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The evolution of a spinlike variable in a double potential well that depends upon both angular coordi-
nates is investigated as the system is subjected to both deterministic damping and stochastic noise linked
by the fluctuation-dissipation relationship. A variational procedure appropriate for large barrier-to-
noise ratio is adopted, and it can be seen that the resulting Euler-Lagrange equation introduces an
angle-dependent field conjugate to the leading Fokker-Planck eigenfunction. In this way the spectral
problem of the Fokker-Planck operator is approximated by two coupled first-order partial-differential
equations, whose solutions allow the determination of the relaxing probability distribution and the
equilibration current in almost all phase-space regions. A detailed application to the Lipkin model of

many-body theory is presented.

I. INTRODUCTION

Physical descriptions of the decay of a metastable state
or the thermally activated escape out of a single well,
traditionally formulated in terms of transition-state
theory [1], have undergone spectacular development
since the statement of Kramers’s problem [2] and the
solutions encountered by Kramers himself for the under-
damped and the overdamped regimes of one-dimensional
Brownian motion. More recently, Matkowsky, Schuss,
and Tier [3] presented an appropriate generalization of
Kramers’s transition rate, valid for any friction strength.
Decaying metastable states appear in a variety of physical
and physicochemical phenomena, such as molecular au-
toionization and dissociation, diffusion in solids, nuclear
fission, and Josephson tunneling. Furthermore, the spec-
trum in cases where the damped system may remain
bound in neighboring potential wells incorporates as well
problems of optical bistability, aspects of chemical kinet-
ics, response of logical cells, and dynamics through
porous systems. In addition to well-known textbooks
[4,5] and review papers [6,7] useful references and appli-
cations of Kramers’s transition theory for bistable and
multistable potentials can be found in Refs. [8§-11]. In
particular, the investigation of diffusion over a barrier in
one-dimensional bistable potentials has become an active
field, and a number of special applications that allow ex-
act or quasiexact solutions are available [12-14] (see also
Ref. [10] and references therein).

Somewhat less, although still significant attention has
been paid to the generalization of Kramers’s theory to n-
dimensional multistable potential wells [15-23]. In two
earlier works, Brown [24,25] elaborated Kramers’s ideas
for a system with a two-dimensional configuration space
related to a spin orientation, and developed a framework
appropriate to describe magnetic relaxation of single-
domain particles (see also Ref. [26]). However, illustra-
tion of this approach has been restricted to a situation
where the anisotropy energy and the initial spin distribu-
tion do not depend on the polar angle. This case reduces
then to thermally activated diffusion over a one-
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dimensional barrier between two minima and can be in-
scribed within rate-equation theory [23,27]; a variational
procedure allows one to reencounter Kramers’s formula
for the transition rate in the low-noise—high-barrier limit.
The validity of the variational approach has been recently
discussed by Dekker [11] and holds in the Smoluchowski,
i.e., high friction, regime. Based on a similar reasoning,
Landauer and Swanson [15] formulated escape theory in
an n-dimensional double well by looking for an escape
near the saddle in the energy surface [23], which should
be a sensible approach insofar as the noise is additive
[20]. In addition, a recent calculation of the mean transi-
tion time between metastable states in a one-dimensional
well by Ryter and Meyer [28-30] which closely parallels
Brown’s estimate of the first eigenfunction of the
Fokker-Planck (FP) operator above the equilibrium state
in the low-noise regime, provides a characterization of
the stochastic separatrix in phase space.

On the other hand, it has been recently shown that
coherent-state mappings of quantum systems with
spectrum-generating algebras provide a generous supply
of multistable energy landscapes for several degrees of
freedom [31]. In particular, quasispin and pseudospin
systems corresponding to physical objects with SU(2) and
SU(1,1) dynamical groups, and with quadratic Hamiltoni-
ans, are shown to exhibit structural instabilities and un-
dergo nonthermodynamic phase transitions to a double-
minimum-plus-double-maximum configuration [32-36]
in a two-dimensional phase space. The SU(2) models,
which are exceedingly popular in many-body theory, be-
come especially interesting from the topological
viewpoint, since their phase space is a compact
manifold —the sphere, present as well in the description
of spin relaxation [24,25]—and the potential landscape
presents as well two saddle points. We then intend to for-
mulate the dynamical problem of a quasispin variable J
immersed in a thermal reservoir which yields both deter-
ministic friction and stochastic noise, within the
Langevin Fokker-Planck framework, and estimate the
transition rate in the double well. The treatment em-
ployed here follows earlier approaches [15,24,25] howev-
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er, the appearance of the leading FP eigenfunction in the
large-barrier limit is given for every region of phase space
where the relaxation current remains stationary. The
role of the two saddle points is discussed, and the conse-
quences of having the variety of Morse i saddles available
in higher-dimensional systems [34,37] are also mentioned.

