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Positronium formation into ground and n =2 levels has been studied in collisions of positrons with

atomic hydrogen in the framework of an approximation called the boundary-corrected continuum-

intermediate-state (BCCIS) approximation in the energy range of 0.08—2 keV. The conventional

continuum-intermediate-state approximation does not satisfy the correct boundary condition. It has

been shown that, with a suitable choice of the distorting potential, the boundary condition may be
satisfied with a proper account of the intermediate continuum states. It has also been shown that the

BCCIS approximation leads to the same transition amplitude as may be derived using the Vainshtein-

Presnyakov-Sobelman approximation. The results obtained here are found to be in good agreement

when compared with other theoretical results.

I. INTRQDUCTIQN

Because of technological advancements, intense beams
of positrons in a wide range of energies are now becoming
available. As a consequence, many experimental works
were performed to study positron-atom collisions during
the past decade. Positronium cross-section data for col-
lisions of positrons with different atoms over a wide range
of energies are now available from the experimental
works of Charlton et al. [1], Diana et al. [2], Fromme
et al. [3], and Fornari, Diana, and Coleman [4]. In addi-
tion to the motivation for understanding the large
discrepancies in the existing experimental results,
theoretical studies on positronium formation have an in-
trinsic scientific impetus for acquiring comparative
knowledge of charge-transfer dynamics of light- and
heavy-particle collisions. Most of the theoretical and ex-
perimental investigations reported so far have been re-
viewed by Humberston [5] and by Griffith [6]. However,
the main emphasis in these review articles has been
placed on the low-energy positron collisions with atoms
and molecules.

At high energies both theoretical and experimental in-
vestigations on positron-atom collisions are quite limited.
Investigations on positron-atom collisions in first-order
approximations may be found in the work of Saha and
Ray [7]. They have employed the first-order Born ap-
proximation (FBA) and the first-order exchange approxi-
mation (FOEA) to study positronium formation into arbi-
trary states in collisions of positrons with atomic hydro-
gen, they derived the n law for the cross sections.
Spurred by an expectation of considerable improvement
in the results over the FBA in the Schrodinger represen-
tation, Straton [8] has calculated the differential and total
cross sections of positronium formation in collisions of
positrons with atomic hydrogen in first order in the
Fock-Tani representation using the second quantization
technique. However, the results so obtained do not show
appreciable improvement over the conventional FBA re-

suits. In the course of their investigations on positron-
atom collisions at high energies, McGuire and his colla-
borators [9—12] have studied the processes in the frame-
work of the strong potential Born (SPB) approximation.
In their calculations, they have accounted for the inter-
mediate ground state of the target spectrum accompanied
by Coulomb distortion and the off-shell Coulomb wave in
the projectile spectrum. It is known that the off-shell
Coulomb wave takes an account of the upper part of the
bound states and the lower part of the continuum. Basu
and Ghosh [13] have calculated the positronium-
formation cross section into the 1s, 2s, and 2p states in
collisions of positrons with atomic hydrogen in the
second-order Born approximation. In their evaluation of
the second-order Born amplitude, they have taken into
account two real states (ls, 2s) and three pseudostates
(2p, 3s, 3d ) as the intermediate states of the target spec-
trum. However, they have shown that their forward
second-order amplitudes are convergent with these few
intermediate states. For the same processes, Tripathi,
Sinha, and Sil [14] have calculated the same cross sec-
tions in the framework of the eikonal approximation. In
such a calculation, one effectively takes an account of the
intermediate elastic scattering term only. Collisions of
energetic positrons with atomic hydrogen and helium
have been studied by Roberts [15] in the framework of
the second-order Fadeev-Watson formalism. The essence
of this method lies in the fact that the kernel of the in-
tegral equation is compact. However, for mathematical
simplicity, he has made some peaking approximations in
the evaluation of the transition amplitude. Positronium-
formation cross sections in the intermediate-energy re-
gion have been studied very recently by Nahar [16] in the
framework of the FBA and the distorted wave Born ap-
proximation (DWBA). This method was originally
developed by Shakeshaft and Wadehra [17] and later ap-
plied by Nahar and Wadehra [18,19]. Results reported so
far in the above theoretical approximations are at
significant variance with each other in the case of col-
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II. THEORY

