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In this paper we apply optimal control theory to nonlinear classical systems for the design of electric
fields that interact with the systems so that an ensemble of classical trajectories are manipulated in some
desired way. Control of selective unimolecular bond dissociation is demonstrated in the classical regime
on a model linear triatomic molecule with spreading of the ensemble of trajectories held to a minimum
for closer agreement between quantum and classical mechanics. Control was also demonstrated over
trajectories in a highly chaotic two-dimensional system. It was found in the cases studied that a high de-
gree of control was attained in situations where the dynamics are chaotic in the absence of a controlling

field.

PACS number(s): 03.20.+1i, 33.80.Gj, 05.45.+b

I. INTRODUCTION

Recently, it has been proposed that molecular systems
be controlled by optimally designed laser pulses [1-9].
Control of vibrational degrees of freedom has been stud-
ied theoretically in the harmonic regime [1] where the
equations for the optimal field reduce to an analytic form
[2-4] and in quantum studies of nonlinear systems
[5-7,9]. These studies had in common that the laser
pulses were designed to achieve a molecular objective us-
ing known dynamical equations, in contrast to previous
work in which intuition was used to guide or guess at,
typically, a single frequency or simple pulse shape that
might achieve the desired result. In this paper we study
optimal control of nonlinear vibrational systems de-
scribed by classical mechanics.

Classical mechanics is frequently used as an approxi-
mation of the true quantum mechanics in dynamics cal-
culations of molecular nuclear motion with more than
two or three degrees of freedom because the quantum cal-
culations are not currently feasible. In past studies
[10-12] quantum and classical dynamics were shown to
give similar results for appropriate model systems with
one or two degrees of freedom. Even when the expecta-
tion values of the quantum wave packet did not exactly
correspond to the averages over the classical trajectories,
observables such as asymptotic dissociation probabilities
were quite similar [10,11]. Notable exceptions to
quantum-classical agreement were seen to occur because
of differences between quantum and classical resonances,
due to wave-packet spreading and due to quantum effects
such as tunneling [12]. However, circumstances that
foster these discrepancies appear to be reasonably well
understood and perhaps can be avoided in a design
scenario.

Hence, the desire to optimally achieve unimolecular
chemical reactions in large molecules by means of shaped
laser pulses leads to the need for designing electric fields
to manipulate classical models of the molecules using op-
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timal control theory. In addition to achieving a molecu-
lar objective, one might be able to steer the classical tra-
jectories away from regions of phase space where
quantum-classical differences would be likely to appear.
Moreover, control of nonlinear classical systems is impor-
tant in its own right because the macroscopic world is
well described by classical mechanics. Control of such
systems is now an active field of research [13-15].
Dynamical chaos is evident in many nonlinear systems in
classical mechanics and presents problems for “control”
of these systems: if a bundle of trajectories that is initial-
ly localized spreads throughout phase space, an average
of position or momentum over the trajectories cannot be
said to have been acceptably controlled due to the large
variance. We address this problem by weighting against
such spread in the field design process.

In this paper, we explore the use of optimal control
theory for controlling systems modeling molecular vibra-
tional degrees of freedom in the absence of rotation. In
Sec. II we present the optimal control formalism used. In
Sec. III, we show results for control of a system modeling
unimolecular dissociation, and in Sec. IV we examine the
results for control in a system having a highly chaotic po-
tential. Section V contains a brief conclusion.

II. CONTROL FORMALISM

In this section we present a cost functional that is mini-
mized with respect to the form of the applied electric
field so that a molecular objective may be met. The cost
functional contains terms for each property we wish to
achieve in the design process. In addition, we require
that Hamilton’s equations be obeyed. The Hamiltonian
for our system can be written as

Hy=H,+H,, (2.1

where H, is the field free Hamiltonian and H; represents
the molecule-laser interaction energy, which, in the di-
pole approximation, can be written as
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H;=-—D(q)€(?) . (2.2)

Here D is the dipole moment function, €(¢) is the electric
field, and q are the displacements from equilibrium of
each coordinate in the molecule (bond stretch, angle dis-
placement, etc.). We will take €(¢) to be polarized along
D for the remainder of this paper. H can be written as

H,=1p'Gp+V(q), (2.3)

where p are the momenta conjugate to q, G is the Wilson
G matrix [16] with units of inverse mass, and ¥V (q) is the
potential-energy function.

