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We examine numerically the self-affine scaling of time series with an imposed power-law power spec-
trum P(w)=Cow ™% for different exponents 1 <a =<3, and for different sequences of phases. We use two
different criteria for testing self-affinity, a fractal dimension of the graph of the time series, and a more
sensitive test based on the scaling of moments of probability distributions. For a#2, our results suggest
that time series with a power-law spectrum are only approximately self-affine, even in the best case of
long-time series with high-dimensional, &-function-correlated, uniformly distributed phases. Scaling
curves are most sensitive to phases with long correlation times, are weakly dependent on the shape of the
phase probability distribution, and are independent of the fractal dimension of the phases.

I. INTRODUCTION

In several physical [1-4] and economic [5,6] examples,
random times series have been found that have an ap-
proximate power-law power spectrum of the form

P(w)=Co™ %, (1)

where C is a positive constant and the exponent «a is
greater than or equal to 1. These time series are quite in-
teresting, since they have no characteristic time scale and
their correlation times [7] are comparable to the duration
of the entire time series. Physical mechanisms for pro-
ducing such time series are poorly understood except in
the cases of Brownian motion (@=2) and of white noise
(a=0).

Mandelbrot has suggested that time series with a
power-law spectrum may be self-affine [8,9]. This is a
particular kind of statistical self-similarity that implies
the absence of characteristic time scales by assuming
structure on all time scales. Mathematically, a time
series x (¢) is self-affine if its increments

Ax(7)=x(t +7)—x (1) (2)

for times ¢ and time intervals 7 satisfy the relation

Ax(AT)=AHAx (T), (3)

where equality between random variables means that
they have identical probability distributions. The Wiener
process, a mathematical model of Brownian motion with
H =1, demonstrates that this definition is not an empty
one [8]. The exponent H, which lies between O and 1, is
called a Hurst exponent [8], Hilder exponent [10], or
simply the scaling exponent in different contexts. Self-
affine time series can then be classified by the parameter
H. Positive identification of self-affinity and the exponent
H in empirical time series would be a useful first step in
modeling them [11,12,3].
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A simple corollary [13] of Eq. (3) is that a self-affine
times series x (¢#) must have a power-law spectrum with
exponent a=2H +1. This raises the important converse
question of whether the observed time series with power-
law spectra are self-affine. This question has been partial-
ly addressed in recent years by several researchers
[14—17], who have studied numerically some properties
of time series with an imposed power-law power spec-
trum and with uniformly distributed phases. According
to certain specific tests for self-affinity (discussed below in
Sec. IIC) these researchers found that time series were
approximately self-affine for different values of the ex-
ponent «, although certain systematic errors occur.
Higuchi [17] also found that if the range of the phases did
not span the full interval [0,27], then there were
significant deviations from self-affinity, e.g., a length-
based fractal dimension had the wrong value. This im-
plies that a power-law spectrum is not sufficient for a time
series to be self-affine. This is not too surprising, since
the power spectrum gives knowledge of just one moment
out of an infinity of moments of the distributions in Eq.
(3).

In this paper, we examine more carefully the self-affine
properties of time series with power-law power spectra.
Our goal is to determine more quantitatively when such
time series are self-affine, so that empirical data can be
better analyzed. We address this question numerically by
investigating time series with imposed power-law spectra
for different sequences of phases, in which we vary their
probability distribution, their correlation time, and their
fractal dimension. We find that tests of self-affinity based
on fractal dimensions [1,16,17] are weakly dependent on
the dimensionality and on the probability distribution of
the phases, but deviate strongly from self-affinity if the
correlation time is long. A more careful and direct test of
self-affine scaling, based on studying average moments of
Eq. (3), reveals a further dependence on the probability
distribution (whether it is uniform or not), but not on the
fractal dimension. In particular, nonuniformly distribut-
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ed phases give poor scaling.

Our results concerning self-affinity are useful in several
ways. First, the scaling curves and relative errors given
below illustrate the quality of conclusions that may be de-
duced in an ideal case of a long-time series (of order a
million points) and a known power spectrum. Second,
our results clarify when the traditional random-phase ap-
proximation for random time series [18] is appropriate
for modeling self-affine time series. Such times series are
generally not Gaussian (although their increments may
be) and do not obey a central limit theorem. It is not ob-
vious that a statistical limit exists that is independent of
the statistical properties of the phases. Third, our calcu-
lations give an interesting result, that the fractal dimen-
sion of time series with a power-law spectrum is empiri-
cally independent of the dimensionality of the phases
used to generate those time series. We do not know of
other cases where an algebraic transformation of a se-
quence changes the fractal dimension of that sequence.

The rest of the paper is as follows. In Sec. II, we dis-
cuss details of how we generate time series with a power-
law spectrum with different phase distributions. We then
discuss different numerical tests for self-affinity and ex-
plain the two methods that we use. In Sec. III, we
present and discuss scaling curves for time series of
roughly 1000000 points, varying the exponent a in Eq.
(1) and varying the phase distributions. We also summa-
rize various systematic errors in the scaling curves. Fi-
nally, in Sec. IV, we summarize our results.

