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Experimental, theoretical, and numerical investigation of the homogenization
of density nonuniformities in the periodic transport of a space-charge dominated beam
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The homogenization of a beam with a transversely nonuniform initial density distribution is examined

by masking the ouput from a Pierce electron gun into five parallel beamlets, which are then propagated
down a channel of periodically spaced solenoid focusing magnets. Experimental measurements, theoreti-
cal predictions, and PIC simulations are in excellent agreement for averaged beam quantities such as rms
emittance and envelope radius. In addition, the fine-structure characteristic of the nonlinear evolution
of the beam, including the formation of downstream images, is reproduced in detail by the simulations.

PACS number(s): 52.40.Mj, 29.15.—n, 52.25.Wz

I. INTRODUCTION

Several applications of charged-particle-beam technol-
ogy, such as free-electron lasers, heavy-ion ignited iner-
tial fusion, and neutral beam particle weapon systems, re-
quire beams with both high current and low emittance
for their success. This need for low-emittance beams has
driven the exploration of possible causes of emittance
growth in high-current beams and the resulting limits on
beam brightness. One such limiting mechanism is the
conversion of space-charge potential energy into kinetic
energy. This process is present whenever a low-emittance
beam with a nonuniformity in current profile propagates
in a linear focusing channel. As the transverse density in-
homogeneity relaxes toward a final uniform state, which
is characterized by a lower space-charge potential energy,
the difFerence in potential energy is converted to kinetic
energy (emittance), usually within a plasma period.

Measurements on a substantial number of high-current
sources have reported [I] emittances that are significantly
greater than the intrinsic emittance calculated using the
cathode temperature as the source of transverse kinetic
energy. Furthermore, the emittance growth that results
from any initial nonuniformity becomes increasingly im-
portant as beam current is increased. This is because, as
will be explained later, the emittance growth added by
conversion of space-charge potential energy can scale
linearly with the current I. This will eventually dominate
the I'r scaling [2] normally associated with the intrinsic
emittance that results from the particle thermal velocities
as they are born from a cathode with constant current
density.

The process of converting space-charge potential ener-

gy to emittance during beam propagation in a linear-
transport channel has been extensively investigated
[3—6]. Theory and simulations agree well when examin-
ing the basic energy conversion itself, as well as the dy-

namics of this process for simple initial distributions.
This paper extends previous investigations to include de-
tailed comparison of theory, simulations, and experiment,
including the inherently nonlinear dynamics that are
characteristic of a strongly inhomogeneous initial state.
We will show that while the energy conversion, which de-
pends on beam-averaged quantities, generally occurs
within a plasma period as previously reported [5], both
simulation and experiment show that complicated evolu-
tion of the beam cross section persists for much longer
times.

The initial nonuniform configuration studied here con-
sists of five parallel beamlets formed by masking a high
perveance electron beam. This configuration is motivat-
ed by applications, such as heavy-ion fusion, where a
large beam current with low emittance is required but
where acceleration of the entire beam in one focusing
channel can be difficult. It then becomes important to
merge several beams while minimizing the resulting emit-
tance growth. However, it is not the purpose of this
work to design a merging system, as has been done previ-
ously [7].

In a previous paper describing this work [8], prelimi-
nary results comparing experiment, theory, and simula-
tion were presented that verified the theoretically predict-
ed final emittance, as well as the characteristic merging
distance of the beamlets. Also reported was the unex-
pected appearance of downstream images of the initial
beam configuration. However, that work neglected to
consider the adiabatic heating of the beam in the gun
structure during compression from the cathode to beam
waist. This led to the assumption of too small an initial
emittance, which precluded good agreement between ex-
periment and simulation of the downstream image forma-
tion. Some refinement of the model of the focusing mag-
nets has also been necessary for good agreement.

In addition, this work presents more detailed compar-
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isons of the experimental, theoretical, and simulated dy-
namics of the nonlinear evolution of the five-beamlet sys-
tem. Emphasis is placed on the refined level of detailed
agreement between simulation and experiment that was
obtained by using the simulations to aid in determination
of difficult-to-measure conditions, such as beam ernit-
tance at the gun output.

Three sections, describing theoretical expectations, the
experimental configuration, and a description of the
simulation model, are followed by a discussion of detailed
comparisons between simulation and experiment and a
final section of conclusion.

II. THEORY

A. Background

The emittance growth that occurs as an initially
nonuniform beam profile relaxes to uniformity has been
extensively investigated with theory and simulations
[3—7]. Cfood agreement has generally been obtained be-
tween simulation and a simple theoretical model. This
theory calculates the excess kinetic energy as the
difference in space-charge potential energy between the
initially nonuniform cross section and a final state as-
sumed to be uniform. Some possible complications to
this simple picture will be noted below, however, which
can affect the calculation of the beam evolution.

The conversion between potential energy and rms emit-
tance generally occurs in a distance 1, /4, where
A, =2~V/co is the distance traveled by the beam in a
plasma period, and co =(q n lay m )' is the
laboratory-frame plasma frequency, with y =(1—P )

the relativistic contraction factor, U the beam velocity, c
the speed of light, P=U/c, m the particle rest mass, and q
the charge of the particle.