For this purpose, in Sec. II we set the framework for
the description of the stochastic evolution of the quasi-
spin variable on its phase space, and in Sec. III the varia-
tional approach [24,25] is adopted to establish a formula
for the transition rate. The characteristics and estimate
of the leading FP eigenfunction are discussed in Sec. IV
and the illustration for the celebrated Lipkin-Meshkov-
Glick model [38] is presented in Sec. V. The summary
and conclusions are the subject of Sec. VL.

II. BROWNIAN MOTION
OF THE QUASISPIN VARIABLE

As shown in Refs..[31-36], given a quadratic Hamil-
tonian in quasispin space J,

HI) =T+ La,;J,J;

J s (2~l)

where J is the expectation value of the SU(2) algebra basis
vector J with respect to an SU(2) coherent state, the
deterministic motion on the SU(2)/U(1) sphere is ruled by
a nonlinear Euler-like or Bloch equation

I=ax7J, 2.2)
where
Q=Q))=V,% . (2.3)

It is well known [31-34] that the family of Hamiltoni-
ans (2.1) can be at most bistable in phase space. If the
quasispin system is now immersed in a fluctuating heat
bath, a phenomenological approach to the subsequent
stochastic evolution is given by the pseudovectorial
Langevin equation [24],

I=a'x7, 2.4)
where the effective frequency ' now contains a conser-
vative, a dissipative, and a random contribution. We as-

sume, as in Ref. [24],
Q'=0—yQXJI+ao(1) (2.5)

where y is a dissipation parameter and o(¢) a Gaussian
fluctuating frequency with a white spectrum, i.e.,

(w(2))=0, (2.6a)
(w;(Dw;(t"))=2D;(t—1") . (2.6b)
Furthermore, we will assume D,,=D,=D,, D,=D,

and D;; =0 if i7].
The FP equation for the distribution P(J,z) can then
be expressed in terms of the (anti-Hermitian) angular-

momentum operator in quasispin space,
L=JXVy, 2.7

and acquires for the form [24,25]
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P(J,t)=L-[QJ)P(J,t)]—yIXL-[QI)P(J,1)]
+D,L,L;P(J,1)
=D(L)P(J,1) . (2.8)

Since the stochastic motion described by Egs. (2.4) and
(2.5) takes place on the sphere J-J=J%=const, the distri-
bution function P(J,?) in fact refers to the angular loca-
tion (¢, @) of the random quasispin vector. In what fol-
lows, we take the radius J equal to unity; it is straightfor-
ward to obtain Eq. (2.8) in terms of the angular variables.
It reads

1 3
sind 3%
1 8
sin%3 O
where subscripts under # or P indicate partial

differentiation with respect to the given variable. The
curly Poisson-bracket symbol here means

P(J,t)={P,#}+ [sind(yFHyP~+D Pgy)]

[y#P+(D cot’3+D)P,], (2.9)

1 d d d 9
) sind | dp 33 9 g VXV, (2.10)
with V the angular gradient operator,
1 9 d
| sind 3p 89 | @1D

It is clear that (2.8) is a continuity equation on the
sphere, in other words,

PJ,)=—V-j, 2.12)
where the divergence operator only contributes the angu-

lar derivatives on the current density,

j=(jqpfj0)=jrev+jdis+jdif > (2.13)

the three terms on the right are the reversible, dissipative,
and diffusive contributions,

. 1
S =VP= |\ =g o S H g | P (2.14a)

A _ 1
Jais= —VYVHP=—y | S Ho Ty | P (2.14b)

chot219+D“ P

P ? (2.14¢)

Jaif=

D Py,

The equilibrium distribution P° gives then rise to a
divergenceless current j° It is not trivial to write down
the analytical form of PO%J) for anisotropic diffusion;
however, if the isotropy condition D, =D =D is fulfilled,
one can find a divergenceless reversible current j®=j,,
and a distribution,