In order to achieve the molecular objective, we intro-
duce a cost functional

J=o[2(T)]+ fOTdt{Ll[z(t)]+L2[e(t)]} . Q4
where @ is an error function that guides the state
zT=(q”,p7) to some specified objective at the target time
T. L, is the cost of z sampling undesired regions of
phase space during the pumping interval [0,T]. For in-
stance, it might be desirable that the energy of the mole-
cule be small during the control interval. L, is the cost
for the electric field having undesirable properties, such
as being too complicated or too large in magnitude to
create in the laboratory, etc.
The constraint of Hamilton’s equations of motion

Gp

—3H;/3q |~/ (%€

being satisfied can be included in the minimization pro-

cess by introducing a Lagrange multiplier vector A:
T=J~ [laaT 0z~ 1 (z,€)] . 2.6)

By introducing infinitesimal variations e(z)—e(t)-+8e(t)

and z—z(t)+6z(t), one obtains

8T = MSZ( T)
oz

+ font
— fOTdtLT(I

Integrating by parts and rearranging, we obtain

L [z(r) 3L, [e(1)
L2Z0] oy daleds

Jde

i‘Se(t)

e (2.7)

) S'Z(t)——gf*Sz(t)—
oz

z

+fdt
+fd

If we choose the Lagrange multipliers to obey the equa-
tion

8J = 8z(T)

t)+ af

az dz(¢)

SZ+arnd f Se(t) . (2.8)

iT=— oL, _)LTEL

A az L% (2.9)
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with the final condition AT(T)=0® /dz, then the change
in the augmented cost functional due to a change in field
reduce to

T= [Tar | =2 4y r0f
8T= [ dr| = +AT2x |Be(r) (2.10)

and the gradient of J with respect to the field can be writ-
ten as
87 _OLa i3S

Se(t) de de

To solve for the field that gives minimal cost, €(z) is
first discretized over the time interval [0,7]. An initial
guess for the field is made and the equations of motion
for the state (2.5) can be integrated forward in time.
Once z(T) is obtained, (2.9) can be integrated backwards
in time to solve for the Lagrange multipliers. One can
then calculate the gradient of J with respect to the
guessed field, and an updated field that gives lower cost
can be obtained by minimization techniques such as
steepest descent, conjugate gradient, or Newton’s
method. This overall procedure is repeated until the
norm of the gradient is smaller than some prescribed
value or until the cost does not significantly decrease in
successive iterations. For the results in this paper we
used the same conjugate gradient routine as employed in
Ref. [1]. Definitions of the details of the Hamiltonian
and the cost functional will be stated in the next two sec-
tions prior to showing results for individual systems.

(2.11)

III. UNIMOLECULAR BOND BREAKING

In this section we present results for a classical system
modeling selective unimolecular dissociation. The system
treated in this section is the same as that studied quan-
tum mechanically in Ref. [6] and the results here are
compared to those of the previous study.

The system chosen for proof of principle was a model
A-B-C linear molecule. The G matrix is taken as

1/, —1/Mg
=\ imy 1, |0 3.0
where 1/ =1/M +1/Mg, 1/u,=1/Mg+1/M,

M ,=18.998 amu, Mz=12.011 amu, and M.=35.453
amu. The potential is described by two Morse oscillators:

V=D [1—exp(—a,q,)’+D,[1—exp(—a,q,)]*,
(3.2)

where ¢, is the displacement of the 4 —B bond from its
equilibrium position and g, is the displacement of the
B —-Cbond. The parameters for (3.2) are

D,=0.1976 a.u.=5.376 ¢V ,
D,=0.1371 a.u. =3.730 eV ,
@,;=0.9217 a.u.=0.4877 A~
a,=1.0273 a.u=0.5436 A~
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and the harmonic frequencies are fairly close: wj=1098
cm™}, wg=923 cm~!. The only interaction between the
two bond stretches is through a kinetic coupling term
—p1py/Mp.

The dipole function was taken as

D(q,,q9,)= A[(qo+q,)exp(—Bq,)
—(go+g,)exp(—Bq,)] , (3.3)

where 4=1D=0.3934 a.u,, =1 a.u., and g, =2 a.u., so
that the dipole is equal in magnitude but opposite in sign
for the two degrees of freedom. This choice for dipole
function is somewhat unusual because the equilibrium
position is past the peak in the dipole function (the peak
occurs at —1 a.u.). For all the cases shown here, the
electric field is polarized along the molecular dipole.

Initial conditions were chosen in a position space grid
about the minimum of the potential function and were
weighted by the Wigner function[17] for the ground state
of a two-dimensional harmonic oscillator:

I'(q1,92:P1>P2)

=K exp(—a,§i—a,g}—a;pi—a,p}), (3.4
where a,=a,/#, a,=&,/#%, a;=(a,#)"", a,=(a,%)"},
and K is a normalizing factor. §;(q,,q,) and p;(p,p,)
are the normal coordinates at the equilibrium position
and corresponding conjugate momenta, and @; are the
eigenfrequencies. For our model system, the Wigner dis-
tribution is very strongly peaked about zero in the mo-
menta, so all the initial conditions were chosen with
p1=p,=0. Our results were found to converge using 400
classical trajectories.

It should be noted that computer memory require-
ments for this optimization procedure are much more
restrictive than in pure trajectory calculations. In normal
trajectory calculations each trajectory can be integrated
separately and desired information stored. The forward
integration for optimal control calculations is the same,
but the calculation of each Lagrange multiplier depends
on all the other multipliers and all of the trajectories
simultaneously.

