotary swimming trajectory
with its gravity center displaced downward from its drag
center), it apparently does not bioconvect using this
mechanism [28]. The reason for this is unknown. In
part, this variability (both between species and between
theory and experiment) motivated the present test for
gravitational responses of macroscopic patterns. These
varied conditions for bioconvection also suggested that it
might prove of interest to set up a simple pattern analyti-
cally and to see what kinds of bioconvecting paths or tra-
jectories can be described successfully.

A. The Stommel model

Each closed pattern is modeled as rotating about a cen-
tral axis. The rotational sense of a given pattern is oppo-
site to its immediate neighbors, much like the rotation of
a long train of gears. Such gear motion has been ob-
served experimentally for the motile algae, Euglena
uiridis [5], and Tetrahymena [7] and predicted from vari-
ous general analytical models [29]. Figure 14 shows a
vertical cross section of two such neighboring closed cir-
cuits. Nothing will be said about the onset of this initial
Aow. The curved trajectories are streamlines of constant
velocity and the problem is treated as two dimensional.

At the low Reynolds numbers typical of small-scale

swimming, the organisms move with the fluid stream-
lines. Their motion, if scaled to human size, would
amount to a slow crawl through molasses [30]. Since the
organisms become entrained with the Auid once fully
developed convection sets in, an added feature of a
streamline model is its relative freedom from the particu-
lars of propulsion. This proves of interest since similar
bioconvective patterns arise in dissimilar swimmers-
Aagellates, ciliates, ameboids, and even motile colonies
(e.g., Voluox), as well as gyrotactic and nongyrotactic
swimmers.

Since all modeled micro-organisms have densities
larger than their suspending Auid, Stokesian dynamics
will describe their aggregative activity [31]. To trace any
trajectory other than vertical downward motion along a
straight line, the modeled micro-organisms must show
negative geotaxis (swim against gravity). Further, only
those micro-organisms that swim upward faster than
their settling velocity can form closed paths. These
closed circuits provide the basis for a simple bioconvec-
tive model (sometimes called the Stommel model [32]
elsewhere in the analysis of wind-driven surface Aows),
wherein observed patterns are considered as regions of
active trapping.

The coordinates of a micro-organism are (x,y), both of
which are functions of time t. The horizontal velocity of
a micro-organism is dx/dt, while the vertical velocity is
dy/dt. The Auid motion may be specified by a stream
function that, in general, is arbitrary. The horizontal and
vertical Auid velocities are

Bg Bt/i

By
'

Bx
(4)

If the organism settling velocity is V, then

dx Bg dy Biij

dt By dt Bx

Using a trial function tj'j„ these equations can be
transformed:

dx
dt

dy W'

By dt Bx

The trial function P, is therefore given by

f)=g+ Vx, (7)

=sinx siny +Qx,
0

where, with dimensions of inverse length, the quantity Q
is defined by

where the trajectory of a micro-organism is a curve along
which g, is constant. In the case of bioconvection pat-
terns, the simplest stream function to consider is

g=gosinx siny .

This stream function gives two neighboring patterns with
a roll-like structure. In this case, the trajectories are
given by
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(10)

The trajectories for resultant organism velocities can be
written as a function of a dimensionless quantity %, the

ratio of the settling velocity to the maximum upward
swimming velocity.

Pattern variation with Quid and micro-organism prop-
erties are shown in Fig. 14. If % is large (A ) 1), the tra-
jectories are essentially straight vertical lines and settling
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dominates upward swimming. As % approaches unity
the trajectories begin to bow outward such that, although
all micro-organisms eventually settle, those nearest the
central region of maximum upward velocity fall more
slowly.

If% is less than unity (0 &% & 1), there are regions of
active trapping where the micro-organisms swim upward
at a su%cient rate to counteract settling. The interesting
feature of this case is that there exist closed trajectories
that model bioconvective patterning. The trajectories
farthest from the central region are not closed, since up-
ward velocity is a minimum and settling dominates.
Clearly the trapping region (closed circuits) becomes
larger as A approaches zero (i.e., higher motility). This
parallels the density magnification (or dimpling) observed
in bioconvective pattern formation.