A collision diagram is shown in Fig. 1. The total
Hamiltonian for the system may be written as

H=HO— 1

rT

where

1 1+
rp R

1 2 1
Ho = — Vz — V„(entrance channel),

2p. T 2a

z 1 2Vz — V'„(exit channel),
2Pf P 2b

(2a)

(2b)

m(m+M) 2mM
2m+M ' f 2m+M'

lisions of energetic positrons with ground-state atomic
hydrogen. If we look at charge transfer as the target ion-
ization averaged over final-state momentum distribution,
it may be expected that the inclusion of target continuum
intermediate states is essential in such studies. With this
view, we are motivated to study charge-transfer reaction
in e + +H collisions in light of the continuum-
intermediate-state (CIS) approximation. However, the
conventional CIS approximation does not satisfy the
proper boundary condition. To overcome this difhculty,
we have chosen the distorting potential in the entrance
channel in such a way that proper boundary conditions
for the scattering wave function are satisfied. Another
useful feature of this method lies in the fact that the per-
turbing potential with which the transition amplitude is
calculated decreases faster than the Coulomb potential.
Hereafter, we will refer to this as the boundary-corrected
continuum-intermediate-state (BCCIS) approximation.

The organization of the paper is as follows. In Sec. II,
the transition amplitude in the framework of the BCCIS
approximation is derived and its relationship to the
Vainshtein-Presnyakov-Sobelman (VPS) approximation is
shown explicitly. Results obtained in the present investi-
gation are discussed in comparison with other existing re-
sults in Sec. III. Finally, the paper ends with concluding
remarks in Sec. IV. Atomic units are used unless other-
wise specified.

FIG. 1. Coordinate representation for the reaction
e++H(1s)~e+e (n1)+H+.

(E H, )4—, =0, (E Hf )%—f =0,
where

4;=@;(rT)e ', %f =4&f(r )e (6a)

k,E= + s; (entra, nce channel)
2pi

fk
+ Ef (exit channel),

2Pf

(6b)

(6c)

The prior form of the transition amplitude (with the
first term only) in the formalism of Dodd and Greider
[20] may be written in the framework of distorted theory
as

Tf '=&+fl~f '[I+g. (vf —Ivf)]*(v; —w~)~,'I+;&,

where the Moiler operators co,
+ and cof and the propaga-

tor g are defined as

co,
+ = 1+ . 8'. ,

1

E —H; —8'+ig (8a)

where 4&; (4f ), E; (sf ), and k, (kf ) are, respectively, the
initial (final) bound-state wave function, the initial (final)
binding energy, and the initial (final) momenta of relative
motion of the colliding systems.

A. Derivation of the transition amplitude
in the BCCIS approximation

mM m

m+M 2 6) —1+ 1 8E —H —8' —igf f
(8b)

H=H;+ V;, H;=Ho— 1

rT
=1V= ——

A rp
(4a)

1 =1H=Hf+ Vf, Hf =Ho —--, Vf =——
rp

and where m and M are the masses of the electron or pos-
itron and the proton, respectively. The total Hamiltoni-
an may separate in terms of the channel Hamiltonian as

1

E—H+u —ig
(8c)

W, ( W&) is the distorting potential in the initial (final)
channel and u„ is a distorting potential in an intermediate
channel, whose choice is restricted by the condition that
it should contain no two-body potential occurring in V,-.

