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Generation of tunable radiation using an underdense ionization front
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It is shown that when a light pulse is incident upon an underdense relativistic ionization front, the
light pulse can be simultaneously upshifted in frequency and compressed in duration. The reAection and
transmission coe%cients are examined. Examples for both overdense and underdense fronts are given to
show that a relativistic ionization front can generate tunable radiation from millimeter to ultraviolet
wavelengths.

PACS number(s): 52.4O.Nk, 52.65.+z, 52.75.Ms

In this paper we consider the use of relativistic ioniza-
tion fronts to both frequency upshift and pulse compress
already existing sources of radiation. This mechanism
may provide tunable radiation from millimeter to ultra-
violet wavelengths as well as subfemtosecond pulse
lengths. In this technique a light pulse is sent towards a
relativistic ionization front whose velocity is Uo c.
Ahead of the front is unionized gas, while behind the
front is stationary plasma. With the advent of intense
short-pu1se lasers the generation of ionization fronts
through photon ionization is now possible [1]. The rapid
variation in the refractive index (i.e., plasma density) at
the front increases the frequency of the incident light
pulse, and if the pulse is reAected, it is compressed since
the number of oscillations remains constant.

Lamp, Ott, and Walker [2] considered the reliection of
radiation when the front is overdense in the front's frame,
They showed that in this case a fraction of the radiation
is frequency upshifted by the factor ( 1+vo /c ) /
(1—vo/c)=4yo, where yo=(1 —vo/c )

'~ . They con-
sidered this as a possible method to generate millimeter
and submillimeter radiation. Although an expression for
the transmission coefFicient was formally derived, Lampe,
ott, and Walker did not consider underdense fronts. Re-
cently, Mori [3] and Sprangle, Esarey, and Ting [4] have
reconsidered overdense fronts as a possible method to
generate x rays and subfemtosecond pulses. The two ma-
jor results of this paper are that even when the front is
underdense substantial frequency upshifts may still occur
and that the transmitted mode may actually be rejected.
Furthermore, underdense fronts have distinct advantages
over overdense fronts for generating radiation and short
pulses in the infrared.

This paper is outlined as follows. First, we calculate
the frequencies that are generated by relativistic ioniza-
tion fronts. Second, we show that in the laboratory frame
the direction of the transmitted wave can be opposite the
incident wave in the underdense limit. Third, we present
computer simulations that confirm the analysis. Last, we
consider examples to determine the feasibility of this
technique for generating various wavelengths.

We assume that a plane wave polarized in the y direc-

tion is incident from the left with a frequency m;=k, c
upon an ionization front moving from right to left with
velocity Uo. The analysis is simplest when done in the
frame of the ionization front. We denote quantities in
this frame by the subscript f. In its own frame the front
is a stationary plane boundary that continually emits
electrons and ions with a velocity vo away from the in-
coming radiation. In this frame the analysis becomes a
boundary value problem with the conditions that E and
8 be continuous and that J vanish at the boundary. The
boundary condition for J exists because the plasma at the
boundary cannot have any transverse velocity since it has
just been created. Since there are three boundary condi-
tions, there must be three modes. These are a rejected, a
transmitted, and a free streaming wave. In the front's
frame each of these modes has the same frequency as the
incident wave. The incident wave has been Doppler up-
shifted to cof =(1+vo/c )poco 2poco and kf cof Ic
while the plasma frequency is still co, since it is a
Lorentz invariant.