In the previous quantum study of this system the ob-
jective was to break the 4 —B bond with minimal distur-
bance of the B-C bond and minimal electric-field
fluence. Hence, the elements of the cost functional were
chosen as follows:

Q[z(T)]=1[{q,(T))—yI’P,
+Hp (D)2 r[—{p(T)) Py ,

where (q,(T)) and {p,(T)) are the quantum-
mechanical expectation values of position and momen-
tum of the 4-B, bond y is the target stretch of the
A-B, bond, Py; and Pj; are weighting factors, and 4 (x)
is the Heaviside function

(3.5a)

1 ifx=0

h(X)=10 if x <0

so that {p, ) will be positive at the final time and atom A4
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is moving away from atom B. L, was taken as
L,=1[{gq,(1))—(q,(0)) *W,
+1[{p, (1)) —{p,(0)) *W, , (3.5b)
where W, and W, are weighting factors. This term

weights against excess excitation of the B—-C bond away
from its equilibrium position and momentum. Finally,
L, was chosen to be

L,=lo,€t), (3.5¢)
where o, is the weight of this term. When integrated
over the interval [0,T] this term represents the fluence of
the electric field.

As a starting point for the classical study, we integrat-
ed the classical equations of motion with the electric field
obtained from the quantum-mechanical optimal control
calculation reported elsewhere [6]. The results are shown
in Fig. 1 and were checked by integrating backwards.
Figure 1(a) shows the electric field which is shaped al-
most sinusoidally during the control interval 0<¢=<T
=0.1 ps. The two systems (quantal and classical) were
then integrated for an additional 0.05 ps under zero field
after the pulse had ended to better see the fate of the mol-
ecule. Figures 1(b) and 1(c) compare the quantum expec-
tation values of position and momentum to averages over
the classical trajectories of the analogous quantities. Fig-
ure 1(d) is a plot of the average value of the bond energies
defined as

p?
€= ﬁ +D;[1—exp(—a;g,)]?

l

(3.6)

for the 4 —B and B-C bonds. One can see that the dy-
namics are virtually identical for the first 0.04 ps, and
thereafter they differ. The onset of large spreading of
both the quantum wave packet and of the ensemble of
classical trajectories occurs at about 0.04 ps, so it is un-
derstandable that the two types of dynamics should
differ. However, the trends in displacement, momentum,
and energy are quite similar: the stretch of g, remains
larger than that of ¢,, and the momentum of the 4 -B
bond is positive in both the quantal and the classical re-
sults. Figure 1(d) shows that the energy remains larger in
the target bond for both the quantum and classical calcu-
lations, and both appear very close to the dissociation en-
ergy of the A—B bond (0.1986 a.u.) at 0.05 ps after the
field has turned off. By projecting the final quantum
wave packet on the asymptotic scattering states, it was
determined that 51% dissociated into the target channel,
and virtually all of the remaining 49% of the 4A—B-C
molecules were left excited but undissociated in either
channel [6]. The corresponding classical calculation
yielded a similar result of 60% in the target channel, but
35% went into the undesired products 4 —B +C and
A+B+C.

Now we will explore the process of calculating optimal
fields using classical mechanics directly. Ultimately, such
fields should be inserted into Schrodinger’s equation for
their quantum action as well. The latter quantum control
calculations will not be part of the present work, but
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FIG. 1. Comparison of quantum and classical expectation values under the effect of the electric field in (a). Panel (b) compares dis-
placement of (g, ) and (g, ). Panel (c) compares the conjugate momenta and (d) shows the comparison of bond energy defined in Eq.
(3.6). Solid lines denote quantum results for bond 1, dashed lines denote quantum results for bond 2, dash-dotted lines denote classi-
cal results for bond 1, and dotted lines show classical results for bond 2. These results show that, while the specifics of the dynamics

differ, the trends are similar.

some logic relevant to them will be discussed in the
present classical control studies. Initially, we used the
same internal coordinates for the classical calculation as
were used for the previous quantum results, but it soon
became apparent that, although the control calculations
could be performed, the system ended up in the wrong
exit channel due to the kinetic coupling term in the Ham-
iltonian. The energy would be localized in the 4-B
bond at the target time, with the 4 —~B bond stretched
and its momentum positive. However, integration
beyond the target time revealed that the energy
transferred to the B—C bond shortly after T due to the
—p1p,/Mp term in the Hamiltonian.