This quarter wavelength of the plasma oscillation A, /4
is the distance required for a perturbation, which is ini-
tially established by displacing a charge from its equilibri-
um position, to interchange its initial potential energy
with kinetic energy. Such an initial displacement, if it is
in the parameter range that can be described by linear
theory, will then interchange its energy back to potential
energy. The fact that the actual beam system does not
generally return to its initial state implies that the
dynamical process is not well described by a simple linear
displacement from equilibrium position, and the dynam-
ics of any plasma oscillations are substantially nonlinear.
Nevertheless, a sloshinglike motion in the beam density,
of the sort which would be expected from the simple pic-
ture of an initial inhomogeneity launching a large-
amplitude plasma wave, is still observed. This sloshing is
also accompanied by oscillations in the rms emittance if
the initial density is sufficiently nonuniform to cause sub-
stantial net rrns emittance growth.

In addition to large-amplitude plasma oscillations,
which can persist for several plasma periods, the beam
particles also undergo the characteristic betatron oscilla-
tions of focused beam systems. As will be discussed
below, the space-charge depressed betatron period can be
somewhat longer than the plasma period. Phenomena

characterized by this time scale, such as the image forma-
tion discussed below, are therefore observed somewhat
downstream of the homogenization distance.

Another source of complication can arise when the
focusing force is spatially modulated, as in a periodic
focusing lattice, rather than constant. In that case, the
lattice frequency is introduced in addition to the plasma
and betatron frequencies already discussed. It is then
possible for the beam to become unstable [9]. In that
case the simple process described here is not useful for
predicting beam evolution. In the presence of lens non-
linearities it is also possible for individual particle orbits
to become unstable, and the emittance will grow as a re-
sult. This process, however, has been found to generally
occur on a much slower time scale than the equilibration
discussed here [10]. It is also possible for energy to be
transferred between the longitudinal and transverse direc-
tions [11]. For the experimental parameter range dis-
cussed here, however, the periodic nature of the transport
channel does not introduce significant deviations from
what is predicted by consideration of the simple conser-
vation of transverse energy appropriate to a uniformly fo-
cused beam system.

A third possible source of complication, even when in-
voking the simple principle of conservation of energy,
occurs when the initial emittance is low enough that the
beam energetics is dominated by space charge. In this re-
gime, if the initial deviation from equilibrium is
sufficiently large, the rms radius of the beam will change
slightly during the transition to equilibrium. Due to just
a small change in beam radius, there is enough change in
potential energy [12] that the rms emittance growth can
differ substantially from what would be predicted assum-
ing a constant rms beam radius. It is then important to
accurately determine the actual value of the radius after
beam homogenization, either from simulation or experi-
ment, in order to correctly calculate beam energetics.
This effect is even more pronounced when the initial
beam is not perfectly matched, in the rms sense, to the
focusing channel. There is then additional free energy as-
sociated with the mismatch that can cause further emit-
tance growth. Application of the more general model
[12], which includes the extra source of free energy aris-
ing from changes in the rms radius, to calculate the emit-
tance growth in our experiment, however, yielded only
very small (of order 1%) corrections to the simple theory
discussed below.

An interesting, and unexpected, experimental observa-
tion, already discussed in our previous paper, is the ap-
pearance of a downstream image of the initial beam
configuration on a Auorescent screen. Apparently, a
sufficient number of particles described orbits that were
near linear, so that the original transverse beam structure
was imaged after a half-wavelength distance in the parti-
cle betatron oscillations. This occurs despite the substan-
tial and irreversible growth in rms emittance that is nor-
mally associated with nonlinear behavior.

The appearance of images in the experimental beam
system does, therefore, suggest that the linear-orbit ap-
proximation is germane to describing beam dynamics.
As will be discussed below, the linear treatment can give
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considerable insight into the nature of the detailed parti-
cle orbits. The details of the fine structure actually sug-
gest that two sets of images, corresponding to different
types of particle orbits, are observed in both the experi-
ment and simulations. Furthermore, if a linearized treat-
ment succeeds in appropriately describing the beam evo-
lution for a beam with the large level of initial nonunifor-
mity described here, it is likely to be even more appropri-
ate for initial distributions that are somewhat more
homogeneous.

B. Theoretical relationships

—(& S/o )1/2[u+(1+u ) ] (2)

It has been known for some time that, in the presence
of linear forces, the Kapchinskij-Vladimirskij (KV) en-
velope equations are also valid for a general distribution
when the quantities in the original envelope equations
represent the rms averages for the beam radius and emit-
tance [13,14]. Such a beam suffers rms emittance growth
only in the presence of nonlinearities in either the exter-
nal or self-forces.

It is convenient to introduce a twice-rms or "effective"
radius R =2R, „and a similarly defined effective four-
times rms emittance E=4E,. These rms equivalent
quantities are convenient when referring to a near-
uniform distribution because the effective radius is equal
to the actual radius for a uniform distribution.

Several authors [4,13,15] have generalized the rms en-
velope equations to include the consequences of emit-
tance change due to nonlinearities in the beam system. A
convenient formulation for the current case calculates the
change in rms emittance, as an initial nonuniform cross
section evolves to a final condition where it is assumed to
be uniform, by using conservation of the sum of electro-
static potential and kinetic energy in the transverse direc-
tion [3,4]. The emittance growth can be written as

i /2
Ef 0p'= 1+ ', -1
E; 2' p 0

where wo=poI /16mP, and U/wo is a dimensionless
quantity that depends only on the shape of the initial
nonuniform distribution, Ef and E; are the final and initial
four-times rms emittances as defined above, 0. and o.

p are,
respectively, the phase advance per cell of the magnet
period with and without self-fields, I denotes the beam
current, and pp=4~X10 H/m is the permeability of
free space.