We determine the generated frequencies by calculating
the wave numbers of the three waves in the front's frame
from the respective dispersion relations and then Lorentz
transforming the (co, k) vectors back to the laboratory
frame. The wave number of the rejected wave is
k f cof /c, so upon transforming back to the laborato-
ry frame we obtain co„=co;(1+vo/c )/(1 —vo/c ) =4yoco,
Therefore the ionization front behaves as a moving mir-
ror if the reAection coeflicient does not vanish. The wave
number of the transmitted wave is k,f =(cof —cof)'
The transmitted wave is evanescent if cof (co . We there-
fore call the front overdense if cof (co and underdense if
cof ) co . In the underdense limit the frequency and wave
number of the transmitted wave in the laboratory frame
are co, = go(cof —vokf )=co, (1+co /4co, ) and k, =(co;I
c )(1—

co~ /4co; ). Interestingly, when —,'(co /co; ) )) 1 the
frequency upshift of the transmitted wave can be quite
large and the wave is actually traveling backwards in the
laboratory frame. That is, we will show that the wave is
transmitted (i.e., to the right) in the front's frame with a
group velocity less than vo, so that in the laboratory
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frame it moves in the direction of the ionization front
(i.e., to the left). To our knowledge these points have
never before been recognized. It is worthwhile to note
how the above upshifts compare to those obtained from
fiash ionization [5] and photon acceleration [6]. In fiash
ionization the frequency is upshifted by the factor
( I+co&/co~)', while in photon acceleration it is upshift-
ed by 2&2e where e is the amplitude of the "accelerat-
ing" plasma wave (normalized to mccoy /e).

The dispersion relation of the free streaming mode is
k f cof /uo When transformed back to the laboratory
frame this mode has coo= yo(coI —uok, &)=0 and
k, =[uo/(c+uo)]k;. Thus it is a static magnetic field,
and it will be shown that when substantial upshifts occur
(either the refiected or transmitted upshifts) most of the
incident energy reinains embedded in the plasma in this
mode.

As when calculating the resulting frequencies, it is sim-
plest to calculate the reflection and transmission
coefficients in the front's frame and then transform the
results back to the laboratory frame. The analysis in the
front's frame is a boundary-value problem, with the three
boundary conditions and the four modes alluded to previ-
ously. The incident and reflected fields are of the form

I(cof t —kfx) I(cof t+kfx) +C.c. )

I(cof t —kfx) r(a)f t+kfx)8 f Ife —Rfe +c.c. )

while the fields inside the streaming plasma are

E(cd t —k,fx) I [cof t (@of/Uo)x]
xf f +Nf e +C.C. )

tf I(cof t —k fx) C & f&f t (f IUD)xlckf= f e ' + f e +c.c.
COf Uo

ck,f2 ~f I(a)f t —k,fx)T e
c

4m Jf=i
CC7f

f f i [mf t (Nf IUO)x]Sfe +C.C.
Uo C

where k,f =cof —
cop After imposing the boundary condi-

tions Lampe, Ott, and Walker obtained the reflection and
transmission coefficients in the front's frame:

Rf
ff =

If

Nf
7lf =

If

1 —
Po 1 —Qe/

1+Po 1++A/
'

1 —Po

1 —po+s/ 1+Qej
2P0 1 —Qs/

1+Po 1 —Po+e/
'

where s/=c kt//Co/ and po=uo/c. We note that for
simplicity these results were derived for discontinuous
fronts. Although a front can be approximately discon-
tinuous in the laboratory frame it is in general continuous
in its own frame. This is because the scale length of the
front is yo times longer and the incident wavelength is
2yo times shorter in the front's frame. The coefficients

can be calculated analytically for continuous fronts.
Lampe, Ott, and Walker [2] have shown that r& is un-
changed for the overdense case and it can be shown [7]
that t~ becomes s/' [(1—Po)/(1 —Po+s/)]. When
cop /cof (( 1 this reduces to the expression for the discon-
tinuous front.

