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E+ect of squeezed light on the photon-number probability distribution
and sub-Poissonian distribution in the cascade three-level Jaynes-Cummings model
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Quantum-statistical properties such as the photon-number probability distribution and sub-

Poissonian distribution are studied by considering the resonant interaction of two radiation fields,
one of which is in a squeezed state with a cascade-structure three-level atom. It is noteworthy to
emphasize that the direction of squeezing, i.e., the angle 0, and the squeezing parameter r as well as
the initial atomic state play important roles in the determination of the nonclassical behavior of the
radiation field. At the same time we give a possible explanation for the effect of the ratio of the in-

tensity of the two fields on the quantum-statistical properties.

PACS number(s): 42.50.Dv

I. INTRODUCTION

In the past few years, a great deal of work has been
done on quantum-statistical properties of the multimode
laser and the resonant interaction of multilevel atoms and
multimode radiation. ' In particular, the interaction of
the cascade three-level atom with two fields has received
extensive attention because it is closely associated with
the two-mode two-photon laser and the two-mode two-
photon coherent state (i.e., squeezed state). Li proposed
a cascade three-level Jaynes-Cummings (JC) model that
greatly difFers from the A structure coherent JC model in
which there is no direct two-photon transition between
the lowest and the uppermost level. Sun has studied the
quantum-statistical properties for this case. It is found
that strange behavior can appear under certain condi-
tions, but the quantum-statistical study of the interaction
in which the fields are initially either both in squeezed
states, or one field is in a coherent state and the other is
in a squeezed state, is not considered.

In this paper, we investigate the photon-number proba-
bility p (n, ) of the radiation field of mode 1 and the sub-
Poissonian distribution of the radiation field in the in-
teraction of the cascade three-level atom with two radia-
tion fields (Fig. 1). The fields are either both in squeezed
states, or one is in a squeezed state and the other is in a
coherent state. The time evolution of these quantities
that characterizes the quantum-statistical property of a

H=e(8, + P),
where the "free part" is

2

cv;S;;+ g 0;d;tt;
i =a, b, c

and the "interaction part" is

f' —A, ,S,btl, +A,zSb, ai+H. c.

(2)

(4)

Thus in the interaction picture, the time evolution opera-
tor U(t, O) can be written as

stimulated emission field is calculated and plotted for
di6'erent conditions. The results in this paper may be
then compared with the results in Refs. 6 and 7.

As in Ref. 8, the atom-field interaction Hamiltonian of
this cascade JC three-level system in the rotating-wave
approximation can be written as

2

8=fr g cv;S;;+A' g Q;tt;ttt;
i =-a, b, c

+Pi{A,&,f,b+Ai&igb, +H.c.),
where iitco; (i =a, b, c) is the energy of atomic level ~i ), A.;
(i = 1,2) is the coupling coefficient, 0; is the frequency of
field of mode i (i =1,2), and a; and a; (i =1,2) are the
destructive and creative operators of the radiation field.

S, is the atomic project operator. The Hamiltonian can
be rewritten as

0(t, O) =e
1+Xi&&[(cospt —1)/p ]& ti

—i lo, (si ntp/p) A, ,Aza, [(cospt —1)/p ]tlat

—i A, &(sinPt /P )8 l cospt —iA,2(sinPt /P)&2

A, &Xi& z[(cospt —1)/p ]a ti
—ilia iisinpt)/p) 1+Xi& z[(cospt —1)/p )]ai

where p=(A&a tiai+Az&2d 2t)'/. Assume that the atom and the field are uncorrelated at the beginning. In terms of
U(t, O), the density operator p(t) is related to its initial form p(0) by
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FICz. 1. Cascade three-level
system. The atomic transition
between ~a ) and ~b ) or be-
tween ~b) and ~c) is mediated
by mode 1 or mode 2 with fre-
quency 0& (02).

pgt)=U{t, O)p{0)U~{t,O)=U{t,O)pf{0)p, (0)U (t, 0) . (6)

Together with (5) representing matrix elements in the
atomic basis, if I. is an arbitrary operator, the average
value of I. is given by

L=(L ) =Tr[p(t)L]= g (n ]n ~2p{t)LI n]n )2.
ni, n2
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FIG. 2. p, , (n
& ) as a

function of n& for t =0.314,
~1 X2 1, n2=10, r =08,
8=0. The field of mode 1 is
in a squeezed state and the
field of mode 2 in a
coherent state.