II. METHODS

A. Generating the time series

In this section, we discuss how to generate time series
with power-law power spectra and with different phase
distributions. Following an approach used by many au-
thors [14,19,15-17], we use discrete Fourier transforms
to construct time series at evenly spaced points in time
with a specified power spectrum. Other nonspectral algo-
rithms have been discussed elsewhere [9,19] but these ei-
ther have extra numerical parameters, complicating their
analysis, or do not allow an easy variation of phases. It
would be interesting at a later date, however, to repro-
duce some of our results with these other algorithms.

In our simulations, we calculate M values of a periodic
time series x(¢) at equally spaced intervals of time
t;=iAt, spanning a total period of time T =M At. For a
fixed constant C and exponent «a, the power spectrum Eq.
(1) is imposed through the following equation [16]:

Y
x;=x(t;)= 3 V P, )Aocos(w, t; + ;)
k=1

for 1<i<M, (4

where the frequencies w;, =kAw are multiples of the
smallest discrete frequency Aw=2w/T. The M /2
phases, ¢, €[0,27], are the only source of fluctuations.
Different realizations of the phases give different realiza-
tions of the time series.

Using Eq. (4), we typically generate a matrix of N =10
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realizations, x{, for 1<y <N and 1=<i=<M, and then
study various statistical properties of this matrix. The M
sums in Eq. (4) are evaluated using a fast Fourier trans-
form to avoid the expensive O(M?) operation count of
direct evaluation. In this paper, all time series have
length M =2!"=131072, so the effective total length of
the time series (including realizations) is typically about
1000000. This is larger than nearly all time series used
in physical and economic applications, although not long
enough to study certain statistical limits. Convergence
studies for longer series are difficult, since few computers
have more than a few megawords of memory.

Although the power spectrum Eq. (1) has two parame-
ters, one would expect that only the exponent a, and not
the overall magnitude C, should be important in tests of
self-affinity. An overall scaling of the power spectrum
simply multiplies the corresponding time series by a con-
stant, which should not affect its statistical properties.
Surprisingly, the numerical studies of Fox [15], especially
Fig. 7 of his paper, shows that this deduction is empiri-
cally incorrect. We do not understand this result, al-
though we would guess that it is a consequence of the
finite precision of computer arithmetic. In what follows,
we fix C =1 for all the time series, and vary a over the
range [1,3].

B. The phase distributions

In this section, we discuss the different choices of phase
distributions that are used in Eq. (4) to generate different
kinds of time series with power-law spectra. In most
references to date, researchers have used a random-phase
approximation that was motivated by the classical
Fourier analysis of random signals [18]. This approxima-
tion corresponds to using a high-dimensional, uniformly
distributed, 8-function-correlated sequence of phases in
the interval [0,27]. This choice is suspicious in view of
the now widespread knowledge that randomness in the
form of low-dimensional chaos can arise from determinis-
tic nonlinear equations with few degrees of freedom [20].
In particular, since fractal dimensions are often used to
characterize self-affine time series, one should be con-
cerned that the fractal dimension of the phases used in
Eq. (4) may play a role.

To explore the effect of different phase distributions
that might arise through nonlinear dynamics, we studied
six different methods of generating sequences of phases,
varying the probability distribution, the correlation time,
and the fractal dimension. We did not examine further
the result of Higuchi [17], who showed that a restricted
range of the phases produced non-self-affine time series;
all our distributions span the interval [0, 27].

Our first choice of phases was a sequence that should
approximate the random-phase approximation. We used
the C-programmed function ranl of Press et al. [21] to
generate high-dimensional, uniformly distributed, ap-
proximately 8-function-correlated numbers x; in the in-
terval (0,1), We independently tested the dimensionality
of output from ranl using the Grassberger-Procaccia algo-
rithm for the correlation dimension [22,23]. This test
failed to show any finite-dimensional scaling of the out-
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put from rani for time series with 2!° points, and for
embedding dimensions up to 12. This is consistent with
the assumption of a high-dimensional sequence, but the
actual fractal dimension of ranl is not known. The phases
used in Eq. (4) were then defined by

¢k:277xk . (5)

Using these phases, we were able to reproduce selected
results of Higuchi [17] and of Osborne and Provenzale
[16] to a relative accuracy of a few percent.

A second choice was a sequence of low-dimensional
and nonuniformly distributed numbers. We defined the
phases ¢, to be 2wy,, where the one-dimensional se-
quence y, €(0,1) was generated by iterating the logistic
map

Yit1=4;(1=y;) . (6)

This chaotic sequence y, is known analytically [24] to
have the probability distribution 1/[7Vy (1—y)], which
is highly nonuniform and favors values near y =0 and
near y =1. Different realizations of phases were deter-
mined by choosing different initial states y,€(0,1) and
by iterating Eq. (6) M /2 times. We used the ranl function
to choose the different initial values y.

A third choice of phases was a low-dimensional but
uniformly distributed sequence of numbers. Starting
from a random initial condition y,€(0,27), we iterated
the logistic map Eq. (6) to produce a sequence y;. We
then transformed this sequence as follows:

¢, =4arcsin(\/y;) . (7)

These phases can be shown to be uniformly distributed in
the interval (0,27) and to have dimension D =1.

For our fourth choice, we explored whether a continu-
ous distribution of phases was significant. We chose the
phases randomly from a discrete set of K equally separat-
ed values in the interval [0,27]. Since several prelimi-
nary tests for self-affinity were observed to be only weakly
dependent on the integer K for K > 2, we set K =3 and
chose phases randomly from the three values

6, €(0,27/3,41/3} , (8)

according to whether the output from the ranl function
lay within the intervals [0,1), [{,2), or [2,1), respective-
ly.