If the phase advance per magnet period neglecting
space charge 0.

p is less than 90, the beam radius does not
vary significantly during a period and the envelope
characteristics can be accurately approximated by
averaging the applied focusing force over the magnet
period. In this smooth approximation [16] an effective
matched radius R can be calculated for the periodic
transport system by balancing the focusing force aver-
aged over the period against the space-charge and emit-
tance forces. The effective matched radius can be written
as

where S is the lens period, u =AS/2oos;, Eis 'the gen-
eralized perveance defined as IC =(I/Io)2/(P y ), and
IO=4meomc 3/q=1. 7X10 A for electrons, m and q are
the electron charge and mass, c is the speed of light, and
Ep is the permittivity of free space. In the experiment, the
period length was S = 13.6 cm, and the measured current
was 44 mA at 5 kV corresponding to a generalized per-
veance of K =1.88 X 10 . As discussed in our previous
paper [8], a phase advance of era=70' was obtained by ac-
tually integrating the particle orbits through a period, us-
ing the nominal 83-G peak axial magnetic field and the
analytic parametrization of the magnets discussed below.
Note, however, that the nominal values for 0.

p and the
peak magnetic field will be reexamined in Sec. V.

The smooth approximation can also be used to calcu-
late the space-charge depression of the phase advance
from the relationship

op KR +1.
0

(3)

Ef ER
1+

2E; ~p
(4)

If the current density from the cathode is assumed con-
stant, the source current can be increased by making the
cathode radius larger. If the gun geometry is also scaled
to the larger radius, with any external focusing scaled to
preserve this current density, then both K and R are
proportional to current. If the emittance growth due to

Equations (2) and (3) can be used to approximate the
phase advance of individual particle trajectories, assum-
ing their orbits are close to the linear orbits that would
occur in a beam with a uniform cross section, such as
what occurs in a E-V distribution. If the orbits are in
fact close to linear, then an image of the initial inhomo-
geneous distribution would be expected to occur after
traversal of a distance z;,s, =mS/o corresponding to a
depressed phase advance of 180'.

It can be argued that two possible emittances are ap-
propriate for use when calculating the depressed phase
advance in order to estimate the image plane location. If
the orbits of the particles forming the image remain local
to the specific beamlet where they originate, the initial
emittance of the beamlet seems correct. On the other
hand, since the charge homogenization and the resulting
growth in rms emittance occur after traversing a length
that is short compared with the image formation dis-
tance, another estimate of the location of the image is ob-
tained by using the value of effective emittance after
homogenization. This estimate implies that orbits of the
particles forming the image sample an average of the to-
tal beam. Both theoretically predicted distances can be
compared with the experimentally observed and the
simulated location of the image plane. As wi11 be dis-
cussed below, there is some evidence of images at both
planes.

From Eqs. (1) and (3) it is possible to rewrite the for-
mula for emittance growth in terms of easily calculable
quantities as
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the conversion of space-charge potential to kinetic energy
is further assumed to be the dominant source of emit-
tance, then the emittance growth predicted by Eq. (4) is
proportional to current. The intrinsic emittance that re-
sults from the cathode temperature, on the other hand, is
proportional to the radius, and therefore to the square
root of the current. This scaling, which can be shown in
more generality than space here permits, is the source of
the assertion that emittance growth from beam inhomo-
geneity can dominate the intrinsic emittance as current is
increased by increasing the diameter of a cathode with
constant current density.

In terms of the defined quantities, the charge homogen-
ization distance z =A, /4 can be expressed as
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where R represents the beam radius averaged over the
merging distance. Because of the large excursions of the
envelope during traversal of the matching sections, this is
most accurately calculated from the actual beam en-
velope derived from the simulations.

Figure 1 is a schematic illustration of the experimental
setup near the electron gun. The beam mask, as illustrat-
ed in the figure, is used to create an initial inhomogene-
ous current distribution consisting of five beamlets. The
effective, or twice-rms, radius of the five-beamlet
configuration at the mask is calculated to be

b = pipe radius = 14.0 mm

ooo
26

a = beamlet radius = 1.19 mm

5=3a=3.57mm

Cathode temp. = 0.12 eV

Cathode radius = 12.7 mm

FIG. 1. Schematic of the multiple-beam experiment showing
the first three magnets and the first diagnostic port. Also shown
are the dimensions of the beam mask. A phosphor screen is
mounted at the end of a trolley that can be moved along the
channel.

R;=(a +1.65 )'~ =3.924a =4.67 mm . (6)

e; =R;(2kT„/eVo)'~ (7)

where k is Boltzmann's constant, e is the electron charge,
Vo is the accelerating voltage, and T„is the temperature
at the beam waist (mask). Because the beain profile is not
completely uniform as it emerges from the gun, calcula-
tion of ratio of the waist temperature to the cathode tem-
perature, which is about a factor of 4, will be discussed
below.

For the nonuniform field geometry factor U/iso one
obtains

U =0.16 ln
Wo

5 4
1 —s

' 12.5
t +1.6s

$2
—5 .=0.2656, (8)

where s =6/6, t =a /6, and 6 = 14 mm is the pipe radius,
as illustrated in Fig. 1.

Recent theoretical calculations have estimated the ex-

The intrinsic rms emittance of the five-beamlet
configuration can then be calculated as the product of the
initial effective radius at the mask and the beam thermal
speed at that position. The thermal speed is in turn cal-
culated using the measured cathode temperature correct-
ed for the, assumed adiabatic, compression from the
cathode to the beam waist, which is also the location of
the mask. The effective, or four-times rms, emittance at
the mask is therefore

cess space-charge potential energy that results from any
mismatch in the beam envelope [12]. This energy is con-
verted to emittance as the beam evolves. However, be-
cause the beam is well matched in the experiment, only
about a 1% change in emittance is predicted from this
effect, and these calculations are not presented here.