Now if we substitute

~f I+f&=lxf &

and

and the channel wave functions satisfy the equations [I+g. (vf ~f)]lxf &=lgf &, (10)
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1 1N(r) E —E H ———+ 6f u f o R fyT

+—V„@/(r ) V„GI +v„gI =0 . (13)
1

then lg& & satisfies the equation [21] (in the limit g~0)
(E H—+v„)lg/ & =0 (11)

provided that

U. lx/ &=0. (12)

Now writing i/I &=l@I(r )G & and substituting in Eq.
(11),we may find

Choosing v„g/ = —(1/b)V„@&(r«) V„G/ and on sub-

stitution in Eq. (13), we may find that GI satisfies the
differential equation

kf + p2 + p2 +
21f 2P 'T 2a 'T yT

1
G =0 (14)

Now replacing 1/R by 1/RT and looking for the proper
boundary condition in the exit channel to our present
problem, we may find the solution for Gf as

6/ =(bp/)' lI (1+iv) e «,F, (iv;1; ib(k—/Rz+k/ RT)),F, ( iv;—1; ia(U&r—T+v/ rT)),
where

Vf

f
Vf =

Pf
Since the incoming positron in the entrance channel interacts with a neutral atom, we choose W; =0 (asymptotically)
and we may find

(v, —w, )co,+le, &=v, l%, & .

So the transition amplitude given by Eq. (7) may be written explicitly as

T'& '=(bpI)' ll (1+iv)l 1drTdRTe «4 1(r «),F, ( iv;1;i—b(k/Rz+k/ RT))

(16)

1X)F,(iv;1;ia(vfrT+vf 1T))
RT

i T(p ( ) (17)

In the case of the conventional CIS approximation [21],
the choice of v is the same as is done here, but 8'. is
chosen as 1/R so that a Coulomb distortion is forcibly
projected into the respective channel, whether it is intrin-
sic to the collisional system or not. A further high-
energy approximation leads to the simplified form of the
CIS approximation. Special care should be taken in
choosing 8;- so that proper boundary condition is
satisfied in the entrance channel for the specific collision-
al problem under study.

TI/-'=(e/ lv, lq, &,

where

(E H)%/ =0 . —

(18)

In the VPS approximation [22], the exact wave function
('p/ ) is approximated as

B. Derivation of the transition amplitude
in the VPS approximation

The exact transition amplitude (prior form) may be
written as

=4/(r )GI

where Gf satisfies the differential equation

k'+ 'v +'v+'—
2pf 2P; 'T 2a "T yT

1

R Gf
T

(21)

——V N(r )V G . (22)
1 1 1

R R bT

Now neglecting the right-hand side of Eq. (22), we arrive
at Eq. (14). With the solution for 6& and 4/, it is
trivial to show that the transition amplitudes are the
same in both formalisms.

The transition amplitude given by Eq. (17) is evaluated
in the exact same way as in our earlier investigation [23].
Excited states are generated by parametric
differentiations. However, in the present investigation an
added difficulty has arisen due to symmetric values of the
projectile and target nuclear charges, which makes the
evaluation of the hypergeometric function in the final ex-
pression more cumbersome and more computer time con-
suming.

III. RESULTS AND DISCUSSIDNS
gyvpsf f

Now we write

(20)
The computed results for positronium formation into

the 1s, 2s, and 2p states in the case of positrons with
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atomic hydrogen are given in Tables I—III together with
other existing theoretical results. The total cross section
has been calculated by applying n law from n ~ 3 given
by the relation

o„,=o.„+1.616(o2, +o2~) . (23)

Total-cross-section results are reported in Table IV and
are compared in Fig. 2 with other results that are also
calculated by Eq. (23). All comparisons are drawn only
with existing theoretical results due to the nonavailability
of any experimental results. As a check to our computer
program, we have reproduced all first-order Born approx-
imation (FBA) results [7] by setting the Sommerfeld pa-
rameter (v) equal to zero in our calculation.

