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We develop the quantum theory of the propagation of nonclassical radiation in a nearly resonant

medium. The medium is taken to have two levels, which are coupled by the radiation field. Heisen-

berg equations of motion are developed and compared with stochastic equations in a positive P rep-

resentation. Initial conditions for absorbers and amplifiers are calculated, so that, for example,

superAuorescence or self-induced transparency can be treated. The theoretical methods introduced
here allow nonclassical statistics of the radiation field to be calculated such as photon antibunching

or squeezing. Both radiative and collisional damping are included.

I. INTRODUCTION

With recent experimental studies' showing observable
nonclassical properties of light produced by nonlinear-
optical processes, it is of interest to understand the prop-
agation of light in a near-resonant medium from a
quantum-mechanical basis. More generally, the spatial
propagation of intense light through near-resonant media
is a fundamental problem in quantum optics, and is cen-
tral to the processes of laser action, optical bistability,
self-induced transparency, four-wave mixing, amplified
spontaneous emission, and superAuorescence. The semi-
classical treatment of these processes is well understood,
but is not an adequate description if quantum Auctuations
are important. We therefore intend to develop the quan-
tum theory of propagation of nonclassical radiation in an
optically pumped two-level medium that has collisional
and radiative damping. The initial preparation of the
medium is arbitrary, although typically it would either be
in the ground state, or in an inverted state prepared via
optical pumping. The states of interest decay to other
states on long time scales, and are therefore treated as an
isolated two-level system.

It is important to include collisional damping, since its
accompanying Auctuations can mask the quantum noise
of interest and change the statistical properties of the
light. In fact, amplified spontaneous emission (ASE) and
superffuorescence (SF) diff'er primarily in that the former
is dominated by collisional dephasing. The transition
from SF to ASE as the collision rate is increased has been
the subject of a recent experimental study, which partial-
ly motivated the present work. The application of the
present formalism to this problem is given in a com-
panion paper. In the case of amplified spontaneous
emission, the measured field statistics appear to be largely
classical. Qur methods permit the theory to treat also
nonclassical radiation fields, such as were recently ob-
served in experiments on photon antibunching' and
quadrature squeezing.

SuperAuorescence, in which a macroscopic, coherent
dipole spontaneously develops in an initially inverted
two-level medium, provides one of the more interesting
and challenging cases to study, since quantum noise and
spatial propagation are both important. In the absence of
a mode-selecting optical cavity, superAuorescence is in-
herently a three-dimensional, quantum process. Thus,
"mean-field" theories cannot be used reliably. While the
basic Heisenberg-picture operator equations of motion
were developed for the propagation problem in the
1960's, they are notoriously dificult to solve rigorously,
as they are intrinsically quantum mechanical and non-
linear. In addition, the multimode case gives rise to par-
tial differential equations in space and time.

In the case of superAuorescence with no collisional de-
phasing, a breakthrough in solving the operator equa-
tions was achieved by realizing that to a good approxima-
tion the operator character of the variables can be ig-
nored if the initial conditions are chosen as random @-

number quantities„with statistics determined by the un-
derlying quantum mechanics. This provides a set of
difFerential equations that can be readily solved by stan-
dard numerical techniques, even in the nonlinear regime.
This method is highly accurate in the case of many
atoms, in the linear regime, where the atoms remain
essentially in their excited states. The most successful
theories of SF (Refs. 8 and 9) have used equations of
motion that have the same form as Maxwell's wave equa-
tion for the electric field, and Bloch equations for the
atomic variables, together with zero-point motion of the
atomic dipoles (or, equivalently, of the electric field). The
random initiation of the emission corresponds to normal
(or antinormal) operator ordering.

The random initial-value method is less reliable, how-
ever, when the problem becomes nonlinear through
atomic depletion. The nonlinearity then couples normal-
ly and antinormally ordered operators together. This
causes ambiguities in the specification of initial condi-
tions and Langevin terms as random c numbers, because
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the system operators are intrinsically quantum mechani-
cal. The operators cannot therefore be entirely represent-
ed by the same set of classical variables as in the linear re-
gime, since the commutation relations would then be
violated. It has been argued, rather convincingly, that in
superAuorescence the violation of the commutators is not
very important, since the amplified fields are nearly clas-
sical anyway. In general, however, nonclassical field
states can be produced by propagation of light through
resonant media. By assuming a priori that the states are
classical, one precludes the possibility of studying non-
classical states. '