In order to determine the reflection and transmission
coefficients in the laboratory frame the fields need to be
Lorentz transformed. In the laboratory frame the elec-
tric field of the incident and transmitted waves (under-
dense limit) as functions of the fields in the front's frame
are

yo(Efi puff ) yo( 1 po)lf

Et yo(Eft po f!) yo(1 po t/ Ef )+f

Therefore, the laboratory-frame transmission coefficient
1s

1 —po&E/, 2

Po 1+Qe&

In an analogous fashion the laboratory-frame reflection
and static magnetic field coefficients become

1 —QEI B„ 1 —Qs/
n =— =2po

1+Qs/ t 1 —Po+E/

Lampe, Ott, and Walker [2] investigated r and n in the
overdense limit (2yoco; (co ). For this case, the refiection
coefficient ~r ~

approaches unity. Therefore in the labora-
tory frame the electric field of the reflected wave is equal
to that of the incident wave and the ionization front acts
somewhat like a moving mirror. However, unlike the
moving mirror there is not 100% photon refiection. The
difference is that the moving mirror is a source of energy
while the plasma produced in the ionization front case is
not. Since the number of oscillations must remain con-
stant, the reflected pulse is compressed by an amount
equal to that of frequency upshift, so the energy (c,) and
photon (g) refiectivities are

1 —
po 1 1 —po

1+Po 4y,' ' 1+Po 4y,'

Since in the overdense limit the transmitted mode is
evanescent, most of the energy must be in the static mag-
netic field. This can be verified by simple energy balance
arguments. The amplitude of the static magnetic field is
twice that of the incident electric field and the front
moves towards the incident pulse, so the magnetic field
exists in the plasma over a distance half that of the in-
cident length. The kinetic energy of the static magnetic
field can always be neglected.

In the underdense limit, co /cof « I, the transmission
coefficient in the laboratory frame t approaches unity,
while the magnetic field coefFicient n and the trans-
mitted frequency approach n =2/( I+co /yoco ) and

2 2 2
cut =co;(I+yoco /co&). These provide two distinct limits.
When co//yoco~ =4cu; /co~ ))1, n becomes small, so most
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of the incident radiation is transmitted with a slight fre-
quency upshift. On the other hand, when tof /yoco «1
the frequency upshift can be very large, while n ap-
proaches 2. Since t is unity it would appear that energy
conservation is violated. This can be resolved as
follows. The ratio co /yoco is the ratio of
toflco~=ys=(1 —vg/c ) to yo, where vs=c+Ef is
the group velocity of the transmitted wave. Thus, when
4coi/co~ =ys/yo & 1, the group velocity of the "transmit-
ted" mode is less than vo ~ Therefore, in the laboratory
frame the energy in the transmitted" mode travels back-
wards with the front and that is why quotation marks are
used. This is also seen by noting that in this limit k, is
negative and is —k;[yo(co~/cof)]. The energy in the
"transmitted" mode is localized near the front and since
the number of oscillations remains constant the pulse is
compressed. Most of the energy is once again left in the
magnetic field and energy is conserved.

We next present computer simulations that confirm the
above analysis. In Fig. 1 simulation results of reflection
from an overdense front are shown. In the simulations
the front moves from right to left towards an incident
electromagnetic wave. The front is essentially discon-
tinuous since it rises over one cell. The velocity of the
front is vo/c =&3/2, so yo=2 and the frequency of the
incident wave is co;/co =0.28. The power spectrum of
the rejected wave is shown in Fig. 1(a). The broad peak
is centered at [(1+Po)/(1 —Po)]co;=4';. The narrow
peak is at co; and is the radiation reflected from the front
after it has stopped moving. In Fig. 1(b) the absolute
value of the reflected radiation is plotted versus time. It
clearly shows that the electric field amplitude of the up-
shifted radiation is equal to that of the incident radiation.