Fifth, we chose phases from a continuous but asym-
metric distribution

P($)=——Qr—¢), $E€[0,27] ©)
27

that decreases linearly from a finite value at =0 to zero
at $=2m. This choice complements Egs. (6) and (7) by
testing the effects of a continuous, high-dimensional but
nonuniform sequence of phases. Random variates obey-
ing this distribution are given by the formula

$=2m(1—V1—x), (10)

where x is a uniformly distributed random variate in
0,1).
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Sixth, and finally, we studied whether rapidly decaying
correlations in the phases were important, since all the
above sequences of phases are approximately 8-function
correlated. We generated nonperiodic phases with
infinitely long-lived correlations using the quasiperiodic
sequence

éx =so+[sin(k)+sin(V'k )] (mod2w) , (11)

which densely fills out the interval [0,277]. Different reali-
zations were determined by choosing different random
shifts s, €(0,27).

Figure 1 gives a feeling for how these different phase
distributions affect the time dynamics of Eqgs. (1) and (4)
for the exponent a=2. Figure 1(a) is the case corre-
sponding to the random-phase approximation used by
most researchers. Figure 1(b) is a time series whose
phases are based on the logistic map, Eq. (6). The plot is
qualitatively different in that local fluctuations are sub-
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FIG. 1. Time series with a power-law spectrum, Eq. (1), for
time step Atz =1, exponent a=2, and for different phase distri-
butions. The first 500 points are shown from much longer time
series of length M =131072. (a) Uniformly distributed, high-
dimensional phases from Eq. (5). (b) Nonuniformly, distributed,
low-dimensional phases obtained by iterating the logistic map,
Eq. (6). Essentially identical results are obtained for phases gen-
erated by Eq. (7). (c) Phases chosen randomly and uniformly
from a discrete set of K =3 phases, Eq. (8). (d) Phases chosen
from a high-dimensional, linearly decreasing probability distri-
bution, Eq. (10). (e) Phases chosen from the quasiperiodic se-
quence, Eq. (11).
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stantially smaller than those observed for uniformly dis-
tributed phases. Low-dimensional but uniformly distri-
buted phases based on Eq. (7) give a plot that looks the
same as Fig. 1(b) and is not shown. Plots of time series
based on a discrete phase distribution, Fig. 1(c), and on
an asymmetric linear distribution, Fig. 1(d), are qualita-
tively similar to Fig. 1(a). Quasiperiodic phases give the
time series in Fig. 1(e), a smooth evolution interrupted ir-
regularly by cusps. This time series is quite different
from all time series generated with approximately &-
function-correlated phases.

This comparison of time series already suggests two
useful qualitative observations. First, time series based
on Eq. (4) are sensitive to the choice of phases, as already
pointed out by Higuchi in a different context [17].
Second, the duration of temporal correlations seems to
produce the strongest changes in the time series; the con-
tinuity of the probability distribution or the shape of the
probability distributions is less important. These obser-
vations are confirmed in the more quantitative analysis
given in Sec. III below.

It is also instructive to compare these 1/w? time series
with some familiar and closely related stochastic time
series. Figure 2(a) is a realization of the Wiener process
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FIG. 2. First 500 points of realizations of three stochastic
time series. (a) The self-affine Wiener process, approximated by
iterating Eq. (12). The continuous path limit is self-affine and
has a power-law spectrum with a=2. (b) Gaussian noise of
mean O and variance 1, obtained from the function gasdev [21].
(c) Realization of the Ornstein-Uhlenbeck process Eq. (13), with
damping 7=1, time step Az=1, and noise strength £=1. The
realization was calculated by numerical integration [37] using
the initial condition x, =0.
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(Brownian motion), which can be approximated at con-
stant time intervals Az by iterating the difference equation

x;41=x;+VAtg; . (12)

The numbers g; are drawn from a normal distribution.
In the limit Az —0, the Wiener process is known analyti-
cally to be self-affine [10] with a 1/w? power spectrum,
whereas no corresponding analytical results are yet
known for Eq. (4). The qualitative similarity of Fig. 2(a)
with Figs. 1(a), 1(c), and 1(d) suggests that Eq. (4) does
approximate a self-affine series for «=2 and for certain
phase distributions. In contrast, time series based on
Gaussian white noise, Fig. 2(b), or on the Ornstein-
Uhlenbeck process Fig. 2(c), do not have a power-law
power spectrum, and look qualitatively different. The
Ornstein-Uhlenbeck process x (¢) satisfies the stochastic
differential equation [25]

dx _ 1

dt X +g(t), (13)

c

where 7,> 0 is a constant characteristic time and g (z) is
8-function-correlated Gaussian white noise of strength &,
whose correlation function is given by

(g(t;)g(t,))=E8(t,—t,) . (14)

Correlations decay exponentially with the characteristic
time 7. One can also show that x (¢) has a power spec-
trum P(w)x1/(1+7%0?), which asymptotically ap-
proaches a power law only for large frequencies
o>>1/71,.