To ameliorate this situation, we transformed to scatter-
ing coordinates

Q1=q,tMc/(Mg+Mc)q, , (3.7
2,=q,, (3.8)
Py=p,, (3.9)
Py=p,—Mc/(Mp+Mcp, , (3.10

where Q; is the displacement from equilibrium of the
center of mass of the B-C diatom from the A4 atom and
Q, is the displacement from equilibrium of the B-C

bond. The Hamiltonian in this new coordinate system is
then written as

1| Pt P} N
Ho=~ EJFE +D,{1—exp[—a,(Q; —£Q,)]}

+D,[1—exp(—a,0,)]?, (3.11)
where M, =M, (Mg+M:)]/(M, +Mg+M_),

M,=(MyM:)/(My+Mc), E=Mc/(My~+Mc), and

H;= A{(qy+Q,)exp(—BQ,)
—(qo+Q;—8Q,)exp[ —B(Q; —5Q,) ]} e(t) .
(3.12)

In this coordinate system there is no momentum
coupling—the cross terms have been moved to the po-
tential and dipole functions. Here we can specify the tar-
get state more readily because the desired goal is to
stretch Q,, the distance between the A4 atom and the
remaining B-C diatom. Since the dynamics are the same
regardless of the coordinate system, in principal, we
could have just transformed the cost functional to have
achieved the same results. However, this transformation
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would have introduced nonintuitive cross terms into the L.=10,(t)—0,(0)1*W,+1[P,(t)—P,(0)]*W.

cost functional and it would have lost easy physical inter- 1212 SOTW, +3 [P0 =FOTW,

pretation. (3.13b)
Initially, we used a cost functional with the following L

terms: L2 =7ﬂ)e€ (t) ’ (3-130)

Q[T ]=1Q (D —yPPs+ 1P DA [—P (TP, where the bars over Q; and P;, j=1,2 denote averages
over the trajectories weighted by the value of the Wigner
(3.13a) function evaluated at their initial conditions, e.g.,
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FIG. 2. Optimal control using scattering coordinates: (a) the electric field for the control interval up to 0.1 ps. Also shown are
zero-field results for an additional 0.1 ps. Panel (b) is the displacement of Q; shown as a solid line and Q, shown as a dotted line,
while panel (c) shows the conjugate momenta. Panel (d) shows bond energies as defined in Eq. (3.16). These plots show that the
stronger bond, described asymptotically by Q,, is selectively excited, ultimately leading to its preferential dissociation. Panel (e) is
the power spectrum of the field shown in (a).
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_ N
0,(6)= 3 T'[Q;(0),0,;(0),P;(0),P5,(0)]Q;(¢t) .

i=1
(3.14)

Here the index i refers to the ith initial condition out of a
total of N. This cost functional is just the classical analog
of the quantum cost functional (3.5a) with the exception
that the coordinate system has been changed.

Armed with the knowledge that quantum and classical

ji i 0.1000 pe |-
0.0875 ps
L 2§
0.0750 ps 0.1875 ps
Ng T e svre——itan
0.0625 pe 0.1750 ps
== T —
0.0500 pe 0.1625 ps
i
|
R i e ===
’7 ‘ 0.0375 ps 0.1500 ps
k + e oA
0.0250 ps 0.1375 ps
k [ ————
—|
0.0125 ps 0.1250 ps
W S
j @ 0.1125 ps
*

FIG. 3. Snapshots of the trajectories for the case in Fig. 2 are
shown here with triangles at the mean position showing the
direction (not magnitude) of the mean value of momentum. The
snapshots are at intervals of 0.0125 ps and show that most tra-
jectories are heading out the target coordinate. Potential-
energy contours are shown at t=0, t =T, and t=0.2 ps.

mechanics differ as the wave packet or initial bundle of
classical trajectories spreads, we sought to minimize this
cause of discrepancy by including variance terms in the
cost functional. The hope is that if the variance of the
classical trajectories could be kept small over the control
interval, the spread of the quantum wave packet might
also be small, thereby reducing one cause for classical-
quantal differences. Therefore, we added the following
terms to the cost functional: ‘

N —
o'[2(T)]=D[2T)]+1Py; 3, T,[Q,(T)—T,(D)]?

i=1

N —
+3Py X [,[0,(T)—0,(D]*,

(3.15a)
i=1
N —
Li=L,[z(D]+iWy 3 T;[Q;()—0Q,()]
i=1
N —
+iw,, 3 T0,(0—0,(T)], (3.15b)

i=1

where Py, Py,, Wy, and Wy, are weighting factors (the
subscript V¥ denotes variance), and I'; refers to the value
of the Wigner distribution for the ith initial condition.
@’ adds a cost for variance in position space at the target
time, while L} adds a cost for the variance of Q@ and Q,
over the entire control interval. The variances of the mo-
menta could also be added to the cost functional, but
were not included in this study.

A sample of the results from optimal control of the
classical 4-B-C system can be seen in Figs. 2 and 3. For
the results, the weighting factors were P, =1.60X 104,
P;3=3.54, Py;=4.73X 105, W,=2.38X10°, w,=2.867,
and all others were set equal to zero. These weight fac-
tors were used for calculations done in atomic units. The
target time was 0.1 ps.