Using the expressions derived and the nominal experi-
mental parameters, it is possible to predict the emittance
growth that is expected in the experiment. This calcula-
tion, along with a discussion of the suitability of using the
nominal parameter set, will be examined in Sec. V.

III. DESCRIPTION QF KXPKRIMKNT

The beam-transport apparatus used in the experiment
[17] was designed to investigate the space-charge limited
transport of low-emittance beams that are characterized
by a suSciently low spread in longitudinal velocity that
all particle dynamics can be described nonrelativistically
in a frame moving with the beam. Beam dynamics in this
frame can then be described by a relatively small number
of free parameters so that the experiment can be used, on
a scaled basis, to investigate a range of phenomena
relevant to a large number of low-emittance beam experi-
ments. The scaled behavior of this experiment can be
particularly useful for examining the nonlinear dynamics '

of ion beams because of the expense of any experimental
apparatus that actually uses high-current low-emittance
ion beams.

The basic experimental apparatus consists of a 2.54-



5198 I. HABER, D. KEHNE, M. REISER, AND H. RUDD

cm-diam thermionic cathode in a Pierce gun structure
producing a 240-mA beam at an energy of 5 keV, and a
measured cathode temperature kT =0.12 eV. The intrin-
sic emittance, calculated by multiplying the thermal
cathode velocity by the cathode radius, is low enough
that the beam is space-charge dominated. That is, the
beam envelope dynamics is determined primarily by
space charge, rather than by the emittance due to beam
temperature. The pulse length is 2 ps with a repetition
rate of 60 Hz, so that diagnostics can be performed
with relatively slow electronics, and the pulse-to-pulse re-
peatability allows reliable measurements over many
pulses.

The beam compresses from the cathode to a waist that
occurs at the exit from the anode. After passing through
a mask placed at the plane of the waist, the beam then
enters into a transport system consisting of 38 solenoidal
magnets placed 13.6 cm apart. The first lens, centered
10.0 cm from the beam waist, and the second lens are in-
dependently powered, so that the values of their magnetic
fields can be set to match the beam to the remaining
periodic transport system.

The schematic diagram of the experimental apparatus
in Fig. 1 shows the matching lenses and the first of the 36
periodic transport magnets. Also shown is the first diag-
nostic port. Additional diagnostic ports are available
after 12, 24, and 36 lenses further down the channel.

A slit and pinhole apparatus [18] with a Faraday cup
for measurement of the current, is used to measure the
beam emittance and is mounted at the downstream end of
the transport system. The measurement method used as-
sumes cylindrical symmetry of the beam distribution. Be-
cause this apparatus cannot access the beam near the
source when the magnetic transport system is in place,
emittance measurements of the source have been per-
formed using a special test stand constructed for that
purpose.

Test-stand emittance measurement of the source,
without the mask in place, obtained a value 1.1 times the
intrinsic emittance calculated from the product of beam
radius and the rms velocity derived from the measured
0.12-eV cathode temperature. Because use of rms quanti-
ties strongly weights particles at the outside of the beam,
the emittance appropriate to the masked beam
configuration in Fig. 1 is likely to be somewhat closer to
that calculated from the intrinsic emittance. This is be-
cause the beam is observed to be somewhat hollowed, and
the mask eliminates a large fraction of the higher-
temperature particles at the beam edge, as will be dis-
cussed below.

The gun operating conditions between the solid and
multibeam conditions are similar. This is evidenced by
the 44-mA current that is measured coming through the
beam mask, compared to the 46-mA current that is pre-
dicted by multiplying the 240-mA gun output by the ratio
of the area of the beam waist to the combined area of the
five beamlets.

A diagnostic tool that has proved central to the com-
parisons between experiment and simulation is a phos-
phor screen mounted on a trolley that can move down
the entire channel to within 3 cm of the aperture plate.

The screen picture is recorded with a charge coupled de-
vice camera. The output is digitized on an Apple Macin-
tosh computer, and the digital images are then displayed,
measured, and recorded.

In order to accurately understand transport system be-
havior, especially in the relevant space-charge-dominated
regime, it is important to have a thorough characteriza-
tion of the transport system lenses. Extensive measure-
ments have been made of the linear and nonlinear magnet
characteristics and their analytic parametrization [19].
This will be discussed in later sections.

An extensive series of measurements has also been
made of the propagation of the full, unmasked 240-mA
beam in the periodic channel [20]. Good agreement has
generally been obtained between simulations and mea-
surements of the beam emittance at the downstream end
of the experiment [21]. In particular, in those instances
where substantial emittance growth was observed, simu-
lations with the appropriate level of misalignments could
account for the amount of emittance growth. Under can-
ditions of misalignment, the beam density profile in the
simulations evolves to a downstream density proNe that
is peaked on axis, and this general shape was verified ex-
perimentally. %'hen the transport system was more accu-
rately aligned, the somewhat-lower downstream emit-
tance growth that was observed was also in good agree-
ment with simulation. The simulations in this case pre-
dicted the 20% hollowing in beam density between axis
and outer edge that is observed experimentally. This hol-
lowing results from the formation of a space-charge dis-
tribution that is in equilibrium with the radially nonlinear
focusing forces characteristic of the focusing magnets.