C. Diagnostics for self-affinity

In this section we discuss methods for testing self-
affinity in time series. Since the definition, Eq. (3), in-
volves equality of probability distributions, there is an
infinity of testable conditions. This implies that one can-
not establish self-affinity rigorously with a finite amount
of data; one can only indicate that a time series is self-
affine to some approximation for a certain class of tests.
Our results are based on two criteria, a length-based frac-
tal dimension [17], D, and an analysis of moments of Eq.
(3) [see Eq. (17) below].

There are now many different methods for identifying
self-affinity in time series. We briefly review them to give
a sense of where our two tests fit in. We have already
mentioned one, that the power spectrum is a power law,
with the exponent «a satisfying

a=2H+1, (15)

where H is the scaling exponent in Eq. (3). This test is an
empty one in what follows, since we are constructing the
time series to have this property. We also do not discuss
long-lived correlations between increments [9]. Although
these correlations are a dramatic prediction for self-affine
time series, we report results elsewhere that show that
numerical tests of long-lived correlations have large fluc-
tuations around their expected value, and are less useful
for quantitative work.

Several related tests arise from the nonstationarity of
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self-affine time series. Thus the variance of increments
[9] ¥ (7) scales as 7%%; the roughness of the time series [3]
w (7) scales as 7; and the rescaled range [9] R /S scales
as (7/2)2. The variable 7 has two different meanings in
these tests. In the first case, it represents a time interval
separating two points in time. In the second and third
cases, 7 < T represents the length of a time interval [0, 7]
contained in the entire observation time [0, T'] over which
various averages are performed.

Other related tests arise from fractal aspects of self-
affine time series. The path of a self-affine time series in
N-dimensional Euclidean space is fractal [10], with Haus-
dorff dimension D =min(1/H,N). This fact was used by
Osborne and Provenzale [16] in their study of correlation
dimensions of time series with power-law spectra. The
graph of a self-affine time series has a fractal dimension
(8, 26],

5—a

D=2—H= ,
2

(16)

with the obvious restriction 1<D <2, since a two-
dimensional plot lies in the plane. This test was used by
Burlaga and Klein [1] and by Higuchi [17]. Finally, the
zero set of a self-affine time series is fractal with Haus-
dorff dimension [27] D =1—H. To our knowledge, this
test has not yet been applied to data.

Two final tests deal with the definition Eq. (3) more
directly. This equation predicts that the probability dis-
tributions of scaled time increments 7~ #Ax () should be
identical for all time intervals 7, i.e., empirical histograms
of increments for different 7 should all collapse onto a
single curve [3]. One drawback of this diagnostic is that
it is somewhat difficult to quantify the disagreement be-
tween different probability distributions. Also, the curve
is insensitive to possible characteristic time scales.

These difficulties can be partially remedied by studying
moments of Eq. (3), which is an additional test that we
propose. Equation (3) implies the following relation:

S (A,B)=C|Ax (AT)|P)VE=)H(|Ax(7)|B)1/B (17)

i.e., the quantity S(A,3) is proportional to the quantity
AH for arbitrary positive numbers 8. (Angular brackets
again represent averages over time and over realizations.)
The case B=1 was studied by Osborne and Provenzale
[16]. Given Eq. (17), one can test for self-affinity by plot-
ting log(S) versus log(A) for many values of 8. The linear
parts of the plots (if they exist) should all have the same
slope H. Unlike the test for agreement of scaled probabil-
ity distributions, Eq. (17) is sensitive to the time scales ap-
pearing in the problem, as we show in the next section.
We note that there has not yet been a careful quantita-
tive or statistical analysis of the best way to establish
self-affinity for a finite amount of data, nor has there been
a systematic comparison of these different methods. A
recent exception was an experimental study of particle
transport by capillary waves [3], in which the collapse of
probability distributions to a single curve, the roughness
of time series, the variance of time series, and long-lived
correlations of increments were studied side by side.
However, these empirical results are difficult to interpret
in the absence of control tests on known self-affine data of
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similar length.

For the results presented in the next section, we re-
stricted ourselves to two tests of self-affinity. First, we
used the averages of moments, Eq. (17), which we found
to be one of the more sensitive and insightful tests.
Second, we used a length-based dimension D suggested by
Higuchi [14,17] to estimate the fractal dimension of the
graph of the time series. Higuchi’s algorithm estimates D
by calculating an average total length in the one-norm
(L (7)) of all points on the graph that are separated in
time by the interval 7. This average length should then
scale as L (7) <7~ D for self-affine curves. We chose this
method over others because it was easy to compute, and
because we could compare our calculations more readily
with Higuchi’s earlier results. We do not claim that ei-
ther of the two methods is optimal either statistically or
computationally.

A serious difficulty in applying these two methods
(and, in fact, in applying most of the above methods) is
the need to identify scaling regimes on log-log plots and
to determine corresponding scaling exponents. This is
most commonly done by plotting the logarithm of some
quantity (e.g., for the dimension D, we plot the quantity
log[{L(7))] versus the logarithm of some independent
variable [here log(7)]. Theoretically, one should obtain a
straight line for all values 7. Empirically, one rarely sees
this behavior, as emphasized by Fox [15]. There is con-
siderable ambiguity in identifying when and where a scal-
ing law holds.