Since pattern formation depends on the ratio between
settling and swimming speeds, this analysis yields the fol-
lowing simple relation:

Patterns

No Patterns
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FIG. 15. Minimum density ratio (p„~/p„l„) of organisms re-
quired for pattern formation. Values shown as a function of
critical Reynolds and Galileo numbers for 10 &Re&10 and
10 & Ga & 10 . The darkened wedge indicates the densities
that yield patterns.
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2 gp2 Porg

Uswim V Psoln

2 Ga Porg

9R p.... ' llP
swim
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Porg

Psoln

Ga,—1 &4.5 .
Re,
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Particularly when many variables such as density, ra-
dius, and swimming speed vary simultaneously from or-
ganism to organism, or when solution media have
different viscosities and densities, this dimensional ap-
proach proves advantageous. The darkened wedge
shown in Fig. 15 indicates the available region for
bioconvective pattern formation as a function of solution
and micro-organism properties.

B. Formation rate for bioconvection patterns

For bioconvective patterns, it is of interest to get a
measure of the maximum formation rate as a function of
swirnrning speed. As two examples to test the validity of
the Stommel model, the present results predict the viscos-
ity dependence of the formation rate and the temperature
dependence of faceting in equilibrium patterns.

For A=u lv, „; & 1, the minimum formation time is
assumed to equal the time required to complete one cir-
culation of a square bioconvective cell with characteristic
dimension L. The time required to swim up a length L is

where the dirnensionless Galileo number Ga=gr /v in-
dicates the relative importance of gravity to viscous
effects, the Reynolds number Re=v, „; r/v indicates the
relative importance of swimming velocity to viscous
effects (Re& 1, for micro-organism swimming), and the
density ratio will be assumed greater than unity. The pa-
rameter r, the organism radii, can be treated here as a
fitted parameter that includes the collective effects of set-
tling.

Critical patterns for pattern formation follow for
%=u/u, „; =1, whereupon the model would first show
bioconvective patterns,

the time required to swim across 2L is

2L 2LA
across

U swim

and the time required to swim down a length L is

(14)

down (15)

[In writing the time required to swim down, bunching of
micro-organisms is assumed to lead to settling only
without competing upward swirnrning; this accounts for
the asymmetry between (13) and (15). This has been ob-
served repeatedly (see, e.g., Ref. [5]). Without this as-
sumption, unphysical negative swim times would be pos-
sible for R & 1.]

Summing the total times gives

L 2% —1
formation

U

and a maximum possible formation rate, in s

A —1 2g» (Po. /P oI 1) J7 —1 Q.
2% —1 9Lv 2JV —1

(16)

(17)

Here Q is defined as the characteristic pattern frequency
for nonswimming micro-organisms (dead limit).

In both the limit of no settling (as A goes to zero) and
total settling (as % goes to unity), this formation rate goes
to zero and thus appropriately predicts no bioconvective
patterns. Written as a function of characteristic pattern
frequency, the intermediate % values (0 & A & 1) give
pattern formation rates shown in Fig. 16. As has been
observed [6], more motile micro-organisms show both
faster formation rates and smaller characteristic pattern
dimensions L. A qualitative comparison of our Aight re-
sults in varying gravity and pattern variation predicted
by the present simple model using closed trajectories is
shown in Fig. 17.
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C. Viscosity dependence of pattern formation

These model predictions agree quantitatively with the
experiments of previous workers. Available work [33]
h

&
~on

t e variation of pattern-formation rate with viscosity is
plotted in Fig. 18. For small additions (2, 4, and 6 wt. %)
of methyl cellulose, the kinematic viscosity was varied by
a factor of 4 (0.01 ( U (0.04 cm s '), with a consequent
increase in pattern-formation time. Equation (14) pre-
dicts that the formation rate (in s ') varies inversely with
the first power of viscosity,

K
(18)

ported values and the model predictions (with
IC = 1.6 X 10 g cm ' s for Tetrahymena). At the
lower viscosities in Fig. 18, the model predicts a faster
formation time compared to experiment [33]. Here, the
faster swimming rates (expected at lower viscosities) are
likely to lead to collective eA'ects unaccounted for in this
simple model based on free circulation rates.

In a qualitative sense, one can similarly connect the de-
gree of pattern faceting with viscosity. As viscosity in-
creases, values of A decrease such that, as shown in Fig.
14, patterns would be expected to become finer. This ob-
servation is discussed in more detail in the following sec-
tion.

where q (in 10 g/cms) is the viscosity of suspending
solution, and for a given micro-organism, L is a constant.
For small additions of methyl cellulose, this analysis
neglects the change (typically less than 2%) in solution
density.