POJ)=exp (2.15)

_r
DW(J)

which corresponds to a fluctuation-dissipation relation-
ship
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D=yT (2.16)

for temperature T given in energy units. Hereafter, we
will restrict ourselves to the isotropic diffusion problem;
the FP equation consequently reads

P(@,0,t)=—v-VP+yPVH+DV?P , 2.17)
with the total velocity
vr=v—yVH, (2.18)

III. VARIATIONAL APPROACH
TO THE DECAY TOWARDS EQUILIBRIUM

Several approaches have been devised to solve the FP
equation [4,39]. Among the various numerical tech-
niques [39,40], it is tempting to expand the distribution
into spherical harmonics and look for the solutions of the
system of coupled equations for the expansion coefficients
that originates in Eq. (2.17). However, such a method
has proven to be useful, in the sense that rapid conver-
gence is achieved, when the noise source is able to rapidly
randomize an initial anisotropy in the spin population
[24,41]. In this work, rather than investigating the highly
diffusive regime, we will be concerned with the limit of
large barrier-to-noise ratio, for which it has been already
shown that the most convenient approach is the eigen-
function expansion [24].

Let us now consider the spectral problem of the FP
operator D defined by (2.8) and (2.9) with the current j
given in Egs. (2.12)-(2.14). The eigenfunctions F,(p,q),
namely, the solutions of the partial-differential equation

DF,=—A\,F, , 3.1)
satisfy the orthonormality relationship [24,25],
[ do exp(#/T)F,F, =5, , (3.2)

where d w=sin0d 6d ¢ is the elementary angular volume.
Accordingly, one may write

A= [dwe”/TF,Vj,

=A(F,) . (3.3)

The evolving distribution P(¢@,,7) may then be expand-
ed as

P(@,8,t)=doge H'T+S d,e "'F @, 0). (.4

It is evident that in the long-time scale, where the evolu-
tion is dominated by the probability flow among peaks of
the nonequilibrium distribution, the decay rate towards
equilibrium is governed by the smallest nonvanishing ei-
genvalue A, (hereafter, A;=A). We will then consider

P(p,8,t)=e /T4 + A, F,(@,9)e . (3.5)

As stressed by Dekker [11], in any dissipation regime,
Eq. (3.3) describes the exact eigenvalue in terms of the ex-
act eigenfunction; it has been shown [11] that in the over-
damped (Smoluchowski) regime, an appropriate upper
bound for A is given by Brown’s ansatz, namely, by the
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minimum of the functional A in Eq. (3.3). If we adopt
the reduced eigenfunctions ®,(w)=e”/’F,(w), the ac-
tion of the FP operator can be set as

D(e ' Td)=—V-(e T}y , (3.6)
with the reduced current
jo=v®—DV® , 3.7)

which makes it evident that the effect of factorizing the
equilibrium distribution away in the eigenfunction is the
suppression of the dissipative current. Furthermore, the
set {¢,} can be shown to coincide with the eigenspec-
trum of the adjoint FP operator D t,

Equation (3.3) is then

A@)= [do ®V-(e 7 /Tj,)

= [doe VD, , (3.8)
which is an actionlike expression,
A@)= [doL{®(p,9)], (3.9
with the Lagrangian
L(O(p,8))=—e VD j,
=e M D(VO?—L{®L#]]. (3.10)

In addition, the general orthonormality relation (3.2)
poses two restrictions on the potential ®, namely, (a)
orthogonality with respect to the equilibrium distribu-
tion,

Y,= [doe ' Td(p,9)=0, (3.11a)
and (b), normalization,
Y,= [doe "/ ToHgp,9)=1. (3.11b)

In order to extract an approximate expression for the
decay rate A in (3.5) within the range of validity of the
variational prescription, we restrict ourselves to the
strong-coupling limit where some interaction parameters
a;; in Eq. (2.1) are much larger than a typical unper-
turbed frequency component QY. This condition gives
rise to high maxima and deep minima in the energy sur-
face, #(J)=F#(@,?) for given modulus J; this is illustrat-
ed in Figs. 1 and 2 for the Lipkin model Hamiltonian [38]
(which will be further discussed in Sec. V), for
interaction-strength values y=1.5 and 10, respectively,
for completeness, we show as well the level curves of
these surfaces in Figs. 3 and 4, where the libration and
rotation zones, together with the separatrices, are clearly
displayed. The equilibrium distributions (2.15) are re-
spectively shown in Figs. 5 and 6, where we can appreci-
ate the concentration of probability density on the libra-
tion areas around the minima. Consequently, a steepest-
descent approach that generalizes the well-known one
proven to be appropriate for the one-dimensional case
[24] can be employed as follows [15].