To identify more clearly where scaling regimes occur,
we plot the local slope of the log-log plot versus the loga-
rithm of the independent variable. This local slope
should be a horizontal straight line where a power-law re-
lation holds, and is visually superior to log-log plots in
evaluating the range of a scaling regime. We illustrate
this for estimating D in Fig. 3. The log-log plots in part
(a) look reasonably linear to the eye, but the local-slope
plots in part (b) show systematic errors; the local slope is
not constant, but monotonically changes over most of the
range in time. Only the data for =2 give a good scaling
regime, with an average value equal to the expected
theoretical value of D =1.5.

These and other plots reported below were made by
evaluating the various statistics for about 40 values of 7
that were geometrically spaced between the smallest and
largest time intervals; this gives equally spaced points on
the log-log plots. Local slopes were obtained by simple
finite differences of nearest pairs of points. We found this
to be a fairly good estimator of the local slope, e.g.,
smoothing the plot with moving averages or with least-
squares fitting a spline did not give substantially better or
worse results.

We conclude this section with a technical comment
concerning the use of correlation dimensions [28] to
study the dimension of paths of self-affine time series.
Osborne and Provenzale [16] attracted considerable in-
terest when they observed that a stochastic time series,
generated using Egs. (1) and (4) and the random-phase
approximation Eq. (5), could have a finite correlation di-
mension. Unlike the capacity, Hausdorff, and other
geometric dimensions [10], the correlation dimension is
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based on invariant measures of bounded finite-
dimensional deterministic flows [29]. For such flows, the
correlation dimension gives a useful measure of their
complexity as the approximate minimum number of in-
dependent modes needed to generate the observed time
series.

Unfortunately, correlation dimensions cannot be mean-
ingfully calculated for time series with power-law spectra.
Such time series are nonstationary (e.g., variances in-
crease with time) and produce unbounded paths in phase
space, so that orbits recur (if at all) only finitely many
times. This implies that invariant measures do not exist
and that the formal mathematical limit for the correla-
tion dimension [22]

lim lim log[C(N,e€)]/log(€) (18)
€e—->0N—>x
4 ; ;
.. (a)
®e ® 0=125
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FIG. 3. Illustration of the advantages of plotting the local
slope (b) of a scaling relation, compared to a direct log-log plot
(a). The results are for the length-based dimension D proposed
by Higuchi [14]. Time series of length M =131072 were calcu-
lated with power-law spectra for exponents a=1.25, 2.0, and
2.75 using the random-phase approximation Eq. (5). Part (a)
shows the log-log plot of the average length in the one norm,
(L(7)), of the graph of the time series for points separated in
time by 7. This gives three approximately straight lines. Part
(b) shows the corresponding local slopes as estimated by finite
differences between neighboring points. The three horizontal
lines indicate the exact answers—D =1.875, 1.5, and 1.125,
respectively—predicted by Eq. (16). The average values of the
local slope over the central two-thirds give the empirical values
D =1.85, 1.50, and 1.16, respectively, which have errors of or-
der a few percent.
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does not exist. Here C(N,e) is the average number of
pairs of N points in phase space that are closer than € in
some norm. The points in phase space are obtained by
embedding the time series directly with time delays [22]
or by using realizations as different coordinates [16].

For nonstationary time series, the correlation dimen-
sion determines the scaling only of points in phase space
that are close in time, rather than between recurring
points that are far apart in time. The scaling information
is now similar to the Hausdorff dimension or length-
based dimensions, and cannot be interpreted as an esti-
mate of dynamical complexity. Given this fact, there is
little motivation to use a correlation dimension for non-
stationary time series with long correlation times, since it
is much more expensive to compute [23] (O[M log(M)]
instead of O (M) operations for graph-based dimensions)
and much less accurate for scaling exponents H << 1, the
case of high-dimensional paths. It might be more fruitful
to calculate the correlation dimension of increments in-
stead, since these are often more stationary than the orig-
inal time series.

This point has been made especially clearly by Theiler
[30], who has recommended that correlation dimension
algorithms discard pairs of points that are closer in time
than about the correlation time. For approximately self-
affine time series, whose correlation times are comparable
to the length of the entire series, most points are discard-
ed and the calculation cannot be completed. Further
difficulties in estimating correlation dimensions of non-
stationary time series have been discussed by Theiler else-
where [31]. There he analytically determines the various
scaling regimes of the correlation dimension for time
series with Gaussian increments as a function of the
length of the time series and as a function of low- and
high-frequency cutoffs to a power-law power spectrum.
He finds that all finite-dimensional scaling regimes are ar-
tifacts arising from the finite length of the time series.

III. RESULTS AND DISCUSSION

A. Length-based dimension

We begin by discussing the results of analyzing the
length-based dimension D for time series with power-law
spectra, and with different phase distributions. Figure 4
summarizes the scaling curves for the case a=2, which
turns out to be fairly representative of other curves ob-
tained for different values of a, with 1<a<3. Figure
4(a) was obtained by using the random-phase approxima-
tion Eq. (5). There is fairly accurate scaling over most of
the time range, with significant deviations only occurring
at very short times (7<10) and at very long times
(7>3500). Deviations at the longest times 7 are expected
in all cases because the averages used to obtain the aver-
age length ( L(7)) become noisier and noisier, with fewer
and fewer terms included as 7 approaches half the length
of the time series.