The purpose of the present paper is to derive a set of
stochastic c-number differential equations that are
equivalent to the Heisenberg operator equations of
motion describing light propagation in a near-resonant
medium in the many-atom limit. This is accomplished
through use of the positive P representation. " The ad-
vantage of this approach is that it provides equations that
can be solved numerica11y while retaining the leading
terms that describe the nonclassical nature of the field.
The terms in the equations responsible for the nonclassi-
cal effects can be identified. When the nonclassical terms
are neglected, as might be valid in superAuorescence and
amplified spontaneous emission, the standard equations
of previous studies are recovered. This allows a better
understanding of the nature of the approximations made
in earlier work. In addition, situations involving nonclas-
sical quantum behavior can be treated. For example,
there is a recent theoretical proposal that nonlinear soli-
ton propagation in resonant media could generate non-
classical photon statistics. '

The model treated here is similar to the two-level

super fluorescence model as extended to the three-
dimensional case by Drummond and Eberly. However,
we also include a treatment of collisional and radiative
damping as well as incoherent pumping. In these damp-
ing problems, the method uses the technique of reservoir
operators introduced by Lax, ' Haken, ' Louisell, ' and
others. We compare different treatments of this problem,
using Heisenberg equations of motion and the equivalent
e-number stochastic equations. The quantum-noise
sources of these two methods can be regarded as coming
from different sources: in the Heisenberg case, from the
damping reservoirs, and in the equivalent stochastic case,
from both the damping and the nonlinearities in the
Hamiltionan. We finally mention the possible applica-
tions of our methods to quantum chaos theory, as the
semiclassical equations of laser theory are known to be
equivalent to the Lorenz' equations in which chaos was
discovered.

II. HAMILTONIAN

The model treated has a group of two-level atoms, with
the pth atom at location x„. The resonant frequency for
the pth atom is cu„. The Hamiltonian' for the interac-
tion of a set of two-level atoms with the radiation field
can be calculated after using the usual canonical transfor-
mation to the dipole coupled form, as

H=gH
J

where

QRccjg& egg

gf—iso„& ',1

'p
H =H'+8 +H'

A4 =A'g g (ga j~P „e "+H.c. ),
k JM

8 =my(f""e -+f"e++f"'e')

A', =ay(f'„'a„+f",a „') .
k

(2.1)

Here the rotating-wave and dipole approximations are
used. The different terms in the Hamiltonian have the
following physical interpretations: 8&, free Hamiltonian
of the paraxial modes; 82, free Hamiltonian of the atoms;
A3, free Hamiltonian of the reservoirs: field modes 8 ',
atomic dipoles 8, collisions 8' ', 84, interaction of par-
axial field with atoms; 85, interaction of atomic and col-
lisional reservoirs with atoms; and 86, interaction of
background reservoir with radiation field.

The frequencies cok are the mode frequencies of the kth
radiation field mode with anihilation operator &k. The
sum over k is restricted to a single polarization and to
nearly paraxial wave vectors, with k=ko, where ko is
directed along the z axis. Cutoffs in momentum and in
volume are used, so that the allowed wave vectors are a
discrete set. The paraxial modes are coupled to a back-
ground of absorbing dipoles f' f, with free Hamiltonian

This describes background absorption and reemis-
sion due to other atoms in the medium, as opposed to the
resonant ones of interest. The other atoms are assumed
to have nonresonant transitions, so that they are not sa-
turated, and coherent dipole effects do not have to be
treated. In general, the resonant atoms are also coupled
to modes with nonparaxial wave vectors, unless there are
wave guides present. The nonparaxial wave vectors are
assumed to form independent radiative fluorescence
reservoirs for each atom, whose operators are labeled
f'„,O'„. The free Hamiltonian of these atomic reser-
voirs is 8 . This approximation of independent reser-
voirs implies the neglect of transverse dipole-dipole cou-
pling and radiation trapping of the nonparaxial Auores-
cent modes. The approximation is therefore valid only
for relatively low-density optical media where local-field
corrections are negligible. Any optical pumping present,
if it occurs largely within the two-level manifold, is also
included in these reservoirs. The operators f''„describe a
coupling of the resonant atoms to a collisional phase-
damping reservoir with free Hamiltonian 8 ', which
would typically describe weak collisions with non-
resonant atoms.