The electric field is shown in Figs. 2(a). It is seen to
have more structure than the quantum result in Fig. 1(a),
but this may largely be due to the different cost function-
al used. The pulse is dominated by the large peak at
t=0.075 ps with a peak value of about 0.7 a.u.=4X 10!
V/m. The power spectrum of this pulse is shown in Fig.
2(e). The primary peak is at about 700 cm !, shifted well
to the red of either of the fundamental frequencies of the
system. Also present are overtone frequencies at 2000
and 2700 cm ™! and a non-negligible dc component.

The result of applying this field to the system can be
seen in Figs. 2(b)-2(d). The average displacement of the
target coordinate Q,is seen in Fig. 2(b) to rise monotoni-
cally after the target time, while Q, oscillates in a bound
fashion. In Fig. 2(c), the average momentum of the tar-
get coordinate P, is seen to peak at 0.085 ps immediately
following the large peak in the electric field. P, then
steadily decreases as the bundle of trajectories climbs out
of the well into the target channel. The target momen-
tum remains positive asymptotically, showing that the
trajectories are moving away from the region where 4
and B-C interact. As expected, the momentum of the
B-C bond oscillates 90° out of phase of its displacement
after the field is turned off. We now redefine the bond en-
ergy as
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e;=1P?/M;+D;[1—exp(—a;Q;)]? (3.16)
for the two degrees of freedom (i=1,2), and their values
averaged over all trajectories are shown in Fig. 2(d). The
energy averaged over the trajectories for the target bond
at the target time is well above the 0.1976 a.u. required
for dissociation, while the B —C bond has very little ener-
gy at the target time and its peak value is about 0.08 a.u.,
well below the 0.137 a.u. required for dissociation of this

CHARLES D. SCHWIETERS AND HERSCHEL RABITZ 44

bond.

Figure 3 shows snapshots of the trajectories at regular
times over the interval [0,0.2 ps]. The triangular arrow-
heads emanating from the mean position of the trajectory
bundle indicate the direction of the average momentum.
One can see that the trajectories do not spread much be-
fore the target time of 0.1 ps, but do start spreading
significantly after this time along the target coordinate
due to differences in the momenta of the trajectories (re-
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i
FIG. 4. Integration of trajectories under zero field for initial conditions clustered around ¢, = —1, g, =1 for k=0.4: (a) displace-

ment, (b) momentum, (c) displacement variance, (d) trajectories at =0, and (e) the trajectories at ¢ =87. Properties of coordinate 1
are shown as solid lines and those of coordinate 2 are shown as dotted lines. All units are dimensionless.
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call that momentum variance was not included in the
cost functional). It can be seen that the large peak in the
electric field at 0.085 ps slams the bundle into a repulsive
wall. The bundle then departs from the wall with large
momentum and heads out the target channel.

The equations of motion for the 400 trajectories were
integrated for 2.0 ps after the target time to find asymp-
totic product distributions. We found that 96.5%
achieved the desired goal of leaving the interaction region
with the 4 —B bond broken, but with B -C still bound.
3.1% remained with A4-B-C still fully bound, while 0.4%
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and none of the trajectories had dissociated both bonds.
These results show high specificity for breaking the target
bond, which, in this case, is 30% stronger than the non-
target bond. :

IV. CONTROL ON A CHAOTIC
POTENTIAL SURFACE

In this section, we present control results for the highly
chaotic bound system

=1(p2 2 4 4y_ 7.2 2
had broken the B —C bond and left the 4 —B bond intact, Ho=3(pi+p2+4q71+q3)—kqiq3 4.1)
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FIG. 5. Integration of trajectories under zero field for initial conditions clustered around ¢, = —1, q,=1 for k=0.6; (a) displace-

ment, (b) momentum, (c) displacement variance, (d) trajectories at =0, and (e) the trajectories at ¢ =8. Properties of coordinate 1
are shown as solid lines and those of coordinate 2 are shown as dotted lines. All units are dimensionless.
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studied in Ref. [18]. This potential has the property that
motion at any energy can be determined from the motion
for E=1 by simple scaling relations [19]. Accordingly,
the fraction of energy allowed phase space filled with ir-
regular trajectories is invariant to energy and depends
only on the coupling parameter k. It has been shown [18]
that the energy shell phase space is entirely filled for
k 20.6. We chose this potential because of the property
that irregular motion is not limited to narrow energy re-
gions, as is the case, for example, with the Hénon-Heiles
potential [20]. Irregular trajectories have the property
that small errors in initial position grow exponentially
asymptotically and this property presents problems for
controlling the motion of trajectories with slightly
different initial conditions.

We chose to attempt to control mean values of an en-
semble of classical trajectories with the initial conditions
clumped closely on this surface for k=0.4, where irregu-
lar trajectories fill about 90% of available phase space,
and for the completely chaotic case k=0.6. To influence
the motion on the potential surface, we chose the interac-
tion Hamiltonian to be

Hy=gq,€(t), 4.2)

so that only g, can be directly manipulated by the driving

0.04
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field. Since all of our targets involved g5, this choice for
H; makes control even more challenging.