Figure 4(b) is the case of uniformly distributed low-
dimensional (D =1) phases. The scaling curve is essen-
tially identical to the high-dimensional case, suggesting
that length-based dimensions are not sensitive to the
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dimensionality of the phase distribution. Figure 4(c) is a
control test, obtained by analyzing an approximation to
the Wiener process, Eq. (12). This curve indicates accu-
rate scaling down to the smallest time scales, which is
substantially different from curves (a) and (b). At the
longest time scales, the same curve shows somewhat
larger fluctuations compared to (a) and (b), but we are not
sure if this is a significant effect. Figure 4(d) was obtained
from Eq. (4) for quasiperiodic phases, Eq. (11). There is
now a clear absence of scaling; the local slope smoothly
increases about 1.1 to about 1.7 over the entire time inter-
val. The average value of the local slope is substantially
smaller than the expected theoretical value of D =1.5 for
a=2. From this and other curves corresponding to other
values of a (not shown), we deduce that long-lived corre-
lations in the phases do not lead to self-affine scaling,
even when a power-law power spectrum is imposed.

Because of the short- and long-time-scale errors sug-
gested by Fig. 4, we estimate numerical values of the di-
mension D’ by averaging the local slope only over the
middle range 0.3X5=log,o(7)<0.7X5. This typically
gives values that differ by about 10% from values ob-
tained by using the entire range of data.

We summarize the results of many calculations similar
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FIG. 4. Local slopes of scaling plots for the length-based di-
mension [17] obtained from time series of length M =131072
points and time steps Az =1. (a) Power-law spectrum with =2
and high-dimensional uniformly distributed phases, Eq. (5). (b)
Power-law spectrum with a=2 and low-dimensional uniformly
distributed phases, Eq. (7); an identical curve is obtained for the
nonuniformly distributed phases, Eq. (6). (c) Realization of the
Wiener process. (d) Power-law spectrum with =2 and quasi-
periodic phases, Eq. (11).
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to Fig. 4 in Fig. 5. This plot gives the relative error
(D’'—D)/D between the numerically estimated dimen-
sion D' and the analytical dimension that is predicted for
truly self-affine time series, given by Eq. (16). The rela-
tive error is plotted as a function of the exponent a for
each of the phase distributions discussed in Sec. II B. For
phases that are approximately 8-function correlated, the
relative errors are nearly identical, as indicated by the top
five curves in the plot. This suggests that length-based
fractal dimensions are insensitive to the probability distri-
bution (continuous, discrete, uniform, or nonuniform) or
its fractal dimension (1 or « ). As already pointed out in
our discussion of Fig. 4(d), one obtains poor scaling for
phases with long correlation times. Nevertheless, we
have plotted the relative error for this case, estimating
the dimension D’ by an average over all time intervals 7.
The relative error is now quite large (the curve labeled by
circles in Fig. 5) and is suggestive of what may be ob-
served for other non-self-affine time series.

We have repeated many of these calculations using the
correlation dimension [22] of paths of realizations in
sufficiently high-dimensional phase spaces. The relative
error between the empirical correlation dimension v' and
the predicted correlation dimension v=min(1/H,N) is
qualitatively similar to Fig. 5, although with much larger
error bars. In particular, the correlation dimension is
also weakly dependent on all details of the phases except
for their correlation time. This is consistent with our dis-
cussion at the end of Sec. II C, where we pointed out that
the correlation dimension effectively reduces to a
geometric dimension for dynamics that lack a bounded
invariant measure.

Relative Error In Dimension

—m— linear
—a— uniform logistic
—e— quasiperiodic

_0.20L 1 1 1 1
1.0 1.5 2.0 2.5 3.0

Power-Law Index o

FIG. 5. Plot of relative errors in the dimension D vs the
power-law exponent a, for the six choices of phase distributions
of Sec. IIB. All data were based on time series of length
M =131072 and were generated with Eq. (4). For approximate-
ly 8-function-correlated phases (the top five curves), the relative
error is of order 10% and is approximately symmetric around
a=2. Time series generated with quasiperiodic phases gave
poor scaling results, with large systematic errors (the lowest
curve).
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B. Moments of probability distributions

We now turn to a discussion of results of analyzing mo-
ments, Eq. (17), for time series with power-law power
spectra, and with different phase distributions. We first
study thoroughly the scaling curves for 1/w? spectra in
Figs. 6 and 7, since Wiener noise provides an important
and independent control test. Later figures then show il-
lustrative results for other values of « in Fig. 8, and show
how the relative error in the scaling exponent H varies
with the exponent «a, Fig. 9.

In these figures, scaling regimes and exponents are
identified by plotting the local slopes of log[S(r,5)]
versus log(7) [see Eq. (17)] for the first five integer mo-
ments, B=1 through S=5. For self-affine time series,
these slopes should be independent of both 8 and of 7,
giving the same value H, the scaling exponent in Eq. (3).
Further, this average value H should be related to the ex-
ponent a of the power-law power spectrum through Eq.
(15),i.e., H=(a—1)/2.