IV. NUMERICAL MODEL

If the electron beam in the Maryland transport experi-
ment is viewed as a thermal, non-neutral plasma, then its
transverse dimension is comparable to the Deybe length
in that plasma. Additionally, the beam lifetime in
traversing the transport system is only a few plasma
periods, and the beam dynamics can be described nonre-
lativistically in the beam frame. This parameter range is
particularly amenable to investigation using electrostatic
plasma particle-in-cell (PIC) numerical techniques. The
simulation of heavy-ion fusion transport (SHIFT) code
[22] employed in the simulations here is a mature code
based on well-tested plasma-simulation techniques [23].
This code should be capable of simulating the experiment
to a high degree of accuracy if care is taken to adequately
specify the correct experimental parameters.

The SHIFT code uses a fast-Fourier transform (FFT)
field solver in conjunction with a capacitance matrix to
solve for the image charges appropriate to arbitrarily
shaped conducting boundaries. In the present case, the
conductor geometry is a circular pipe.

A substantial number of numerical tests have been per-
formed to identify the numerical parameters needed for
accurate simulation. These simulations are generally per-
formed on a 256 by 256 rectangular mesh, using 32 steps
per magnet period and 32-K particles. The number of
particles is determined more by a desire to smooth granu-
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2

1+ Z

a

where b =2.29 cm and a =4.4 cm. The off-axis magnet-
ic field at a point ( r, z) is then found numerically from the
expansion up to fourth order,

2 4

8,(r, z) =B,(O, z) — 8"(O,z)+ 8 "(O,z),
64

3

8„(y,z)= ——8'(O, z)+ 8"'(O,z) .
2

' 16

(lO)

Figure 2 is a plot of the measured values of the radial
magnetic field 1.0 cm off axis, which is approximately the
outer limit of the field typically sampled by beam parti-
cles. Also plotted for comparison is the field calculated
from the truncated series. The value of B„used in the

20—

10—

—10

—20

I

—2 0
z (in. )

FIG. 2. Comparison, as a function of axial position, between
the measured radial magnetic field at 1-cm radius and the field
calculated from the truncated field expansion of the analytic ex-
pression for the on-axis field.

larity in rendering beam density plots than for any accu-
racy requirements in the simulations, and no differences
in rms beam quantities are observed when fewer particles
are used. Particles are advanced in time in a frame mov-
ing linearly with the beam, but not rotating, using the
standard —,'E, v X8, —,'E centered leapfrog.

Many of the observed characteristics of the Maryland
transport experiment may be explained only if the details
of lens nonlinearities are included. It is therefore impor-
tant to incorporate an accurate representation of the
magnet characteristics into the simulation model. For-
tunately for this purpose, a comprehensive series of de-
tailed measurements of the lens characteristics has been
made by Loschialpo [19]. He found that the longitudinal
magnetic fields along the axis of a single lens could be ac-
curately modeled by the analytic form

B e
—(&f2)(zlb)

8, (O,z)= (9)

field calculation was in turn calculated from the applied
magnet current using Loschialpo's measurements along
the axis. There are no other free parameters in this com-
parison, except that the experimental data were sym-
metrized by slightly shifting the vertical axis to account
for hysteresis in the field measurement.

During a simulation, the analytic expressions for the
derivatives of the magnetic field are evaluated at each
longitudinal position, and the magnetic field is then cal-
culated using the radius of each particle. The need for 32
leapfrog steps per magnet period in integrating the parti-
cle orbits was determined numerically to be adequate for
representing the relatively rapid variation in magnetic
field near the beam edge.

V. COMPARISON OF EXPERIMENT
TO THEORY AND SIMULATION

A. Use of images to determine experimental parameters

In addition to characterizing the experimental beam by
measured macroscopic averages such as rms radius and
rms emittance, and comparing the evolution of these
quantities to theory and simulation, a more detailed level
of comparison is made possible by the fluorescent screen
diagnostic. A wealth of information is contained in the
fine structure observed during beam relaxation to a uni-
form cross section, and simulation should be capable of
reproducing this fine structure at every location along the
transport system. Furthermore, it is unlikely, because of
the observed complexity of the beam evolution, that good
agreement can be obtained between simulation and exper-
iment unless the simulation code is a very good represen-
tation of the experimental apparatus.

Because of the unexpected observation on the Auores-
cent screen of a downstream image of the initial five-
beamlet distribution, emphasis was placed on using the
simulations to duplicate the location, detailed shape, and
orientation of the beam images, as well as details of the
beam evolution leading to the image formation. It was
hoped, and to some degree this was ultimately verified,
that if a simulation could reproduce the beam images, it
would also reproduce the intermediate dynamics of their
formation.

Simulations that employed the nominal experimental
parameters, however, did not adequately reproduce de-
tails of the observed images. A search of parameter space
was therefore undertaken to identify which parameters,
when varied from the nominal values, would account for
the observed discrepancy between observed and simulat-
ed profile evolution. This parameter search first em-
phasized variation in those parameters most subject to
experimental uncertainty, such as initial beam emittance,
beam waist location, and initial beam distribution. This
procedure led to the discovery that, in the simulations de-
scribed previously [8], the value of the beam temperature
at the mask did not include the adiabatic heating of the
beam during compression from the cathode to anode.

The "best fit" between simulation and experiment did
reproduce a beam image at almost the correct location.
However, this required use of an initial emittance in the
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simulation approximately 25%%uo higher than the intrinsic
emittance calculated from the mask configuration and the
temperature at the mask plane after adiabatic compres-
sion from the cathode. In view of measured solid beam
emittances on the test stand within 10% of the intrinsic
emittance, and the likelihood that rejection of the high-
temperature edge particles by the beam mask should re-
sult in an emittance closer to the intrinsic value in the
five-beamlet experiment, this seemed too high. Further-
more, the simulated image shapes were somewhat
difFerent than those experimentally observed, and the
values of the matching lens currents needed to simulate a
matched beam were outside of the range of measurement
uncertainty. Finally, at the image plane 101 cm from the
mask, the observed images were rotated approximately
360 from their initial orientation. This did not corre-
spond to the 328 rotation predicted both by simulation
and by simple paraxial theory using the analytic field in
Eq. (9).