We first notice that the extremum of the functional
(3.9) together with (3.10) may correspond to a function
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FIG. 1. The energy surface ##(¢g,) associated to the Lipkin
model for an interaction strength Y =1.5.

®(@,¥) that remains approximately constant in those
phase-space domains where the exponential is large, and
that is allowed to vary only near the ridge through the
double maximum and the double saddle. We then look
for a field ®(¢,?) such that

o, ) if (p,})Ep,

Plg,99)= o, =const if (p,3)EN,

(3.12)
where pu,, a=1,2,... are conveniently chosen regions
surrounding the minima. Since the integrable phase flow
of the Hamiltonian (2.1) possesses well-defined separa-
trices between librational and rotational trajectories (cf.
Figs. 1-6, or Refs. [31-35] and those cited therein) we
shall consider u, to be some as yet unspecified inner re-
gion to the separatrix =, around the energy minimum
IR In a similar fashion, we may define regions v,
around the maxima J J%*.

b

Emax
W //}}u
?.E Esmax \ //; /' ““\\\“\“ l//,//’
: Egqmin “\ //,//l/'u iy “\":
; W([Z/ '
Emin ‘ /’,
» 2TC
cos 6 O_] 5 (P

FIG. 2. Same as in Fig. 1 for an interaction strength ¢=10.

It is clear that the most important contributions to the
integrals Y, correspond to regions u,. Accordingly, we
set

Ykzsz’;fu doe /T (3.13)
a a

where the summation involves all minima. Each term in

(3.13) can now be evaluated expanding the Hamiltonian

up to second order and performing a two-dimensional

Gaussian integration, giving

Ya=f“ dwe /T

__2aT

—gfmin /T
(A )1/2 e
a

, (3.14)

with A, being the Hessian of #(gp,cos?) computed at
Join Equations (3.11) then establish two relationships be-
tween the constants ®,, namely,

cos 6

FIG. 3. The level curves of the energy surface in Fig. 1, where the dashed lines denote the separations between librational orbits

surrounding extrema and rotations of the conservative flow.
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2<I>me(A 7 —0, (3.152) A=(A|) e +(A,) ‘e . (3.17)
@ o One additionally realizes that if both minima are degen-
®2e T /T erate, Eq. (3.11a) is automatically fulfilled for
a - —_ = = :
> T =57 (3.15b) D, =D, =P, with
a a

The system of Egs. (3.15) can be solved, giving the con-
stant potentials in the minima regions p, as

- i 172
T

A —
1 27TTA ’ (3163)
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(3.16b)
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FIG. 5. The equilibrium distribution for the energy surface
in Fig. 1. The temperature is set equal to unity.

172
(8p)'7 /T

47T

@, (3.18)

being Ay, #2" the common values of Hessian and energy
at either fixed point.

The problem to be solved is now the determination of
the restricted field ¢(¢,d) defined in (3.12) in the rota-
tional areas. We defer the discussion over this point until
the next section, and here just remark that regardless of
the explicit form of the eigenfunction ¢(¢,}), the transi-
tion rate A which corresponds to the extremum of the
functional A(®) can be estimated by means of the follow-

EQUILIBRIUM DISTRIBUTION

FIG. 6. The equilibrium distribution for the energy surface
in Fig.2and T=1.
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ing arguments [15,24]. Inspection of the conservative
phase flow and the shape of the equilibrium distribution
suggests that for low deviations from equilibrium, the re-
laxational current takes place mostly near the saddle
points. One then tentatively sets

A=A, (3.19)

with the summation including every saddle, and with

H e = £l = H (1107

Kaze_j{“/Tfo dw exp 5T

We now assume that ¢ varies only in the descent direc-
tion £ with a £-independent current density C [15,24]

— —#/Tp 9%
C=e Dag

and integrate ¢ over & across the saddle, which means
switching between the minimum regions p,. We then get

(3.23)