II. PHOTON-NUMBER PROBABILITY
DISTRIBUTION

Recently Salynarayana et al. analyzed the oscillatory
photon-number distribution for a strongly squeezed
coherent state. However, the eA'ect of squeezed light on
the photon-number probability distribution in the in-
teraction of the cascade three-level atom with two fields
was not considered in Ref. 7. In this cascade three-level
atomic system, at the beginning, the fields are (a) both in
squeezed states, (b) both in coherent states, or (c) one field
is in a squeezed state but the other is in a coherent state
when the initial atomic state is

~
a ), ) b ), or

~
c ), respec-

tively. The corresponding expressions of photon-number
probability distribution p (n, ) of mode 1 are as follows:

p'(n, )= gj[A~{n2+1)+A](n, +1)cospt] u
tl

2

+(~&n&sin'p3t)(n)p 3)

+ [A, ', A2n, (n, + 1)(cosp, t —1)'](n,p, )
'

}

bution in this atomic system.
By comparing Fig. 3(a) with Fig. 3(b), we can see that

for diff'erent 0 (the direction of squeezing ), the effect of
the squeezed light of mode 2 on the field of mode 1 is
greatly different; since O=rr/2, i.e., the field of mode 2
follows a sub-Poissonian distribution, and the peak value
of p,', (n, ) for 0=~/2 is approximately 0.5 that of
p,', ( n) ]for 8=0. This induces the field of mode 1 to-
wards a sub-Poissonian distribution.

III. SUB-POISSONIAN DISTRIBUTION

As defined in Ref. 6, for a stimulated field,
F„(t)=[(R';(t))—(fi';(t)) ]/(n;(t)). lf F„(t)(1, we

have sub-Poissonian distribution, that is a nonclassical
effect; in contrast, if F„(t)) 1, the stimulated field follows

t

a super-Poissonian distribution; however, for a pure
coherent state, i.e., Poissonian distribution, F„(t)= 1.

t

In this system for mode 1 we have

X 8 (n, , n2),

p„~{n ] ) = g [ {A, n] sin~p t)p +cos~p3t
t?2

+ [Az(n&+1)sin p]t]p 3 } W„{n n]z), (9)
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p„'(n, )= g [A]A2n, n2(,cosp, t —1)~p] +{Azn2sinpzt)p2
tl

2

{+] An]+p Ap ncpost)'2p 2 }W„{n],n, ), (10)

where the x index stands for c,c, s, c, and s, s, respectively.
Firstly from Fig. 2 we can see that for the initial atom-

ic state ~a ), p, ,(n, ) is similar to Fig. 1 in Ref. 7. Other-
wise for the initial atomic state ~b ), the interaction be-
tween the field of mode 2 and the transition ~b ) to ~c ) is
much stronger than that corresponding to the initial
atomic state ~a ) (since at t =0+, the field of mode 2 in-
teracts with the atom). The interaction makes the field of
mode 1 approach a Poissonian distribution although the
field of mode 1 for 0=0 initially is expected to follow a
super-Poissonian distribution. The difI'erence between
the statistical property of the field in this system and that
of the field in the two-level atomic system is obvious; it
shows that the initial atomic state plays an important role
in the determination of photon-number probability distri-

0.002

0. 000

0. 28

0

0. 20

0. 16

0. 12

0.08

0.04

0.00

/

I
/

/

(b)

FIG. 3. p'(n&) as a
function of n

&
for

t =0.314, A) =F2=1,
the initial atomic
state

~
a ), and

n2=10, r =0.8. (a)
Mode 1 in a coherent
state, mode 2 in a
squeezed state,
t9= ~/2. (b) The
three cases of the ini-

tial state of two fields,
0=0.
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[ n', [k'2( nz+1) +A. , ( n, + 1)cosp t]'p "+[A, (n + 1)'sinpt]p
1' 2