Because of the experimental observation that some
stray magnetic field could be present at the cathode when
the beam pulse did not correspond to the minimum in the
60-Hz heater current, and in view of the possible ob-
served discrepancy in beam rotation, care was exercised
to insure that experimental observations were always per-
formed at a null in the 60-Hz cycle. As a further check,
simulations were performed to investigate the conse-

quences of an added magnetic field at the source. Only
when this field is set to approximately 10 Ci, which is the
maximum possible in the experiment, was any substantial
effect observed on the formation of images, and the im-
ages then seen were somewhat different in form from
what was actually observed.

It was accordingly decided to relax previous assump-
tions as to which parameters were inviolable in searching
for agreement, and a systematic, if tedious, attempt was
made to widen the simulation parameter range examined
in seeking a best fit to the experimental observations.
Fortunately, the rotation that a beam experiences in
traversing a periodic solenoidal transport system depends
strongly only on the values of the magnetic field. In par-
ticular, when the magnetic field is scaled upward by 10%,
keeping constant the functional form for the spatial vari-
ation in the magnetic fields, the rotation of the simulated
beam agrees well with the observed rotation.

Figure 3 is a comparison between the Auorescent
screen images and grey-scale computer renderings at
various positions along the transport system when the
10% above nominal magnetic field is used. The initial
emittance used in this simulation is approximately 65
mm mrad; however, variations of about 5% from this
value do not substantially change the location and shape
of the simulated images. The computer renderings were
generated by binning the particle data from the simula-
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z=34cm z = 44.3 cm

z = 17.0 cm z = 715 cm

z = 30.7 cm z = 101 cm
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FIG. 3. (a) Phosphor-screen pictures and comparable simulation plots at 3.4, 17.0, and 30.7 cm from the beam mask, showing
beam profile evolution and image formation as the beam propagates down the periodically focused channel. (b) Phosphor-screen pic-
tures and simulation plots at 44.3, 71.5, and 101.0 cm.
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tion, attributing a grey scale to each level, and then plot-
ting the corresponding bin in the appropriate grey. It
should be noted that the mask orientation in the experi-
ment, as can be noted in the first of the fluorescent screen
images, is rotated by approximately 7 . The orientation
of the simulated images was therefore adjusted to match
the experimental pictures tilted by this 7'.

Excellent agreement is evident not only in the location
and shape of the images but also in many fine details of
the structure. Though not shown, both simulation and
experiment also show some circularly symmetric beam
structure 202 cm down the transport line, which is where
a second image might be expected. Some deviations from
azimuthal symmetry are observed in the experimental
pictures that are not observed in the simulations. This is
presumably due to a misalignment in the experimental
apparatus that is not in the simulation.

Some discrepancy between the experimental and simu-
lated images can be seen at z =3.4 and 17.0 cm. Upon
further examination, it was discovered that the structure
of the beam at 3.4 cm in the experiment agrees quite well
with the simulated beam at 6.4 cm. In addition, the
structure seen in the experiment at 17.0 cm was found to
agree with the simulated beam at 20.4 cm. This 3-cm
difference appears consistently throughout the matching
section (z (30 cm). Past the matching section, agree-
ment improves substantially.

In the channel experiment, when the beam is injected
into the first matching lens it undergoes free expansion
for the first 5 —6 cm before being influenced by the first
magnet located 10 cm from the mask. Therefore, the free
expansion data measured on the test stand should dupli-
cate the expansion found in the first 5 —6 cm of the chan-
nel experiment. As it turns out, in the region 3—6 cm
from the mask, the test-stand expansion of the five beams
agrees very well with the simulation results and disagrees
with the previous measurements of the five beams per-
formed in the channel. After consideration of the
mechanics of the phosphor screen trolley in the matching
section, it was concluded that the observed discrepancy
probably did result from an error in the positional mea-
surement of the trolley in the matching section.

B. Comparisons of averaged beam parameters

A further consequence of employing a peak magnetic
field 10% above the nominal value is resolution of the
discrepancy between matching lens values measured ex-
perimentally and those needed to match the simulated
beam. Figure 4 is a plot of the rms beam radius as a
function of the distance along the transport line. The
simulated beam envelope is now well matched for trans-
port lens values at the +10% level, and the ratio of
matching lens fields to transport lens fields set to the
values found to match the beam in the experiment.

Though the setting of the peak value of the magnetic
field primarily affects the beam rotation, the phase ad-
vance, and therefore the location of the beam images, is
also shifted. In view of the difticulty in measuring the
emittance at the mask plane, the emittance appropriate
for the simulations was found by numerical experimenta-
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FIG. 4. Plot of the rms radius, normalized to the initial rms
radius, of the simulated beam as it propagates down the chan-
nel.

tion. Using the augmented magnetic field necessary to
get the proper beam rotation, the initial emittance was
varied until the simulated images occurred at the location
observed in the experiment. It is worth noting that this
procedure appears to be a sensitive method for measuring
beam emittance, since variations of the order of 10%%uo re-
sult in a clearly observable shift of the images off their
nominal location.