In Fig. 2 we present results for an underdense front.
Parameters were chosen so that cof/yoco «1, since in
this case substantial upshifts are possible. The simulation
parameters are y0=100 and co;/co =0.125. In Fig. 2(a)
we show the power spectrum of the radiation leaving the
left-hand (retlected boundary). The large peak is centered
at the theoretically predicted (dashed line)
co=co;[1+—,'(co~/co; )]=2. 125coz (an upshift by a factor of
17). Therefore, as predicted, the radiation in this so-
called "transmitted" mode actually leaves the left-hand
boundary. Vfe have done simulations where
—,'(eo /co; ) & 1 and have seen the transmitted radiation exit
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FIG. 1. Reflection from an overdense front. (a) The power
spectrum of the reflected radiation. (b) The time history of the
reflected radiation.
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FIG. 2. "Reflection" from an underdense front. (a) The
power spectrum of the radiation leaving the left-hand boundary.
(b) A plot of the electric field vs x.

the right-hand boundary with the predicted upshift. In
Fig. 2(b) the electric field versus position is plotted at
to t =175. The ionization front is at x =35c/co at this
time. The upshifted radiation is clearly seen to pile up at
the head of the front. The maximum amplitude is seen to
be equal to the incident amplitude eE;/men =0.0125,
which is in agreement with t =1. As the front moves
from right to left the amplitude of the upshifted radiation
does not change, but the number of upshifted oscillations
increases since it is equal to the number that has been in-
cident on the front. Last, we note that as predicted a
static magnetic field was left in the plasma in both cases
and that in simulations with continuous fronts the up-
shifted radiation was relatively unchanged.

%'e next consider the potential of this mechanism for
generating radiation in various wavelength ranges. %'e
assume that photon ionization creates the front. Hence,
to lowest order, the front's velocity is the group velocity
of the ionizing laser in plasma. This gives yo=co;,„/co,
where co;,

„

is the frequency of the ionizing laser. The
reflected wave will therefore have a frequency of
4(co;,„/co„)co;.In order for the front to be overdense,
2p oco 4 cop or 2' co ' ( cop Hence, in the overd ense lim-
it, the reflected frequency is bounded by 2m;,„.There-
fore, in order to generate x rays, higher-order effects need
to be used to either increase yo beyond co;,„/co~ or create
wakes with large density spikes behind the front. This is
beyond the scope of this paper.

If instead the front is underdense, cop/~f &&1, the
transmitted mode can be both upshifted and pulse
compressed by the factor yo(coplcof). If yo=co;,„/to~,
the frequency of this mode is bounded by co;,„rather than
2';,„.As a result both underdense and overdense fronts
can be used straightforwardly to generate radiation from
the millimeter to the optical wavelengths. However, the
use of an underdense front can have two distinct advan-
tages. In the overdense case the frequency is upshifted by
the factor 4@0, while for the underdense case the factor is
—,
' (co~/co; ). As the ionizing laser moves through the gas
the pulse shape is altered causing vo to change. Slight
changes in vo will cause significant changes in yo, and
this in turn could have deleterious consequences to the
upshifted spectrum. (This could be used to chirp pulses. )
This is not a problem in the underdense case because the
upshift is independent of yo. In addition, for the same in-
cident and upshifted frequencies, the plasma density
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needs to be higher for the overdense case. Therefore,
more energy is needed in the ionizing laser pulse. For ex-
ample, to upshift 33-CzHz radiation to 3 THz (A, =100
pm) would require that 4yo or —,'(m /co;) be 100. We as-
sume a 0.5-pm ionizing laser wavelength. If an overdense
front is used then 4y&=100, so y0=5 or no=1. 5X10
cm . On the other hand, if an underdense front is used
the density need only be no =4 X 10' cm

The ionization-front scenario described here can be
used to produce pulses of unprecedented duration. Since
the output pulse will contain the number of oscillations
that are incident on the front, the pulse is compressed not
only whenever the frequency is upshifted but also when-
ever the ionization front moves a distance of only a frac-
tion of the incident pulse length. For example, if a

1 X 10' cm front is generated by passing a 0.5-pm ion-
izing laser through 0.2 mm of gas then a single cycle of
790-GHz radiation can be upshifted to 0.25 pm. The
generated single-cycle 0.25-pm pulse will be only 0.8 fs
long.
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