+[Aikzz(n, +1)'(n, +1)(cospt —1)']p }W;, (ni, nz)l, J

n, + g [[A, , (n, + l)sin pt]p +A, Az, ( ni+1)( nz+1)( cos t —1) ' ~; (

n1, n2
cosset

— p ' 8';, (n»n2)
2

X n, + g [ Ai(n, + l)sin'jzt]p +A, , A,,(n, +1)(nz+1)(cospt —1)zp "}W;, (n»nz)
1' 2

2

[F„(t)];,= ~~ [n', A'n —(2n. —Ib )(sin tzit)tz i ]W; (n»n ) —g [A, 'n (s' ' t) 8'ij i, 2 in 1 sill izl iM 1 i j ni» n]2

"1 "2

X ni g A, ini(sin~Pit)P i W; j(ni, nz)
fl1, tt2

[n i
—7,Azn, nz(2ni —1)(cosPzt —1)'P z ]8', , (n „nz )

1' 2

Xilzninz(cosjzzt —1)'p, W;, (n»nz)
8], tt2

n i g A ikzn i nz(cosP zt 1 )
tl l, tt2

Xp "8; -(n»n )

where i or j stands for s {squeezed state) or c {coherent
state . By numerical summation, we can sufficiently ana-
lyze the behavior of the radiation field in this structure
regardless of the initial state of the two fields. Figure 4
shows that three curves of [F„{t)],, change with time.

7

When the atom starts in ~c ) (because 0=0) the mode-2
field follows a super-Poissonian distribution naturally,
and the strongest interaction of the mode-2 field with the
transition from ~c ) to )b ) greatly destroys the coherence

I

of the mode-1 Geld, which would induce a h
sub-Poissonian distribution. However, because of a small
ratio of the intensity nz/n „mode-1 field still appears as
a sub-Poissonian distribution. The reason is that the cas-
cade three-level system is difFerent from the A structure
three-level atomic system. There is no direct two-photon
transition between ~a ) and }c) or two-photon absorption
between ~c) and ~a), ' so when the atom starts in ~a),
this eiTect is obviously the weakest.
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FIG. 6. [F„(t)j, , vs At for A, =A2=A=1, r =0.8 H=rr/2

and the initial atomic state
~
b ); mode 1, coherent state; mode 2,

squeezed state.
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n, /n2 is, the smaller the [F„(t)],, is. The possible ex-

planation for this is that at t &0, because of the initial
atomic state

~
b ), two transitions

~
b )~ ~

a ) and
~b)~~c) exist, and the competition of the two transi-
tions afFects the quantum-statistical properties.

FIG. 5. [F„' lt)], , vs At for A, =Az=A=1, r =0.8, n, =10,
n2=4, and the initial atomic state ~c); s, squeezed state; c,
coherent state.

0, i.e., the direction of squeezing of the mode-2 field, in
Fig. 5, we have plotted curves of [F„(t)] for 0=0 andn c, s

rr/2, respectively. Because of the different statistical dis-
tributions of the mode-2 field itself, we have
[F„(t)]„&0for 8=m/2 and [F. „(t)],, )0 for 0=0; in

addition, the amplitude of oscillation for 0=~/2 be-
comes smaller than that for 0=0. We guess that f

, there exist a large number of "interference" terms,
depending on the phase of the squeezed light field of
mode 2, which afFect the dipole moment of the transition
between the level ~a ) and

~
b ) or between

~
b ) and

~
c ) .

Finally, in Fig. 6, we have plotted [F„(t)],, for ratios
1

of n, /nz, and the initial atomic state
~
b ); the greater the

IV. CONCLUSION

In the cascade three-level system, by numerical compu-
tation, we can see that the initial atomic state and the
difFerent ratios of n

& /n2 as well as the initial phase of the
squeezed light strongly afFect the interaction of two fields
with the cascade three-level atom. Although at t =0

, after a while, the efFect of the difFerent ini-(F (t)1 =0
ttal conditions is different in the determination of p (n

&
)

and [F„(t)],„and different from the interaction of a

single-mode field with a two-level atom. Here the in-
teraction of the squeezed light with the transition be-
tween two levels will afFect the statistical property of
another light field that initially is in a pure coherent state
through the time evolution of the atomic occupation and
the dipole moment of the two levels itself. Its efFect is
stronger than that in the "A"-type three-level atomic s s-omic sys-
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