The medium may be inhomogeneously broadened
around a central frequency coo. The atomic density can
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change with position, with a number density p(x). The
two-level Pauli operators used to describe the pth atom
are defined (at t =0) as

J „+—,J'„, are defined as having the usual angular momen-
tum commutation relations appropriate for a system with
maximum spin of (N/2). Thus

e „=I»„& 1 I„,
e „=Il &„&2I„,

+„'=(12&„&21„—Il &„& ll„) .

(2.2)

J„+= g &„+e ' ~=(J„)t,
pEs(n)

JZ
11

pcs(n)
(2.5)

The dipole coupling of each atom to the field is as-
sumed to be identical for each atom, and approximately
independent of frequency and wave vector. This, of
course, is valid only for the paraxial wave vectors includ-
ed in the sum over k. For an ideal two-level atom, the
coupling parameter can be written in terms of the Ein-
stein A coeKcient of the relevant transition, so that

I.ocal-field operators a; are now defined as the discrete
Fourier transforms of the set of mode operators &1, on the
wave-vector lattice m reciprocal to j. The wave vectors
included in the summation over k are, therefore, k(m),
which is given by

k(m) =ko+bk(m),

g'= fd„ef' COO

2Aeo V si

with

bk(m)=(m, ski, m2bk2, m3hk3) (2.6)

21rcop 31 pA, ()c= d„el' (2.3)
XV „, 8V

Here d, 2= & 1ldl2) is the relevant dipole matrix ele-
ment, e is the mode polarization, yo is the Einstein A
coefficient or spontaneous decay rate of level I2) decay-
ing to level

I
1 ), F00 is the central resonant frequency, and

ko the resonant free-space wavelength. In addition, Vis a
quantization mode volume, which will be taken as infinite
in the limit of free-space propagation. The atomic wave
functions have an arbitrary relative phase, so that g can
always be chosen to be real.

The spatial and frequency regions of interest are divid-
ed up into a lattice of cells. There are X„atoms in the
nth frequency and volume cell, where n=(j, n). These
atoms are all located in spatial cell labeled (j) and have
an inhomogeneously broadened frequency indexed by (n).
In each of the frequency and volume cells, collective
operators are defined, relative to the central wave vector
ko. Here ko is in the z direction, and corresponds to the
principal propagation direction of radiation in the medi-
um. The medium is typically pencil shaped for the parax-
ial approximation to be applicable.

The set of all atoms (p) in the nth cell is denoted s(n).
The central frequency of the nth cell is co„and there can
be several frequencies ~„with their corresponding collec-
tive operators J„ in a given spatial location labeled j.
The different spatial locations are denoted x( j), so that

xo+(j 1~1 J2~2 J3~3) (2.4)

Here we suppose that in the ith dimension, there are
(2M;+1) lattice points with a lattice spacing of 6, , with
j;=(—M;, . . . , 0, . . . , M;). The spatial volume of the
cell at location j is AV=A, 5263, containing a total of
N, =Q„N„atoms, on summing over all the frequencies.
Clearly, the ratio Xj /6 V equals the number density
p(x(j)) at the given location. The combined frequency
and spatial density p(x, co) is given by the ratio
N„/(6 Vb, co„), for an nth frequency bandwidth of b,co„.

We note that a two-level atom is formally equivalent to
a spin- —,

' particle. Accordingly, the collective operators

and

a;=M '~'g&),
( )expf i4k(m) x(j)], (2.7)

where

3
M= +(2M, +1) .

This implies that the mode operator aJ describes a lo-
calized field excitation of a slowly varying field envelope,
at the location x(j) on the spatial lattice indexed by
(j„j2,j3). The definition of a. guarantees that these
operators have boson commutation relations, i.e.,

I
a a t]—g(3)

7
(2.8)

In order to treat the time evolution of the quantum sys-
tem, it is often simplest to use an interaction picture in
which the states evolve in time only through their in-
teraction terms. This is achieved by writing the Hamil-
tonian as H=HO+HI. For ease of calculation, the free
Hamiltonian Ho is chosen to have only one resonant fre-
quency coo for the system operators, which therefore all
have frequencies of multiples of coo in the interaction pic-
ture. %'ith this choice, there is an extensive cancellation
of explicit time dependences in the resulting equations,
provided the rotating-wave approximation is employed.
The free Hamiltonian in the interaction picture is defined
as