172
H —H5—LH, (n—n,)*
_ & a2ty a
C=A¢D T exp T

(3.24)

and after replacement of d¢ /3¢ in (3.22) we obtain

. .. |17
Ag=e T2 DA . (3.25)
Ho

The expression for A¢=¢,—¢, may be recovered from
Egs. (3.16). We here quote just the result for symmetric
minima, with A¢=2¢, as given by (3.18); in this case,

172 )
D ﬂgg (=25, —HFT™ /T
}\, = — Oﬂ
M

¢ T

) (3.26)

which is equivalent to the expression obtained by Lan-
dauer and Swanson using rate equations [15]. Conse-
quently, the lifetime of the nonequilibrium mesoscopic
state is the harmonic mean of the individual lifetimes, or,
for twofold symmetric minima,

(3.27)

indicating that the saddle lying closest to the double
minimum controls overall relaxation and establishes the
equilibration time scale.

The relationship between this decay and the escape
rate for a two-dimensional double well can be established
on the same arguments as for a one-dimensional system
[24-27], as indicated in Appendix A. Furthermore, in
Appendix B we derive formulas equivalent to (3.25) and
(3.26) for the degenerate saddle case, together with the
corresponding approximate expressions for the eigen-
function ¢ in the near-saddle region.
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ho= [, doL(V$) (3.20)

with o, some region surrounding the saddle s,,.
Now let £ and 77 be the eigencoordinates at s, i.e.,

H = Hy— A E— E) + L H (=)
With v=V#=0 at either saddle, Eq. (3.20) is actually

(3.21)

D(V¢)?. (3.22)

IV. ESTIMATE OF THE REDUCED CURRENT
IN THE FAR-SADDLE REGIONS

Let us now turn back to the determination of the fields
#(@,?) in those angular domains that exclude the double
well and the saddle or, equivalently, to the estimate of the
reduced current j; [Eq. (3.7)]. Considering the Lagrang-
ian (3.10) and the variations 8®; =09,(8®P), for i=¢ or ¥,
and ®=¢, the functional derivative A /6P =0 gives rise
to a divergenceless current in the above regions,

V-(e ' Tje)=0 . (4.1)

This field equation indicates that the current e ~%/Tj,
can be derived out of a scalar potential ¥(¢,), such that

e HTje=VXV , (4,2)

with the angular part of the rotor operator and with
¥=WJ. Equation (4.2) replaces then the assumption of a
stationary current adopted in the one-dimensional case
[2,24]; it permits one to write the Lagrangian (3.10) as the
Lie product,

L={V,d}, (4.3a)

or

L=—V¢-VXV=VV¥V-VXPp=V¥ XV . (4.3b)

The antisymmetric role of ¢ and W suggests a plausibil-
ity argument for further characterization of either field.
We will then assume that W(g,3) is itself a solution of the
variational problem for a flow with conservative genera-
tor —#(g,¥); in this context, we may regard ® and V¥ as
conjugate fields with the respective currents
e Tj,=VXW¥ and e/Tj,=VX®. To determine ei-
ther field ® or ¥ we may then resort to a numerical pro-
cedure to solve Eq. (4.1), subject to boundary conditions
on the edges of both minimum areas; several methods are
available [40]. However, as the numerical processing of
the approximate field equation is undertaken, one is led
to the conclusion that the difficulties involved are not
largely lower than those of solving the exact eigenvalue
problem (3.1). Furthermore, no advantage can be taken
from the fact that the FP operator D is a quadratic func-
tion of the angular-momentum operator L; if the motion
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were purely diffusive, ﬁdm=D,~jL,-L ; would commute
with L? and could be diagonalized within any irreducible
representation of the rotation group [42]. This is not the
present case, since one can verify by direct computation
that neither the reversible nor the dissipative currents are
rotationally invariant. It becomes evident that such a
lack of symmetry is due to the presence of the
coordinate-dependent frequency Q(J)=V;%# in both
currents.