As shown in Fig. 18, there is agreement between re-

D. Thermal dependence of viscous pattern formation

Thermal changes have two consequences for pattern
formation. First, a decrease in temperature slows forma-
tion rates, and second, a decrease in temperature results
in finer patterns with increasing faceting. One can imag-
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viscosity dependence of the pattern-formation rate.

ine that pattern formation will show a complex thermal
dependence, relying on metabolic activity, solution
viscosity, and density changes. In the spirit of the previ-
ous example, the present model can most easily deal with
viscosity as a thermal parameter. The more interesting
connection between micro-organism properties and their
relation to both temperature and pattern formation will
await future work.

A generally satisfactory model for estimating viscosi-
ties in liquids is scarce. Following a suggestion by Rey-

nolds [34], viscosity is often presented via an Arrhenius
relation

g= 3 exp(Eq/RT), (19)

g= (2.29 X 102)/exp(2100/T ), (21)

with g in s ' and T in K. Figure 19(b) shows predicted
formation times as a function of temperature. Although
Loeffer and Meff'erd [33] reported only a single datum of
temperature-formation time for Tetrahymena, the model
prediction for pattern formation at 20 C is the correct
order. Across the temperature interval between 0 C and
40'C, formation rates (inverse time) approximate a direct
proportionality to temperature, as was also reported ex-
perimentally. Hence, given a particular temperature, this
model can predict pattern-formation rates using viscosity

where A, R (gas constant), and E„(a viscous activation
energy) are temperature insensitive. For water between
0 'C and 40 C at 1 atm pressure, a linear fit of
lng . 1/T correlates with correlation coefficient
R =0.999 [see Fig. 19(a) for plotted data]. Hence by in-
cluding viscosity changes alone, one would expect
pattern-formation rates to decrease with decreasing tem-
perature,

g=E/[ A exp(E„/RT)],

or, taking the fitted parameter K from Fig. 18 for
Tetrahymena (K = 1.6 X 10 g cm ' s ) in water
( 3 =0.7 X 10 P, E„/R =2. 1 X 10 ),
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FIG. 20. Com ariparison of polygon-side distributions from the
present bioconvective experiment, from various work on foams,
and numerical simulations. Some univer l hsa c aractenstics ap-
pear as seen in the following cases I d II h b'an, t is ioconvective
work on gravity levels; case III, the Potts model, Srolovitz et al.

ef. [35]); case IV, soap foams, Stavans and Crlazier (Ref. [3]);
case V, continuum model, Beenakker (Ref. 36 );
model I Kawamode I, Kawasaki, Nagai, and Nakashima (Ref. [37]);case VII

, Kawasaki, Nagai, and Nakashima (Ref. [37]);
case VIII, Langmuir monolayers of foam (Ref. [20]).

as the varying parameter.
Simi1arly, Fig. 14 can be used to predict the change in

ne structure due to cooling a culture. The value of the
imensionless velocity % varies inversely with kinematic

viscosity U:

cc U (22)

Experiments are reported that analyze statistically the
response of bioconvective pattern t

'
bls o varia e gravity.

n oxygen attractant can be ruled outou as a necessary

such that for deer easing temperature (and consequentl,
increasing viscosity), R will decrease and patterns will
follow the chthe change in aspect from Figs. 14(a) to 14(e).
This connects well with the qualitative observations [33]
o "patterns becoming progressively finer and containin
smaller facets. "

an con aining

V. CONCLUSIONS

agent for bioconvection. Polygonal networks are shown
to follow Aboav's law and Lewis's 1wis s aw governing polygo-
na sidedness. A relation is found b t he ween t e perimeter
ratio and the number of polygons that would prove an in-
teresting test for universal behavior in oth'n o er networ s.

ese aws are tested for invariance in h'n c anging gravity.
This work adds bioconvection to the rowin

a a i e y apparently universal constraints.
bserved polygonal-side distributions are sho

' Fs own in ig.
for btoconvection (present work), soap foams, Lan-

muir monolayers, and simulations.
The Stommel mo eo~e' or micro-organism circulation is

applied to bioconvection. IIn qualitative agreement with
t e gravity dependence, the model also predict th

times. Future work will combine this ict
vection to include th

'
n o inc u e the temperature dependence of a t

swimmin and a m
o ac ive

g a more detailed analysis of the model's
gravity predictions.
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