H()=A'COO ga kt&k+ —,'g& „' +H3
k P

=A'coo ga ta;+gJ' +II3 . (2.9)

In the interaction picture the Hamiltonian Ho determines
the operator time evolution, and the state evolution is

M'p ~ ~ ~ ) Op ~ ~ ~ p +Sf' o

Here b,k; =2ir/I b, ;(2M, + 1)] is the lattice spacing in
the ith direction of wave-number space. Using this
wave-number lattice, aJ will be defined as



QUANTUM THEORY OF PROPAGATION OF NONCLASSICAL. . . 2075

determined by the interaction Hamiltonian Hz. In terms
of the local operators 0,'j,J„, the original free Hamiltoni-
ans can now be written as

H&+Hz+H3 =Ho+A' g g bro(j, j')a .a,

As system observables i11 usually appear in combina-
tions which cancel these rapid time dependences, it will
be generally appropriate to work with Schrodinger-
picture operators, rather than interaction-picture opera-
tors. This standard procedure will be used in this paper,
except when calculations take place explicitly in the
Heisenberg picture.

where

+gb.co„J '„ (2.10)

III. HEISENBERG-LANGEVIN
EQUATIONS OF MOTION

+6)„—CO„COO,

hen(j, j') =co(j,j') —F05,'

co(j,j')= g co&(~)exp [ihk(m) [x(j)—x(j')]] .

Here the difference in detunings between atoms in a
given frequency cell is ignored, and a discrete number of
modes is assumed. Both of these approximations are in-

creasingly reliable in the limit of large quantization
volume and small cell volume in frequency and space. In
addition to this, it is necessary to reexpress the direct in-
teraction term H4 using the new operators. This requires
a similar type of approximation, with small phase
differences between neighboring atoms of order 4k.Ax
being ignored. A new coupling constant g'=gM' must
now be used for the collective operators, where M is the
number of lattice points.

With this small phase-difference approximation, and
leaving the reservoir interactions unchanged, the total
Hamiltonian is now divided up into a nominally free and
an interacting part, as follows

A, (t)=(iA') '[ A, (t),H(t)] .
dt

(3.1)

It was shown by Lax' and by Haken and Weidlich'
that, within the Markov approximation for the coupling
between the system and the reservoirs, this equation can
be well approximated as

Of interest is either the temporal evolution of the den-
sity operator in the interaction picture or the evolution of
the system operators in the Heisenberg picture. Here we
will review the latter case, which was first applied to the
propagation problem by Graham and Haken. We will
take a somewhat different approach to obtaining the
Heisenberg equations of motion, based on the Hamiltoni-
an H in Eq. (2.1). The derivation will be useful for estab-
lishing notation and for later comparison with the c-
number stochastic equations.

In general terms, a system operator A& ( t) in the
Heisenberg picture obeys the Heisenberg equation of
motion

where

A, (t)=(ih') '[A, (t),P, (t))+D, (t)+P, (t),
dt

where

(3.2)

and

8't=h' g g4co(j, j')a;a;+gb~o„J'„
[j j' n

+g' ga, +J„+H.c. (2.11)

We note here that time-invariant operators in the
Schrodinger picture are denoted as A. Corresponding
time-dependent operators in the Heisenberg picture will
be denoted as A(t) in all cases. The interaction picture
operators of the system variables have a time dependence
of

H, (t) =H, (t)+H, (t)+H, (t)

(F/(t)F (t') )g =2(D/ (t) ) g 5(t t'), —(3.3)

represents the Hamiltonian evolution of the system in the
absence of the reservoirs and D&(t) and F&(t) represent
the inAuence of the reservoirs. It is assumed that the
average over reservoir variables of the Langevin opera-
tors F&(t) is zero, i.e., (F&(t))z =0. This means that
(D&(t) )z, which is still a system operator, is equal to the
mean "drift" or damping of the system operator under
the action of the reservoirs. The Markovian approxima-
tion means that the Langevin operators are assumed to be
5 correlated:

a (tj(t) =a exp(iroot ),
a(t)(t) =a exp( —i coot),

J (t)(t) =J +exp(icoot),

J (tj(t) =J exp( —icoot ),
J ftj(t) =J

(2.12)

where the diffusion "coefficients" (D& (t))z, which are
also system operators, will be given below. This approxi-
mation requires that the correlation time of F&(t) is short
compared to the damping times, but may be long com-
pared to the natural oscillation times of the system vari-
ables. Lax' and Haken' showed that the diffusion
coefficients are given by the time-dependent Einstein rela-
tion
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2(D, (t))ii = ( A, (t)A (t))~
NH

—(D&(t)A (t))i, —(A&(t)D (t))~ .