The goal in these calculations was to see to what extent
the state averaged over initial conditions could be con-
trolled and the spread of trajectories minimized for two
basic starting conditions: (1) high energy with the target
also at a high energy, and (2) starting at low energy and
preferentially pumping one degree of freedom to a large
displacement. The cost functional used was

20 =[ZD)—y]"P[Z(T)~7y]
+ [ arZ (0w an +o,e0]

N 4
+ 3 3 PyTilz, (T —Z;(T) ]
i=1j=1

N 4
+fa 2 3 Wylilz,0-z0F,
i=1j=

4.3)

where the first term is a quadratic cost for the mean of
the state not hitting the target ¢ at the target time T, the
second term is a cost for mean values of position, momen-
tum, and field being nonzero, and the last two terms
weight against variance at the target time and during the
control interval, respectively. P, and W are 4 X4 diago-
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FIG. 6. Optimal control results for the system shown in Fig. 4 with no variance control: (a) optimal field, (b) displacement, (c) dis-
placement variance, and (d) the trajectories at the final time. The objective of stretching g, to 1 was met with some spreading. Prop-
erties of coordinate 1 are shown as solid lines and those of coordinate 2 are shown as dotted lines. All units are dimensionless.
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nal weighting matrices. Pj; and W), are cost function
weighting factors and I'; are normalized weights on ini-
tial conditions. The subscript i sums over each trajectory
and j sums over each element of the state. This cost
functional differs from that of (3.13) in that there is no
Heaviside function weighting the final momentum and in
that the integral term weights against values of the aver-
age position and momentum different from zero instead
of weighting against displacement from initial conditions.

The first ensemble of initial conditions studied were 16
values of ¢; and g, centered about ¢;=—1, g,=1 with
both momenta taken as zero. Results for integrating
these initial conditions with zero external field are shown
for k=0.4 in Fig. 4 and for k=0.6 in Fig. 5. For the
k=0.4 case, the trajectories have dispersed and fill the di-
agonal region between (¢;,=—1, ¢,=1) and (gq;=1,
q,= —1) fairly evenly but have not explored outside this
region by ¢t =8. It is seen in Fig. 5, that some trajec-
tories have broken free of the diagonal region for the
k=0.6 case by t =87. The decay of peak mean values of
displacement and momentum in Figs. 4(a), 4(b), 5(a), and
5(b) is a result of trajectory spreading. Figures 4(c) and
5(c) show plots of displacement variance. The magnitude
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of the variance at t =8 for k=0.6 is seen to be almost
twice as large as that for k=0.4. Only one curve is
shown in both Figs. 4(c) and 5(c) because symmetry in the
initial conditions causes the variances of ¢; and g, to be
equal.

Control results for k=0.4 are shown in Fig. 6 for
T =8w, 0,=1X1077, y,=—1, Ps,,=1, and all other
weights zero. Figure 6(a) shows the driving field, which
has a rough periodicity of about 27. Figure 6(b) shows
that g, reaches the desired value —1 at ¢t =T, with the
peak amplitudes of both ¢, and g, close to 1 during the
entire interval. However, Fig. 6(c), a plot of displacement
variance, and Fig. 6(d), the trajectories at T'=28m, show
that there is a fair amount of spread in the trajectories at
the target time. Nevertheless, a comparison of Figs. 4(e)
and 6(d) shows that the controlled case results in most of
the trajectories being bundled together near the target
value of y,. The field has reduced the variance over that
of the uncontrolled case shown in Fig. 4(c). A compar-
ison of g, in Figs. 4(a) and 6(b) shows that the field pri-
marily introduces a frequency shift to meet its target ob-
jective.
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FIG. 7. Optimal control results for the system shown in Fig. 4 with variance control: (a) optimal field, (b) displacement, (c) dis-
placement variance, and (d) the trajectories at the final time, with the average path shown as a solid curve. The objective of stretch-
ing g, to 1 was met with less spreading than in Fig. 6. Properties of coordinate 1 are shown as solid lines and those of coordinate 2

are shown as dotted lines. All units are dimensionless.
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Figure 7 shows that the trajectory spread can be re-
duced further if, in the variance part of the cost function-
al, we set Wy, = W,=1, the rest being the same. g,(7T)
still reaches its target of —1, as seen in Fig. 7(b), but the
variance of the bundle of trajectories is now much lower,
as seen in Fig. 7(d), in comparison with Fig. 6(d). The
curve in Fig. 7(d) depicts the average path taken by the
ensemble and shows that only a relatively narrow region
of position space is sampled during the control interval.
The trade-off for low variance is a field with much high
complexity and larger peak amplitude as seen in Fig. 7(a).