The cross-section results for positronium formation
into the ground state are given in Table I. For a com-
parative study, we have also included the theoretical re-
sults of Tripathi, Sinha, and Sil [14], Nahar [16], Basu
and Ghosh [13],Deb, McGuire, and Sil [11],and Roberts
[15]. From the table, it is evident that our calculated re-
sults at intermediate energies differ by roughly a factor of
2 from all other results except those of Roberts [15].
With increasing energy, agreement is quite reasonable,
within 15%%uo. Capture cross-section results in the 2s state
are given in Table II. We find from the table that our re-
sults agree quite well with those of Basu and Ghosh [13]
and with the results of Nahar [16] at 200 and 500 eV, re-
spectively. Contribution from the 2s state in the results
of Tripathi, Sinha, and Sil [14] decreases quite fast with
increasing energy in comparison to our calculated results.
Good agreement is found with the results of Roberts [15]
at high energies. Table III contains the results of the
capture cross section in the 2p state. In the energy range
of 80—500 eV, our calculated results are roughly half of
those results obtained by Nahar [16],by Basu and Ghosh
[13],by Deb [12],and also by Roberts [15]. With increas-
ing energy, our calculated results differ significantly from
those of Deb [12] and Roberts [15]. Good agreement is
obtained with the results of Tripathi, Sinha, and Sil at
200 and 500 eV only. Total-cross-section results are
shown in Table IV and are also compared in Fig. 2. Due
to the nonavailability of any 2s results in the formalism of
McGuire, Sil, and Deb [9], we are unable to compare
them either in the table or in the figure. From Table IV
and Fig. 2, we find that our calculated results for the total
cross sections agree quite well with those of Tripathi,
Sinha, and Sil [14] over the entire energy region. Howev-
er, contributions from different shells and subshells differ
appreciably between these two sets of data. Our results
differ by roughly a factor of 1.5 from those of Basu and
Ghosh [13] and Nahar [16]. The FBA results are larger
than our calculated results over the entire region but less
than the results obtained by Basu and Ghosh [13] and
Nahar [16]. In this respect, the results obtained by
Roberts [15] are reasonably high over the entire region.
This may be due to the fact that the peaking approxima-
tion in a second-order calculation may not be reliable.
Noted differences among the different sets of results may
be attributed to the fact that the inclusion of intermediate
states differs in different sets of results. They are also far
from satisfactory completion, particularly for light parti-

cle collisions.
Differential cross-section results at 200 and 2000 eV

are shown in Figs. 3 and 4, respectively. In each figure,
the structures of the differential cross sections for posi-
tronium formation into the 1s, 2s, and 2p states are drawn
together. From Fig. 3 we find that the minimum occurs
at the same angle of approximately 35 for both cases of
the capture into the 1s and 2s states, but no such
minimum occurs in the curve for the 2p state. These
minima may be attributed to the fact that the contribu-
tions from the attractive and repulsive parts of the poten-
tial interfere destructively, while such a situation does
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FIG. 2. Total-cross-section results for positronium formation
in e++H(1s) collision. Theoretical results:, present re-
sults; ———, results of Roberts (Ref. [15]), —.—~ —.,
Glauber-Eikonal results of Tripathi, Sinha, and Sil (Ref. [14]);————,first-order Born results; - ~ - -, results of Basu and
Ghosh (Ref. [11]);b„results of Nahar (Ref. [16]).
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TABLE I. Positronium-formation cross section (in 10 ' cm ) into the ground state; o.FBA, first-order Born results; cr Tss, results of
Tripathi, Sinha, and Sil (Ref. [14]);crso, results of Basu and Ghosh (Ref. [13]);o oMs, results of Deb, McGuire, and Sil (Ref. [10])o.~,
results of Roberts (Ref. [15]);o ~, results of Nahar (Ref. [16]);and rr„, present results. Numbers in square brackets are powers of 10.