In what follows, we will derive a simpler frame within
which the second-order partial derivative equation (4.1)
reduces to quadratures along orbits of the conservative
flow. In order to do this, let us express the definition of
the pair of conjugate currents and their related fields as

jo=vep—DVp=e"'TU Xy , (4.4a)
jy=—v¥—DV¥=¢ H'Tyx¢ . (4.4b)
These vector equations constitute a linear four-

dimensional system with unknowns ¢, ¥, and their
respective derivatives. One may then eliminate three out
of the six unknowns and obtain individual first-order
partial-differential equations for each field. As we elimi-
nate ¢, ¥, and 3 we get

Dv?
D?+1
with v =|v| =|V#|, and under elimination of ¢, ¢, and

¢17’

{7{’¢}: ¢ ’ (4.5a)

Dv?
WAy =15 1Y
in every region where the velocity vector is nonvanishing,
i.e., Egs. (4.5) are meaningless at the critical points,
which are anyway not present in the rotation area.
Now elementary treatments of first-order partial-
differential equations (PDE’s) lead to the characteristic
system for (4.5a),

(4.5b)

FH
ii_ﬁ—_—_.l, (4.6a)
de Hy
1d¢ D sindv?
— _— 4.6b
¢ d3 D*+1 H, (4.60)

ifﬂﬁ&O,or

1ld¢__ D sindv? (4.6¢)
¢ do D*+1 Hy

if #£370. The first equation here corresponds to the con-
servative orbits # =E; the second one (4.6b) or (4.6¢c) is
then the total derivative of the field with respect to an an-
gle along each given orbit. Straightforward integration of
(4.6b) then yields

D
E,)=f(E —_—
o( )=f(E)exp D1

FH i
4 2 sind
sind J ¥,

9
X 00(119

4, E

(4.7a)
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on an orbit with energy E, with an amplitude ¢y(E) to be
specified upon setting the explicit expression of ¢(g,d) on
a given curve ¢=I(g). The solution of (4.6) is then the
function ¢(F(g,),3); if one chooses (4.6¢), one gets, in-
stead,

_ D ? .
#(E,3)=g (E)exp i f%dtp (sind)H
}[2
[ 4
T mo), |PF ]
4.7b)

which is a function ¢(@,#(@,3)). It should be noticed
that since #, and ¥/, simultaneously vanish only at the
critical points, Egs. (4.7a) and (4.7b) are the appropriate
expressions, respectively, for the field in the rotation
areas where #f3=0 and where #,=0. In a similar
fashion one may integrate ¥ from (4.5b).

The remaining step is to compute the field gradients
appearing in the currents (4.4). One then notices that the
four involved partial derivatives can indeed be written,
solving the system (4.4), as a rectangular matrix equation,

& —D¥#y —eﬁ/Tsji{Tg
in6
W | e e ‘|
;% D*+1 e—?{/Tj{Tz; DH, 4
¥s e T, —D j:;
(4.8)

In view of these relationships, the extremal Lagrangian
can be written in a rather symmetric fashion as

L(¢ q/)=_D_”2 (e ~H/Tg2 47/ Ty2y |
’ D?*+1

Furthermore, we may construct the reduced current lines
which correspond to the integral curves of

do _Js _ (H,/sind)p—Dé,
de j, —FHsp—D(¢,/sind)’

(4.9)

(4.10)

i.e.,
do _ (H,/sind)p+De™ TH 3
dp  —Hap+De"/T(H /sind)p

(4.11)

A similar equation can be derived for the jy current
which corresponds to a change of sign in the velocity.

V. APPLICATION TO DOUBLY SYMMETRIC MINIMA

In order to illustrate the construction here proposed
we adopt a specific phase portrait, namely, the one corre-
sponding to the semiclassical Lipkin Hamiltonian [38],
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7f(<p,19)=cosl9—-%sin20 cos2g , (5.1
with a positive interaction strength y>1. As is well

known, this energy surface on (@,d) space exhibits two
symmetric minima on the southern parallel
cost= —1/¥, respectively located on the meridians ¢ =0
and @=m, together with two maxima at cosd=1/x in
the northern hemisphere with ¢=m/2 and ¢=37/2 (cf.
Figs. 1-6). In this model, the energy values at the extre-
ma are

1
4=
XX

‘min — max —

L2 = /2 -3 . (5.2)

Let us now indicate the application of the formalism
developed in the preceding section to fully determine the

field ¢(p,3). We first examine expressions (4.7) and the
velocity components,
—v, =% 3= —sind(1+x cosd cos2g) , (5.3a)
vy= Sin‘; =y sind sin2¢g , (5.3b)