There results are encouraging so far, but what if we ex-
plore a region where there is more chaos? Figures 8 and
9 show results for cases analogous to those in Figs. 6 and
7 but where k=0.6. Figure 8(a) shows the driving field
for the cost functional weighting primarily the demand
that g,(T)=—1 (T=8m «,=1X1077, y,=—1,
Py, ,=1). This field is more complicated than that in
Fig. 6(a), and its peak magnitude is about twice as great.
Figure 8(b) shows that the objective of stretching g, to
—1 at ¢t =T has been satisfactorily achieved, but the
spread is large, as demonstrated by Figs. 8(c) and 8(d).
Figure 8(c) shows a peak variance more than two times as
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large as that in Fig. 6(c), and this is corroborated by Figs.
8(d), showing the large spread in the positions of the 16
trajectories at the final time. The actual values of the dis-
placement averages and variances cannot be ascertained
from the trajectory plots because the trajectories are
weighted by the Wigner distribution determined from the
initial conditions. Therefore, casual inspection of Fig.
8(d) is somewhat misleading with respect to the value of
g,(T). ‘

Figure 9 shows that even in this highly chaotic system,
the spread of tightly bunched initial conditions can be
controlled to a very high degree even by a driver with
very restricted allowed interaction. Here the cost func-
tional is the same as for the results in Fig. 8, but with two
variance terms weighted: W, ,=W,,=1. Figure 9(a)
shows the driver, which now has a peak magnitude of
about six times that seen in Fig. 8(a). The large peak at
the beginning of the control fields in Figs. 7(a) and 9(a)
suggests that variance reduction is enhanced if the en-
semble is initially “imprinted” by the driver. Figure 9(b)
shows that g,(T) is close to its preordained value of — 1,
but the time histories of g, (¢) and g,(¢) are quite different
from those in Fig. 8(b), in contrast to the difference be-

Displacement

Time (units of )

FIG. 8. Optimal control results for the system shown in Fig. 5 with no variance control: (a) optimal field, (b) displacement, (c) dis-
placement variance, and (d) the trajectories at the final time. Properties of coordinate 1 are shown as solid lines and those of coordi-

nate 2 are shown as dotted lines. All units are dimensionless.
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tween Figs. 6(b) and 7(b). The peak variance for this case
is seen in Fig. 9(c) to be about a factor of 5 smaller than
that in Fig. 8(c). This reduction in spread can be seen at
the final time by comparing Figs. 8(d) and 9(e). In Fig.
9(e) most trajectories are relatively closely bunched at the
target time with a few exceptions, while the trajectories
are widely spread in Fig. 8(d). A trace of the average po-
sition of the ensemble throughout the control interval in
Fig. 9(e) shows that more regions of position space are
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sampled here than for the case shown in Fig. 7(d). Figure
9(d) is a plot of H(t) of the system during the control in-
terval. It illustrates part of the scheme by which variance
is reduced: the large initial pulse of the driver draws en-
ergy out of the system so that less phase space is available
to spread into. Then, at ¢ =7, the energy is pumped
back up so that the final objective can be reached. This
behavior shows, once again, how the optimal control for-
malism takes advantage of dynamical features to best
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FIG. 9. Optimal control results for the system shown in Fig. 5 with variance control: (a) optimal field, (b) displacement, (c) dis-
placement variance, (d) total energy of the system (excluding driver interaction), and (e) the trajectories at the final time, with the
average path of the 14 most closely bunched trajectories shown as a solid curve. Properties of coordinate 1 are shown as solid lines
and those of coordinate 2 are shown as dotted lines. All units are dimensionless.
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achieve chosen objectives.

The second set of initial conditions we used was 25 tra-
jectories clustered around (g, =0.1, g, =0.1). The target
in these calculations was to stretch ¢,(7) to 1 with ¢, (T)
not specified. Results for k=0.6 are shown in Figs. 10
and 11. Figure 10 contains results for 7 =8,
0, =1X1077, P, ,=1, and all other weights zero. Fig-
ure 10(a) shows the driving field, which has low ampli-
tude until ¢ =57, when strong pumping commences. The
field drops to zero before the final time because the target
stretch g, is not directly pumped by the field, and similar
behavior is found in all the other cases studied here. Fig-
ure 10(b) shows the displacement of the two degrees of
freedom. It is seen that, although g,(7) does reach the
target of 1, its peak magnitude is at a slightly earlier time
and the peak magnitude of g, is greater at about —1.2.
Figure 10(c) shows a large variance in g, near t =87 and
this is corroborated by Fig. 10(d), which shows a
significant bifurcated spread in the trajectories at the tar-
get time. The average trajectories of the two separated
bundles of trajectories are shown in Fig. 10(d). Weights
of 1 were then placed on the integral variances of g¢; and
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q, and the results are shown in Fig. 11. Figure 11(a)
shows that, although the final 27 of the pulse is similar to
that of the field in Fig. 10(a), the field in Fig. 11(a) shows
higher amplitude at earlier times. Displacements g,(¢)
and g,(¢) in Fig. 11(b) are similar to those in Fig. 10(b).
Figure 11(c) shows that the peak variance of g, has been
reduced by a factor of 4 from the previous case, and Fig.
11(d) shows that all the trajectories are tightly bunched,
except for one on the opposite side of the potential well.
This errant trajectory is weighted very little in the cost
functional because it originates from an outlying region
of the initial Wigner distribution and, hence, makes only
a small contribution to the average displacements or vari-
ances. The same comment applies to the few errant tra-
jectories in Fig. 9(e). The paths of the two separate bun-
dles are also shown in Fig. 11(d). It is seen that since
pumping only occurs in the g, direction, the trajectories
must ricochet off the convex potential surface after they
have achieved enough energy to reach their objective in
order to pump the g, degree of freedom.