(3.4)

(Pi, (t)F i';(t') )it =c~n5(t —t')5„'~', ,

(F t',(t)P i, (t') ) i, =c~(n+ 1)5(t —t')5j', i,
', ,

where

n = [exp(A'coo/ks T, ) —1]

(3.8}

The bracket labeled NH, around the first term, means
that only the non-Hamiltonian terms [D&(t)+F&(t)] are
to be included in evaluating the derivative. This occurs
because the Hamiltonian evolution of the system does not
contribute to damping or diffusion.

Explicitly, Eq. (3.2) is written for the system (field and
atoms) operators in the Heisenberg picture as

—i k.x
ai, (t)=

icosi,

&„—(t) igg &—„(t)e
dt

P

,'cx.&z(t)—+—Fk(t),

Here n is the mean equilibrium photon number in each
mode of interest (in the absence of coupling to the active
atoms), with T, being the temperature of the background
absorber reservoir.

From Eq. (3.4) it is also easy to show that the Langevin
operators for the atoms obey the relations

(Fp(t)F g(t') ) = (Fp(t)F i', (t') ) =0,
(P„'(t}P:(t)),

= [y~(1+ ( & „'(t) )~ )+ W, ~ ]5(t —t')5„

& (t)= ici)„—& „(t)+ig& „'(t)g itk(t)eP P P
k

—y,& „(t)+P„(t),
& „'(t)=2+(iga i,(t)& „(t)e "+H.c. )

dt

(3.S)

(F„(t)F.(t'))~
= [yp(1 —( & „'(t) )~ )+ Wqi ]5(t t')5„—

(F„(t)F.(t'))~ =(P„(t)P:(t'))„=0,
(F'„(t)F'(t') )~ =2yii[1 —o ( & '„(t) )~ ]5(t t')5„—

(3.9)

—y[&„'( ) —"] F'( ) .

The equations for & i,(t) and &+(t) are given by the hermi-
tian conjugate equations. In each of these equations the
first two terms describe free evolution, the third term is
the drift part D&(t), and the fourth term is the Langevin
operator. In Eq. (3.S), cv is the damping rate of the mode
intensity caused by the background absorbers, where c is
the speed of light. In the atomic equations the longitudi-
nal and transverse damping rates are given by

(P„(t)F:(t'))~= —2W»(& +(t))~5(t —t')5„. ,

(P „(t)F:(t'))~ = —2W» ( & „(t))~5(t —t')5„„,

(P'„(t)P. (t'))~ = —2W»(& +(t))~5(t —t')5„. ,

(F„'(t)F. (t') )~ = —2W»( & „(t))„5(t—t')5„. .

To derive these results, we used Eqs. (3.S) and the rela-
tions

(3.6)

& „+—(t)& +(t)= —,'[1+&„'(t)],
& „'(t)&„'(t)=1.

where 8'2, is the relaxation rate from the excited to the
ground state, while 8'&z is an incoherent pumping rate
from the ground to excited atomic state, and yz is the
pure dephasing rate caused by quasielastic atomic col-
lisions (in the impact approximation). The steady-state
atomic inversion, denoted by cr in Eq. (3.S), is given by

Using Eqs. (3.S), we can now derive equations of
motion for the collective atomic operators J„(t),J'„(t)—
defined in Eq. (2.S), and the spatially localized field opera-
tors a, (t) defined in Eq. (2.7). These are

a;(t) = —,'c~a;(t) ig co(—j,j')a, (t—)
dt

ss F ]2 S2]
CT

W)~+ 8 2)
(3.7}

—igg'J „(t)+F;(t),

J (t) = (yi+ico—„)J„(t)
dt

and is equal to —1 in the absence of incoherent pumping.
The population within the two-level system is assumed to
be conserved:

~
1 ) ( 1

~
+ ~2 ) (2~ = 1. The system operators

obey their Schrodinger-picture commutation relations at
any given time. Thus, the ordering of & and & operators
in Eqs. (3.S) is arbitrary since [&(t),&(t)]=0.