As a useful control test, we first studied numerical
Wiener noise, Eq. (12), which should approximate a true

log,(7)

FIG. 6. Plots of the local slope of scaling curves obtained
from Eq. (17) for the first five integer moments 3=1-5. For
self-affine time series, these slopes should all have the same con-
stant value H. In each panel, the solid curve is =1 and the
straight horizontal line is the theoretical value H =% for a=2.
These curves were calculated for time series with power-law
power spectra with exponent a=2, of length 131072, for
different phase distributions. The averages in Eq. (17) were car-
ried out over time and over ten realizations. (a) Wiener process,
Eq. (12). (b) High-dimensional, uniformly distributed phases,
Eq. (5). (c) Low-dimensional (D =1), nonuniformly distributed
phases, Eq. (6).
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self-affine series with H=1. We see in Fig. 6(a) that the
five different moments collapse onto the correct constant
value H =1 for moderate times (7 < 100), but start to os-
cillate and separate for longer times, of order half the
length of the entire time series. This behavior is quite
similar to the corresponding dimension-based local-slope
curve in Fig. 4(c). The numerical algorithm Eq. (12) evi-
dently does not capture the longer time-scale structure of
Wiener noise correctly.

Figure 6(b) gives the corresponding local-slope curves
for time series with a prescribed 1/w? spectrum in the
random-phase approximation, Eq. (5). The self-affine
scaling is not as satisfactory at small time scales when
compared to Wiener noise, but is substantially improved
at the longer time scales. For the case a=2, we conclude
that Eq. (4) with phases Eq. (5) produces a good approxi-
mation to a self-affine curve. This, unfortunately, does
not remain the case for other values of «a, especially for
values near a =1 or a=3, as shown later in Fig. 8.

Figure 6(c) corresponds to low-dimensional nonuni-
formly distributed phases, obtained by iterating the logis-
tic map, Eq. (6). Unlike the corresponding dimension
plot Fig. 4(b), we now see strong evidence of non-self-
affine scaling. The local slopes for higher moments are

log,o(T)

FIG. 7. Continuation of Fig. 6, showing the local slopes of
Eq. (17) for time series with a=2 and different phase distribu-
tions. (a) Discrete uniform phase distribution, Eq. (8). (b)
Linearly distributed high-dimensional phases, Eq. (9). (c) Quasi-
periodic phases, Eq. (11). (d) Uniformly distributed low-
dimensional (D =1) phases, Eq. (7).
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FIG. 8. Local slopes of scaling curves for Eq. (17) for
a=2.75 and a=1.25. We show only the =1 curves and only
the best case of the random-phase approximation, Eq. (5). The
horizontal straight lines are the expected theoretical values pre-
dicted by Eq. (15), H =0.88 and 0.125, respectively. There are
substantial and systematic deviations from scaling.

approximately constant, suggesting the existence of scal-
ing regimes, but they differ substantially from the expect-
ed value of H =1, decreasing for larger values of 8. The
B=1 curve consistently gives the best estimates of the
scaling exponent H for different values of 5 and of a. We
conclude that the scaling of moments of Eq. (3) is a more
subtle test of self-affinity than fractal dimensions, since
the latter cannot distinguish between the phase distribu-
tions Egs. (5), (6), and (7) (Fig. 5).
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FIG. 9. Relative error (AH /H) in the scaling exponent H of
Eq. (17) as determined for S=1 and for high-dimensional uni-
formly distributed phases. The relative error diverges as a—1
since H goes to zero in that limit, magnifying small errors.
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Scaling curves for a=2 and the other phase distribu-
tions discussed in Sec. II B are shown in Fig. 7. These
curves, together with those in Fig. 6, can be summarized
as follows. For the case a =2, fairly accurate approxima-
tions to self-affine time series are obtained for phase dis-
tributions that are uniformly distributed and 8-function
correlated. It does not matter if the phase distribution is
discrete [Fig. 7(a)] or if the fractal dimension of the
phases is small [Fig. 7(d)]. Nonuniformly distributed
phases [Figs. 6(c) and 7(b)] produce non-self-affine scal-
ing, although this is not picked up in dimension tests.
The worst approximations for self-affine time series arise
from phases with long correlation times, Fig. 7(c).

The situation for power-law exponents a with values
other than 2 is less satisfactory. Figures 3 and 8 both
suggest that Eqgs. (1) and (4) with the random-phase ap-
proximation are poor approximations to self-affine time
series when a becomes close to 1 or 3. In both these
plots, the local slope increases slowly and monotonically,
so that a good scaling region does not exist. It is difficult
to say whether these are good or bad self-affine approxi-
mations without further comparisons to data that are
more accurately self-affine.

The relative error in the empirical estimate of the scal-
ing exponent H is shown in Fig. 9 for different values of
a, for the case f=1, and only for time series generated in
the random-phase approximation. This plot says that
scaling exponents can be estimated to about 10% accura-
cy for most values of a between 1 and 3; this ignores the
complexity that good scaling regimes are actually not
found, as previously observed. The relative error is
smallest near =2 and varies smoothly from positive to
negative values as a is increased through that value.
These results are similar to those of Fig. 5 and provide
further support for the observation that time series with a
power-law spectrum are approximately self-affine only for
a=2.

Our conclusions are similar to, but more extensive
than, conclusions already made by Osborne and Proven-
zale [16] and by Higuchi [17], who already observed sys-
tematic errors in the correlation dimension and length-
based dimensions of time series with power-law spectra.
These authors did not study, however, the possible
more-general dependence on different kinds of phases.