It should be noted that we chose difficult objectives for
the example cases. The control objectives involved g, ex-

1.0 —— :

Displacement

FIG. 10. Results for attempting to stretch ¢,(7)=1 from a low-energy initial state with no variance control using k=0.6: (a) op-
timal field, (b) displacement, (c) displacement variance, and (d) the trajectories at the final time, with the average paths of both trajec-
tory bundles shown as solid curves. Properties of coordinate 1 are shown as solid lines and those of coordinate 2 are shown as dotted
lines. All units are dimensionless.
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clusively, while the control term only directly acted on
g,. Control was accomplished by the field working in a
complex but cooperative fashion with the dynamical
capabilities of the system. Thus, a rather surprising de-
gree of control was achieved in this chaotic system even
with a highly constrained control.

On a more sober note, the control results for the sam-
ple cases shown in Figs. 8 and 9 took an enormous
amount of computer time for this relatively-modest-sized
problem (only 16 trajectories). It was seen that at most
points in field space during the search for a minimum, the
gradient pointed downhill for a very small interval, at
which point the direction of a new gradient had to be cal-
culated. Because the step size at each iteration was small,
many iterations had to be taken to reach an acceptable
minimum. This behavior suggests that the cost hypersur-
face is quite convoluted and that gradient searches may
be an inefficient method of finding even local minima.
Other search methods such as simulated annealing may
be more appropriate for such problems.

Comparison of Figs. 10 and 11 shows that relatively
small changes in the electric field can cause large
differences in the dynamics of the system. However, it is
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important that the objective not be very sensitive to the
electric-field variations because inevitable small errors
made in real laboratory fields would be likely to cause un-
desired results. It is possible to include terms in the cost
functional that add in robustness requirements to achiev-
ing system objectives in the face of driving field errors.
Robustness to uncertainty in system parameters is also
important, and preliminary results using sensitivity
minimization [2] and averaging over the uncertain pa-
rameters [21] have already been studied.

V. SUMMARY

We have shown that optimal control theory can be
used to design fields to achieve a molecular objective in
the classical regime. The use of classical mechanics is im-
portant because if any molecule larger than a triatomic
outside of the harmonic regime is to be controlled, the
equations of motion must be classical. Also, initial
guesses for an expensive full quantum calculation could
be generated by using the classical mechanical analog
first.

It was seen that it is possible to design fields that lead
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FIG. 11. Results for attempting to stretch ¢,(7)=1 from a low-energy initial state with variance control using k=0.6: (a) optimal
field, (b) displacement, (c) displacement variance, and (d) the trajectories at the final time, with the average paths of both trajectory
bundles shown as solid curves. Properties of coordinate 1 are shown as solid lines and those of coordinate 2 are shown as dotted

lines. All units are dimensionless.
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to large branching ratios (>95%) in the desired exit
channel for total energies that cause the molecule to exit
a lower energy channel if the dynamics were statistical.
However, in order to achieve bond breaking on the
short-time scales used in this study, strong fields must be
generated. These are not yet practical experimentally
and may require the inclusion of electronic effects for a
proper molecular description. The peak amplitudes
could be reduced by lengthening the control interval and
changing L,. For sufficiently long pulses, rotational
motion must also be included.

We demonstrated control over systems exhibiting
dynamical chaos, but problems may arise if control inter-
vals are greatly increased. Other systems should be stud-
ied to see if regions of phase space exhibiting chaos can
be avoided by using a carefully chosen cost functional.
Even when chaos is not present, the issue of classical
versus quantum behavior is an important matter. To as-

CHARLES D. SCHWIETERS AND HERSCHEL RABITZ 44

sure that a given field produces the same physical results
both quantum mechanically and classically, it is possible
to include both descriptions in a cost functional demand-
ing that selected corresponding expectation values be
equal. These enhanced tasks certainly pose important
challenges in the molecular control domain. The present
paper serves to illustrate the capability of approaching
these problems in a classical mechanical context.
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