Energy
(eV)

80
100
200
500

1000
2000

~FBA

9.06[ —2]
3.96[—2]
2. 11[—3]
2.41[—5]
5.68[—7]
1.14[—8]

TSS

8.09[—2]
3.42[ —2]
1.67[ —3]
l.67[ —5]
3.82[ —7]
7.52[ —9]

4.61[—2]
2. 79[ —3]
3.56[ —5]

1.16[—1]
4.64[ —2]
2.75[ —3]
3.38[—5]

DMS

3.97[—2]
2. 11[—3]
2.02[ —5]
4.08[ —7]
7.58[—9]

1.06
l.09[ —2]
5.64[ —5]
6.84[ —71
8.98[—9]

5.94[ —2]
2. 82[ —21
l.63[ —3]
1.61[—5]
3.50[ —7]
6.56[ —9]

TABLE II. Positronium-formation cross section (in 10 ' cm ) into 2s state; notations are the same as in Table I.

Energy
(.V)

80
100
200
500

1000
2000

FBA

1.36[—2]
6.05[ —3]
3. 18[—4]
3.26[ —6]
7.51[—8]
1.49[—9]

~TSS

1.27[ —2]
5.35[—3]
2.46[ —4]
2.26[ —6]
4.98[—8]
9.59[—10]

6.69[—3]
3.81[—4]
4.59[—6]

2.22[ —2]
1.09[—2]
4.46[ —4]
4.70[ —6]

l.40[ —1]
2.60[ —3]
8.07[ —6]
9.59[—8]
l.21[—9]

1.49[ —2]
7.59[—3]
4.59[—4]
4. 58[ —6]
9.97[—8]
1.94[ —9]

TABLE III. Positronium-formation cross section (in 10 ' cm ) into the 2p state; notations are the same as in Table I, except o.
D

indicates the results of Deb (Ref. [12]).

Energy
(ev)

80
100
200
500

1000
2000

~FBA

4.40[ —3]
l.67[ —3]
4.62[ —5]
1.93[—7]
2.20[ —9]
2. 16[—11]

TSS

3.00[—3]
1.03[—3]
2.52[ —5]
9.68[ —8]
1.08[ —9]

1.06[ —11]

1.37[—3]
4.84[ —5]
2. 82[ —7]

+BG

5.29[ —3]
1.93[—3]
5.46[ —5]
3.06[ —7]

1.29[—3]
4.46[ —5]
2.60[—7]
4.67[—9]
1.28[ —10]

3.49[ —2]
5.55[ —4]
2.48[ —6]
4.24[ —8]
7.41[—10]

Op

l. 98[ —3]
7.75[ —41
2.47[ —5]
1.41[—7]
2. 33[—9]
3.47[ —11]

TABLE IV. Total cross section (in 10
—i6 cm ) for positronium formation in the e++H(1s ) collision; notations follow Table I.

Energy
(eV)

80
100
200
500

1000
2000

O FBA

1.19[—I ]
5.21[—2]
2.70[ —3]
2.97[ —5]
6.93[—7]
1.38[ —8]

TSS

1.06[ —1]
4.45[ —2]
2. 11[—3]
2.05[ —5]
4.65[ —7]
9.06[ —9]

5.94[ —2]
3.50[ —3]
4.34[ —5]

+BG

1.60[ —1]
6.71[—2]
3.56[ —3]
4. 19[—5]

1.35
1.60[ —2]
7.35[—5]
9.07[ —7]
1.21[—8]

8.67[ —2]
4. 17[—2]
2.41[—3]
2. 37[ —5]
5. 15[—7]
9.75[ —9]
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more-reliable results. Unfortunately, no experimental re-
sults are available to make a quantitive assessment on all
the theoretical approaches.

cross sections in collisions of positrons with atomic hy-
drogen may only be resolved by experimental observa-
tions and more-elaborate theoretical investigations.

IV. CONCLUSION

The boundary-corrected continuum-intermediate-state
(BCCIS) approximation is an intermediate theory be-
tween the continuum-intermediate-state (CIS) approxi-
mation and the continuum-distorted-wave (CDW) ap-
proximation. Although it is not a second-order theory,
second-order effects are intrinsically embodied in it. By
applying this theory to a positron-hydrogen collision sys-
tem, the results obtained are reasonably good. Noted
discrepancies in the results of positronium-formation
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