We immediately notice that while #y vanishes only at
the critical points and on the curve cosf= —1/(x cos2¢),
whose arcs are contained in the librational regions as in-
dicated in Fig. 7, 7{¢ is zero on the meridians ¢ =0, 7/2,
and 37/2. It becomes clear that the appropriate field
description corresponds to Eq. (4.7b) which is nonsingu-
lar in the rotation area. To calculate g(E), we select a
curve and an expression for ¢(@,d3) on it which satisfies
most requirements for the leading eigenfunction, namely,
those given in Egs. (3.12) and (B13). A possible choice
among many others, which has the advantage of simplici-
ty, is depicted in Fig. 8 and corresponds to a function
¢(@,J,) on a parallel ,=const near the saddle, as fol-
lows:

cos 2(P
1-
cosB <0
- Yoz T ¢
cos 06>0
_1_

FIG. 7. The ¢ intervals where cosd= —1/(x cos2g) is a
meaningful curve. If cos2¢ >0, ¢ corresponds to the southern
hemisphere and the curve lies inside the librational area at the
minima. If cos2¢ <0, the corresponding arc lies within the
maximum region.
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$(9.80)

1.01

) )

n
1

0] TU/2 TC (P

FIG. 8. The selected matching function ¢(¢,d,) described in
Eq. (5.4) on an arbitrary parallel J,=const. The parameter a
has the value 2.

1_e*a(qz—¢p2)
o —atrmgy HP2S@ST
1—e 2
@, 3)=10 if p;<@p<e, (5.4)
l_ea(q;—q)l)
—-gbo."—ja";l— ifOS(pS(pl .
1—e

Furthermore, on the given parallel we have, according
to (5.1),

2 costy—E
X  sindy,

—1

p=@(E)=1cos (5.5)

Accordingly, one can match Eq. (5.4) to (4.7b) and ex-
tract the amplitude g (E) as

g (E)=¢(p(E),3;)exp [_fotP(E)dq)'h((p’,E)] (5.6)

where h (¢', E) is the integrand in (4.7b).

Finally we establish the form of the transition rate A as
indicated in Sec. III and Appendix B, since this is the
case where one coefficient, actually ﬂw’ vanishes at the
saddle. The proper integration over the angular domain
thus gives, according to Eq. (B6),

172
;\:% EZ;ﬁ e ~(X—DY/AT (5.7)
with
Ay=2(x*—1) . (5.8)

For very large barrier-to-noise ratio r =y /7 >>1, the
transition rate is then

A=2712Dp3/2e =172 (5.9

which exhibits the same temperature dependence as that
obtained in the one-dimensional spin relaxation problem
[24,25].
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VI. SUMMARY AND CONCLUSIONS

The present paper has been devoted to developing an
extension of Kramers’s theory of transitions between
states in a double well to those situations where the po-
tential energy landscape is bivariate and exhibits double
maxima and double saddle points. This is indeed the case
of the quasispin models of atomic and nuclear physics
[31-36], in addition to the problem of spin relaxation for
single domain particles in a thermally fluctuating envi-
ronment [24]. The procedure here adopted follows close-
ly previous advances in the field [15,24], however, beyond
the already established derivation of Kramers’s transition
probability by means of rate equations and/or variations
near the saddle point, we set solvable equations for the
first nonequilibrium FP eigenfunction in the rotational
region of the phase portrait. The celebrated Lipkin mod-
el [39] provides an adequate framework for specializing
the general ideas and working out the particular details
of the present approach.

Immediate applications of the arguments and formal-
ism here exposed concern potential shapes with asym-
metric double minima [32-34], on both compact and
noncompact manifolds [35,36] for which some particular
realizations step on the field of collective many-body dy-
namics [31]. An extension of the whole theory should be
developed as one intends to estimate transition rates for
higher-dimensional systems like those of the SU(n) type
[31]. In such a case one faces a potential landscape on an
m-dimensional manifold, m > 2, where critical points of
the conservative flow are Morse i saddles [34,37]. In oth-
er words, between maxima and minima one may en-
counter a wide variety of partial barriers with more than
one descent direction, and it is not obvious where the pre-
ferred escape should run. One may then formulate the
general hypothesis that the lowest |E,—E,; | barrier
among every i saddle and every minimum ought to be
selected by the escaping probability density; it is then of
interest to examine the possible appearance of competing
paths and the temperature dependence of each partial
contribution to the transition rate, since any additional
Gaussian integration along a descending direction in-
corporates a factor T'!/2. Forthcoming results along
these lines will be presented elsewhere.
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APPENDIX A