From Eq. (3.4) it can be shown that the Langevin
operator for the field-mode amplitude obeys the well-
known relations'

+2ig'a;(t)J'„(t)+P „(t), (3.10)

J:(t)=—y„[J'„(t)——,
' "(t)N„]

+ [ig'a;(t)J „(t)+H.c.]+P'„(t),

where g'=M' g, and the Langevin operators have the
nonvanishing correlations
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&P, (t)P,'(t') & =cicn5(t —t')5,",.',
&F, (t)F-,,t(t') &R =cd(n+1)5(t —t')5', ,'-,',
&F.' (t)F „'(t') &,

=[2yp& J'&~+N„(yp+ W, i)]5(t —t')5„'n,

&F (t)F„(t')&&

=[—2yp& J'„&~+N (yp+ W2, )]5(t t')5—„'„'~,

&F'(t)F'„(t') &&

while the continuum electric-field variable or Rabi fre-
quency is

A(t, x, (j))=2ig'a;(t)e
r

~+~ . i( t —k )E '+ '( t, x(j ) )e

where, in SI units,
1/2

ficooM
E '+'(t, x(j))=i a;(t)e

2e0V

(N„—2ass& J'„&~ )5(t t')5I'„'—, (3.1 1)

&F ~ F '„.(t') &~ = —W»& J „+(t)&~5(t —t')5„"„',

&F.'(t)F.'(t') &, = —~» &J„(t)&,5(t —t')5„"„',

& F '„(t)F '„'(t') &, = —~» &J.+(t) &, 5(t —t')5."„',
&P'„(t)P '„.(t') &, = —w»& J „-(t)&,5(t —t )5„"„' .

The collective Langevin operators are made up of sums
of the individual atom Langevin operators, e.g. ,

F'„(t)= g F'(t) .
pEs(n)

(3.12)

~ 2

ig co(j, j')a; (t) =icooa(t, x)+c a(t, x) — Vja(t, x),
'C az 2co0

(3.13)

where x corresponds to x( j) and V~ is the transverse La-
placian (B /Bx +B /By ).

We now wish to define an appropriate set of continuum
operators. %'e choose to use a normalization and units'
that correspond to the Bloch vector and the Rabi fre-
quency. That is, the continuum atomic operators will
correspond to the coordinates of a Bloch' vector of unit
length, while the field operators will correspond to the
Rabi' frequency. In this convention, the atomic opera-
tors are dimensionless, while the field operators have di-
mensions of s '. The continuum variables are defined in
a rotating frame by

R —(t, x(j ),co„)=[2J „—(t)e ' ]/N„,
R '(t, x(j),co„)=2J'„(t)/N„,

(3.14)

There are assumed to be a large number of atoms within
each cell, so the collective Langevin operators approxi-
mately obey the Gaussian decorrelation property which
relates higher-order correlation functions to the two-time
correlation functions given in Eq. (3.11). ' Thus the full
statistics of the quantum noise terms are specified.

Since our goal is to derive equations of motion that are
useful for propagation problems, we will take the limit
that the cell size becomes small, while still containing
many atoms, and thereby obtain equations for
continuum-field variables. In this limit the terms involv-
ing co(j, j') must generate the paraxial wave equation, and
hence are equivalent to derivatives of the field variables,

a 1 a
az+c at Vi Q(t, x)

0

,'icQ(t, x)+G —J —p(x,co)R (t, x,co)dco+F (t, x),

R (t, x, co) = —(y~+i bco)R (t, x, co)
Bt

+Q(t, x)R '(t, x, co)+P (t, x, co),

(3.15)

R '(t, x, co) = —
y~~[R '(t, x, co) o]—

Here we define

—
—,
' [Q(t, x)R +(t, x,co)+H. c. ]

+P'(t, x, co) .

G =( Vg'/c ) =cooldi2 el2/(2eokc ) .

The sum over atomic frequencies has been replaced by an
integral with detunings defined by Aco, and the Langevin
operators are defined by

P (t, x(j ))=2(g'Ic)P; (t),
F (t, x(j),co„)=2F „(t)IN„,
F '(t, x(j),co„)=2F '„(t)IN„.