Table I is a summary of the beam parameters found ex-
perimentally, theoretically, and in the simulations. The
initial value of emittance found by using the simulations
to reproduce the image location is 64.8 mmmrad. This
corresponds to a temperature at the mask that assumes
adiabatic heating during a factor of 2.0 compression in
beam radius going from the cathode to the mask. This
compares with a factor 2.1, which is inferred by measur-
ing the radius of the edge of the beam. However, as will
be discussed below, because the solid beam is not homo-
geneous, an alternate compression factor can be calculat-
ed from the ratio of masked current to total current. The
compression ratio calculated in this way, by dividing the
ratio of compressed current to total cathode current by
the ratio of cathode area to the total area of the holes in
the mask, is 2.05. Both of these numbers verify, within
the uncertainties, that the emittance at the beam mask is
close to the intrinsic emittance. That is, the cathode tern-
perature is the full source of the transverse thermal ener-
gy.

Figure 5 is a plot of rms emittance as the simulated
beam propagates down the transport system. Little fur-
ther change is observed in the remaining 26 periods. The
final emittance grows by a factor of 1.54 to 100 mm mrad
which agrees, within the combined measurement uncer-
tainties, to the growth by a factor of 1.64 (108+6
mm mrad) measured at the downstream end of the trans-
port system by the slit pinhole method referenced above.
Recalling that there is some uncertainty as to what initial
emittance to use in the simulation, closer agreement
could have been obtained to the measured final emittance
by running the simulation with a slightly higher initial
emittance, as might result from a small degradation of
the beam from the intrinsic value.

From the theory of energy conservation as discussed in
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TABLE I. Summary of results from experiment, simulation, and theory. The first three rows are in-
put parameters for simulation and theory.

Initial emittance
e; (mmmrad)

Peak magnetic field

B0 (G)"
Phase advance

without space charge o.0'

Downstream emittance
ef (mmmrad)

Homogenization distance
z (cm)

Image location

image

Experiment

66+3'

91.5+2

77'

108+6

15-20

101

Simulation

91.5

77'

100

15-20

101

Theory

64.8

91.5

77'

103

'Determined from measured ratio of five-beam and full beam currents and assuming adiabatic compres-
sion for calculation of the mask temperature.
"Determined from measurement of image rotation.
Determined by integrating over orbits using analytic B field with Bo=91.5 G.

2.0

o.o &

-30.60
Z (cm)

136.00

FICi. 5. Plot of the rms emittance, normalized to the initial
emittance, of the simulated beam as it propagates down the
channel.

Sec. II, growth by a factor of 1.58 to a value of 102
mmmrad is predicted if the nominal magnet field is as-
sumed. If this calculation is redone for the assumed
higher magnet field, and the corresponding value for o.

p

of 77, the initial effective matched radius becomes
=4.61 mm, and growth by a factor of 1.51 to a value

of 98 mm mrad is predicted. In view of the uncertainties
in accurately specifying the initial distribution function,
as will be discussed below, as well as possible small resid-
ual misalignments in the transport system, agreement
amongst theory, simulation and experiment is within the
combined uncertainties.

The appearance of downstream images suggests that
many particle orbits are well approximated by the trajec-
tories that would be expected from linear orbits in a beam
with a uniform transverse distribution. This assumption
can be used to calculate the location of the image plane.
Some further assumption is required about the average
background distribution the particles traverse during
their orbits. Alternatively, by using Eq. (3) to calculate
the depressed phase advance, and by assuming that the

images are indeed formed after a phase shift of m in the
linear depressed phase advance, the location of the image
plane can be used to infer the average effective back-
ground emittance sampled by the particles forming the
image.

Using the smooth approximation, and employing the
value of the magnetic fields from the simulations (that is
nominal plus 10%%uo) the phase advanced per magnet
period op is 77 ~ If the initial beam emittance inferred
from the cathode temperature is used, an image plane lo-
cation of 103 cm is calculated, which compares well with
the observed image plane location. This strongly sug-
gests that the individual particles forming the image ex-
perience a background distribution largely composed of
the unaltered initial beamlets, and suggests that the parti-
cle orbits are fairly localized in their excursions from ini-
tial positions. This would explain why the location of the
image plane in the simulations is a sensitive function of
the assumed initial emittance.

Because the rms emittance reaches its final value in a
distance short compared with the image formation dis-
tance, it would have been expected that the emittance to
be used in calculating the image plane location should be
the value after homogenization. This assumption pre-
dicts an image plane location of approximately 69 cm.
Examination of the simulation and experimental pictures
at 71.5 cm does show evidence of an image being formed
at this plane, although somewhat different in detail from
the images further downstream. Though these images
are less clear than the images further downstream, more
distinct images are in fact seen in both the simulation and
experimental pictures, not shown here, sli.ghtly further
down the transport line. It is probably reasonable that
formation of this set of images is slightly delayed since it
takes the beam a finite time to reach the final emittance.

It can be conjectured from this behavior that the evolu-
tion of the beam cross section can be thought of as con-
sisting of groups of particles whose orbits sample
different parts of the beam as they traverse the transport
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system. One of these groups samples mostly particles lo-
cal to an initial beamlet, and therefore forms an image
influenced by particles in the initial beamlet emittance.
Another group samples a more global section of the beam
and therefore images at a distance predicted by the aver-
age beam emittance, which grows rapidly as the beam
homogenizes.

C. Reexamination of the magnet model

Particularly in view of the large number of detailed
measurements that have been conducted to specify the
magnets in the Maryland transport experiment, the need
to assume a 10% increase in nominal field in order to get
a good fit to the experimental data was surprising. To
determine possible causes for this 10% discrepancy, a
series of simulations was performed that attempted to
match the previously published [19] magnet measure-
ments. Additional measurements of magnet characteris-
tics were also undertaken.