In the asymptotic regime under consideration, smooth-
ing of the probability density is governed by the flow
among its time-dependent peaks, located near the mini-
ma. Quantitatively speaking, the population balance can
be described in the standard manner as follows: Let

P(0= [ doP(g,9,1) A1)
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be the total probability of finding the Brownian quasispin
in the librational area corresponding to minimum a. We
assume expression (3.5) for P (¢,3,t); thus using (3.14) we
obtain

27T Ay —Hmin/T
Pa(t)=W(AO+A1<Dae Me . (A2a)
a
27T —FHWin T
Pa(t)=—WkA1<Dae e M, (A2b)
a
According to Egs. (3.16),
Pl(t)z_Pz(t), (A3)
i.e., P, +P,=const. Furthermore,
A
P1+P2=2WTW Ay, (Ad4a)
182
PI—P2=277'T——(S N
(A1A2)1/2
ﬁmin ﬁmin 172
+2 %e“ P gle M (Adb)
with A given by (3.17) and
_ in _7{min
8=(A1)1/2€ 7{12n /T__(Az)l/Ze 1 /T. (AS)

It is now straightforward, after elimination of 4, and
A, from (A4), to obtain the balance equation

P,=—P,=—vP{+wv,P, (A6)
with
(A )1/2 _ g¢min
va=x"Te a /T (A7)

Here S is the complementary label with respect to a. It
then becomes clear that the escape rate, in other words,
the nonzero eigenvalue of the system (A6) is

vitv,=A (A8)

and that in the case of symmetric minima, one obtains
A

V1=V2='§“

=)\.1=}\«2 . (Ag)

APPENDIX B

It may happen that the quadratic form d># is degen-
erate at the saddle point, i.e., either # or #,, vanish
together with #,,. Let us consider each of these possibil-
ities.

If # =0, we have

7{27{2-1-%7{,,,,(17—77&)2 (B1)

in the neighborhood of s,. The approximate partial ei-
genvalue then reads [cf. Eq. (3.22)]
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—_ s _ﬁ —_
Ae=e T [ dwe M 12T ()2

—#H/T n
=e Ag,, fn dne

—H (=) nty, (V</>)2 (B2)

where A, is the distance between minima across the
descent axis. On the other hand, in order to calculate the
field gradient, we proceed as in Sec. III. The current den-
sity C is computed from (3.23), considering
a¢/a§ Ce /T /D, with # given by (B1), and integrat-
ing across the saddle to obtain A¢. This gives

Ad -
C=Dy e

and consequently,

9 _ A
o = AL (B4)

Equation (B2) then yields
2
A= D_?Ji
Ag,,
which, for symmetric minima, is
24, 1/2
ﬂTﬂ,m

(5 +7{WTI n— 'qa) /21T (B3)

2nT
H

T (BS)

m

~ D
* D¢,

If #,,
Ho~H— L H e E—E, P (B7)

— (H — FHP™) /T

A (B6)

=0, then

The partial eigenvalue is now estimated as

—H#5/T Fh el

Ag=e ¢ f doe %
Ua

ﬂ§§(§—§ 2/2

£—¢&,) /ZTD(V¢

~e "1 p f;dge T(vg)? (B8)

where L is the length of coordinate 7. The above pro-
cedure to calculate C now yields
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172
H g
C=DA¢ ng’% e T (BY)
from where the field gradient can be approximate as
.. |17 s
_ﬂ —
%? =a¢ |5 e 2T (B10)

Replacement in (B8) and Gaussian integration then
gives

# 172
Ag=DL | | (agpe " (B11)
27T
and, for symmetric minima,
172
,7{ A —(FHS _7[min
N | 0| T (B12)
7rT 2

Finally, we illustrate here the local appearance of the
eigenfunction ¢(£) in the near-saddle region, as arising
from the integration of its gradient. Let us first consider
the nondegenerate case, with nonvanishing #f¢, and #,,
From (3.23) and (3.24), we obtain the same as in Eq.
(B10), consequently,

1/2
(E)=Ad el AT
1/2
——Q 2—;5 (E—E,) (B13)

If (B4) holds, the field gradient is constant and given by
Eq. (B4). Accordingly, one has

=8d
$(&) A§m(§ £a) >

which is the appropriate expression for the Lipkin
scenario studied in Sec. V.

(B14)
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