(3.16)

Equations (3.15) are identical with the usual semiclassical
propagation equations' for the slowly varying envelope
fields, except for the presence of the Langevin operators.
These operators have the nonvanishing correlation func-
tions

This definition is used widely in semiclassical treat-
ments of the two-level atom. ' We prefer to use a Rabi
frequency having dimensions of s ' in the general theory
presented here. Recent work in superAuorescence has
used dimensionless Rabi-frequency variables. Our nota-
tion can be adapted to this convention with the introduc-
tion of appropriate scaled time variables. However, our
equations are also useful in other applications as well as
superAuorescence, and for this reason, the choice of di-
mensionless time variables is left open at this stage.

Using Eq. (3.9), the new variables are easily shown to
obey the equations of motion
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(F"t(t,x(j})p (t', x(j') ) )~ =4G5J'~n 5(t t'—)/5 V,
(F"(t,x(j))F" (t', x(j')))~

4g(4)
(R „R+)=

n
(3.20b)

=4G5&,'~(n+1)5(t t')/—b, V,
(F (t, x(j),co„)F (t', x(j'), co„))ii

=45 ~ i[yp(1+ (R )„)+W, 2]5(t t')—/N„,
(F (t, x(j ),co„)F (t', x(j'),co„))~

=45' ', [yi, (1—(R')i, )+ 8'2, ]6(t t')/N—„,
F'(t, x(j ),co„)F'(t',x(j'), co„.})z and

(E f+'(t, x,y})=E,(t, x,y)

It is also known that the initial operators R + and R
obey the Gaussian decorrelation property, and so
higher-order moments can be obtained from Eqs. (3.19)
or (3.20). In the case that the field is initially in a
coherent state with classical amplitude E,(t, x,y) at z =0,
the initial free-field operator at z =0 has the properties

=25~'[yii(1 —o (R ')ii )]5(t t')/—N„,
(F t(t, x(j ),co„)F'(t', x(j', co„)) R

(3.17) &P f '(t, x,y)P f+'(t', x',y'))

=E,*{t,x,y)E, (t', x',y'), (3.21a)
25—'"'W„,(R + ),5(t —t')/N„,

(P ~(t, x{j),co„)F'(t',x(j'),co„))x
= —25'"'IV»(R )it5(t —t')/N„,

(Ef '(t, x,y)E f '(t', x',y') )

=E,"(t,x,y)E, (t', x',y')

+ [E f+'(t, x,y), E f '(t', x',y')] . (3.21b)
(F'(t, x(j),co„)F (t', x(j'), co„))ii

= —25„'"JJV2, (R )ii5(t —t')/N„,
(F '(t, x(j },co„)P (t', x(j '),co„)g

= —25'"', JV,2(R ) 5ii(t —t')/N„,
where

N„=6 Vb cop(x( j ),co„}.

The continuum limit is obtained by making the following
replacements: x(j)—+x, co„~co, and

y(3)
~5' '(x —x'),

AV

6„„.
~5(co—co').

Aco

(3.18)

4g(4)
(R „+R „-, )=

n

&R „R„+,) =0. -
(3.19a)

(3.19b)

On the other hand, if the atoms are in the their ground
states at t =z/c, the initial operators obey

(R „+R „)=0, (3.20a)

In order to specify a solution to Eqs. (3.15), it must be
recalled that before the atoms and field begin to interact,
the Heisenberg-picture operators are equal to their
interaction-picture counterparts. Thus the field at the in-
put face of the medium (z =0) is always equal to the
free-field operator. For the case in which the excitation
of the atoms sweeps through the medium with leading
edge at t =z/c, the atomic operators R —' are equal to
their noninteracting counterparts at t ~z/c. If the atoms
are prepared in their excited states

~
2 ) at t =z /c, such as

in superAuorescence, then the initial operators have the
properties

The commutator in (3.21) is a known c-number function.
In addition, the free-field operator in the coherent state
obeys the Gaussian decorrelation property.