When the focal length of the magnet for a low-current
beam was measured by running a low-current beam in the
simulation code, the code agreed with the reported [19]
experimental and calculated value to within the 1% mea-
surement accuracy. The published data also include plots
of the magnet characteristics for the full beam current,
and these curves do not exhibit the excellent agreement
that was achieved in similar comparisons of the low-
current trajectories. Simulations were therefore run to
compare directly to the published curves. The rms beam
characteristics found in these simulations did agree very
well with the published theoretical curves. However, for
the case that had envelope excursions closest to what is
relevant to the five-beamlet case, a much better fit to the
experimental beam-edge data was, in fact, obtained by in-
creasing the nominal field by 10%. Since both the analyt-
ic model and the parameter fit to that model were opti-
mized for a beam with low current, it is possible that the
analytic fit used is not as good for space-charge dominat-
ed How, where particle orbits are nearly parallel to the
axis.

Another possible source of discrepancy may reside in
possible differences among the actual magnets. Recent
measurements have, in fact, suggested that there are
differences of a few percent between individual magnets.
It is not; however, currently practical to disassemble the
transport line and measure all the magnet characteristics
in order to definitively resolve this issue.

D. Beam hollowing at the mask plane

Another area lacking clear agreement between simula-
tion and measurement results from the observation that
the beam entering the mask plane is somewhat hollow.
An examination of the Fig. 3 fluorescent screen output at
3.4 cm shows less light output in the central beamlet.
Figure 6 is a plot of the light output from a scan across
the masked beam Auorescent screen output. The data,
taken on the test stand, are from a plane within 1 cm of

—0.5
DISTANCE (cm)

FIG. 6. Scan of the light output from the fluorescent screen
across the beam just after it emerges from the mask. Hollowing
of the beam profile is clearly visible.

the mask. This shows clear evidence of hollowing in the
solid beam out of which the five beamlets were carved.
The relationship between light output and current densi-
ty was established using the Faraday cup and pinhole ap-
paratus to calibrate a screen picture for the solid beam.
From this calibration a ratio of about 1.25 between the
current density at the beam edge and the beam center is
inferred.

If phase-space area, or emittance, is conserved, the
thermal velocity varies as the inverse of radius as the
beam is focused down when going from the cathode to
the gun waist. Because of the short distance between the
cathode and the beam waist, this assumption of adiabatic
heating of the beam seems to be a good approximation.
In particular, it seems reasonable to further assume that
the particle orbits in going from cathode to waist are rel-
atively laminar, and this adiabatic temperature increase
also occurs locally within the beam. This assumption of
local adiabatic heating predicts an increased temperature
at the beam edge corresponding to the increased density
observed, and this increase has been verified by direct
measurement using the slit and pinhole apparatus.

Simulations, on the other hand, that assume an initially
hollowed current distribution, do not reproduce the ex-
perimental pictures as well as the simulations, presented
thus far, which assume an initially uniform beam cross
section. A typical simulation picture at the 101-cm im-
age plane, generated with an initial ratio of 1.2 between
the central and edge densities, is shown in Fig. 7. The
tear-shaped images appear to be characteristic of simula-
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experimental behavior, especially in view of the narrow
parametric range of the currently available experimental
data.

VI. CONCLUSIONS

FIG. 7. Image plane profile, 101.0 cm from the beam mask,
from a simulation using a beam that is initially hollowed by
20%. Tear-shaped images are typical of those seen in simula-
tions with initially hollowed profiles.

tions that assume an initially hollowed beam. This
discrepancy is not improved by assuming an initial tem-
perature variation consistent with the concept of local
adiabatic heating. Simple assumptions that were tried,
such as a quadratic or stair-step approximations for the
shape of the initial density and temperature, have not
been successful at improving agreement. Variation of the
other parameters such as current and emittance also do
not circularize the teardrop shape of the beamlets in the
image.

Unfortunately, the uncertainty in specifying the de-
tailed magnet characteristics under the actual experimen-
tal conditions also complicates resolution of this other
discrepancy. Because both the effect of nonuniform ini-
tial density and uncertainty in the radial dependence of
the focusing strength, which depends on the magnet pa-
rametrization, are strongly interrelated in their effect on
image shape, it is difficult to determine which effect is re-
sponsible for differences between simulated and observed

The nonlinear relaxation of an initially nonuniform
beam cross section toward a uniform final state has been
studied using experiment, theory, and simulation in con-
cert. Good agreement to the theory presented has been
demonstrated on the evolution of macroscopic averages
such as the rms emittance. In addition, detailed compar-
ison between Auorescent screen measurements and
computer-generated grey-scale renderings of simulation
output has been found to be a very valuable diagnostic
technique, because a good match between the two sets of
pictures can be obtained only after several free parame-
ters have been adjusted.

The ability of the simulations to accurately reproduce
many of the experimentally observed features of such a
nonlinear beam system is a good benchmark of the capa-
bilities of the numerical method. Also demonstrated is
the usefulness of the numerical simulations as an aid in
examining the consistency of differing sets of experimen-
tal measurements, as well as a tool for inferring quantities
whose direct measurement can be quite difficult. In par-
ticular, the observed sensitivity of the evolution of the
beam profile to the initial value of beam emittance sug-
gests that measurement of this beam profile evolution, us-
ing a Auorescent screen or Cerenkov foil, and simulations
in parallel with those measurements can be a useful
method for inferring beam emittance.
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