We have not investigated the question of how the rela-
tive errors in these figures may decrease for even longer
time series. The amount of data we have used —ten reali-
zations of 131072 points each—is already much larger
than that used in many experiments or in economic data-
bases. Higuchi [17] has studied how the dimension D de-
pends on the length of the time series over the range 2'*
to 2°. He found very slow convergence of D towards the
expected values of D =2 and D =1 for a=1 and a=3,
respectively. We have confirmed this slow convergence,
which has discouraged us from pursuing this question of
convergence numerically.

C. Time series with characteristic times

We conclude this section on results by discussing
briefly the possible self-affine scaling properties of the
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Ornstein-Uhlenbeck process, Eq. (13), for which there is a
characteristic time scale in the correlation function. The
power spectrum of this process is asymptotically a
power-law (1/w?) for large frequencies w >>1/7,. High-
frequency power-law behavior in power spectra is, in fact,
a general property of noisy flows and of some experimen-
tal data [32,33]. Such behavior cannot occur for chaotic
solutions of finite-dimensional smooth bounded flows. In
this case, power spectra decay exponentially for
sufficiently high frequencies [34]. Crossover regimes for
deterministic equations have been observed from power-
law to exponential decay [35], which complicates the
identification of stochastic systems with asymptotic
power laws in the spectrum.

The question then arises whether the high-frequency
part of the Ornstein-Uhlenbeck process is approximately
self-affine when this power-law regime is attained. Figure
10 shows the local slopes for dimension and self-affine
scaling tests for the Ornstein-Uhlenbeck process in (a)
and (b), respectively. Both curves indicate a crossover re-
gime, from approximately self-affine scaling with D =1.5
and H =1 at small time scales, to non-self-affine scaling
for larger times. The values D =2 and H =0 are typical
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FIG. 10. Local slope of scaling curves for Higuchi dimen-
sion, part (a), and =1 moment of Eq. (17), part (b), for ten
131 072-point realizations of the Ornstein-Uhlenbeck process,
Eq. (13). The time series were calculated by numerical integra-
tion [37] with step size Ar=0.004, damping 7=1, and noise
strength £=1. The local slopes have been smoothed with a
three-point moving average to remove high-frequency ripple.
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FIG. 11. Local slope of scaling curves for B=1-5, obtained
from Eq. (17) for the Ornstein-Uhlenbeck process. The same
parameters are used as given in Fig. 10, except a much smaller
time step of Az =107 was used.

of high-dimensional white noise, which is what would be
expected for times long compared to the correlation time
7. =1.

Figure 11 explores more carefully the high-frequency
(short-time scale) part of the Ornstein-Uhlenbeck process.
The curves are rather similar to those already calculated
for the Wiener process in Fig. 6(a) except for the shift in
time scale. This suggests that the high-frequency part of
the time series is accurately self-affine for those frequen-
cies for which the power spectrum is approximately a
power law. We conjecture that this conclusion holds
more generally, since the smooth part of the flow is
effectively constant on such short time scales.

IV. CONCLUSIONS

In this paper, we have analyzed numerically the self-
affine properties of time series with an imposed power-
law power spectrum. Extending the results of earlier in-
vestigators [14-17], we have studied the consequences of
different choices of phases by varying their correlation
times, their probability distributions, and their fractal di-
mensions. Using two criteria for self-affinity, a length-
based fractal dimension of the graph [14,17] and a new
test proposed by us [Eq. (17)], we found that time series
are accurately self-affine for the special case =2, provid-
ed the phases are approximately 8-function correlated.
For values a2, time series were much less accurately
self-affine, e.g., there were systematic deviations in the lo-
cal slope from the expected straight line, and the average
local slope did not agree with the theoretical values.

We conclude that a power-law spectrum is generally
not sufficient to give self-affine scaling. While not impor-
tant for graphics applications [19], this observation has
useful implications for the analysis of empirical physics
or economics data, for which power-law spectra are often
observed. Our results show quantitatively the quality of
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scaling curves for different values of «, and are summa-
rized in Figs. 5 and 9.

A second important result in this paper was the intro-
duction of a method for studying self-affinity in time
series, based on the moments of probability distributions
Eq. (17). We have shown that this test is more subtle
than other tests discussed in Sec. II C, especially tests
based on the fractal dimension of the graph. Fractal di-
mensions give similar results for all phases that are -
function correlated, while the test based on moments dis-
tinguishes between phases that have uniform and nonuni-
form probability distributions. Results in Sec. III C show
that our method is also sensitive to time scales in the
problem, and so complements the test of studying the col-
lapse of different probability distributions to a single
curve [3]. It would be interesting at this point to apply
this test to various data [6,3,4] and to compare the results
with earlier studies.

Several important theoretical problems remain. One is
to explain the slow (logarithmic?) convergence of time
series with power-law power spectra towards self-affine
behavior [17] for a2 as the length of the time series is
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increased. Does a statistical limit exist that is indepen-
dent of the properties of the phase distribution? A
second problem is to find more accurate algorithms for
self-affine time series than those generated by Eq. (4) in
the random-phase approximation. It will probably be
fruitful to return to Mandelbrot’s more direct approxima-
tion of fractional Brownian motion [36,9] and to analyze
the resulting time series using the methods proposed
herein. A final problem is to find physical mechanisms
that generate the approximately self-affine time series ob-
served in fluid transport [3] and in granular flow [4].
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