Equations (3.15) were first derived by Graham and
Haken in 1968. Due to their nonlinear, operator nature,
they have not yet been solved without the use of strong
approximations. Two major approaches have been used.
The first involves linearization with respect to the opera-
tors around the c-number steady-state mean value, usual-
ly with just one mode present. In the presence of steady,
incoherent pumping JV,2 in Eq. (3.6), a laserlike thresh-
old was predicted, above which long-range order appears.
At a still higher pumping rate, a second threshold was
predicted, above which undamped spiking should occur.
The equations are the quantum version of the semiclassi-
cal theory of a single-mode laser, which is formally
equivalent to the Lorenz equations in chaos theory. '

The other approach to the solution of Eqs. (3.15) has
been to retain the nonlinearities, but to treat the variables
as c numbers, rather than as operators. The justification
of this approximation is only heuristic, relying on the in-
tuitive argument that when the field amplitude is large,
the quantum properties are relatively unimportant. In
the case of superAuorescence, where E, =O, this pro-
cedure still allows for fluctuations due to the Gaussian
random nature of the initial conditions, characterized by
Eqs. (3.19) and (3.21). Note that in simply replacing the
operator equations by c-number equations, an ambiguity
arises in the initial condition: Should one use Eqs. (3.19a)
and (3.21a) or Eqs. (3.19b) and (3.21b)'? It has been ar-
gued that if one wants to obtain information about nor-
mally ordered operator expectations, such as light inten-
sity (E' 'E'+'), one should use the normally ordered
initial conditions, Eqs. (3.19a) and (3.21a) (with E, =0),
but if one wants information on antinormally ordered
quantities, one should use as initial conditions Eqs.
(3.19b) and (3.21b) (with E, =0). It has also been argued
that in the limit of large amplification, where the field be-
comes nearly classical, it does not matter, to a good ap-
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IV. MASTER EQUATION AND REPRESENTATIONS

We now turn to the approach of using density ma-
trices. The time evolution of an initial density matrix p
in the interaction picture is determined by the interaction
Hamiltonian. For each spatial cell, the interaction terms
and damping terms correspond precisely to the known
Hamiltonian for a single-mode interferometer with an in-
tracavity two-level medium. It is therefore straightfor-
ward to use existing master-equation formalisms to treat
this problem. This simplification is possible only because
of the use of the transformed field operators which
behave in each small region or cell as a single-mode field.
Propagation is achieved by the coupling of each n. to
neighboring cells, through the spatial coupling term
~(j,j').

In the case of the present Hamiltonian, the term H I
includes the system variables 0 and a. The reservoir in-
teraction can be written as A'Q, I'; A;, where A, is a sys-
tem operator. The damping rates are determined by the
interaction correlations via'

C,+= f e ' (f', (r)I (0)) dr,

C;, = f e' "(f',(O)r, (r)),dr .
0

(4.1)

The reservoir operators f',.(r) can be regarded as being
either in the interaction picture or the Heisenberg pic-
ture, because the coupling between reservoir and system
is weak. Here co; is the characteristic frequency of the ith

~ ~system operator A; in the free Hamiltonian Ho. Clearly,
from Eq. (2.12), the only possibilities are that co; =0,+~0.
Using standard techniques, the overall master equation in
the interaction picture is'

{)p ], [H~+H I,p]Bt iA

—g 5(co;, —co ) [( A; A p —A p A; )C,,
+

—(A;pA —pA A;)C, ] . (4.2)

This equation of motion of p for the atom-field system
follows from using the technique of the Markovian ap-
proximation, and projecting out the reservoir variables.
The result can be rewritten in the current case as

proximation, which of these orderings one chooses. But
it should be recognized that the replacement of the opera-
tor equations by nearly equivalent c-number, stochastic
equations can preclude the treatment of intrinsically
quantum effects, such as squeezing and antibunching.

In fact, it is possible to obtain more rigorous c-number
equations. This procedure uses the theory of represent-
ing operator evolution using Fokker-Planck equations,
and will be treated in Sec. IV.

&I=& gg~~(j j')~r~tet;+g~~„i:
J J n

+g' ga~tg J„+H.c.

The operator H~ is a renormalization of the original
Hamiltonian H I, which gives the Lamb-shift terms for
the radiative fluorescence reservoirs, as well as refractive
index shift terms due to the background atoms. For sim-
plicity, we suppose these terms are small enough to be
neglected in the present treatment, so that H~ =0. These
frequency and refractive index shifts can readily be in-
cluded in general. The terms I.5 and L6 describe relaxa-
tion into the reservoir modes. These are given in the
atomic case by

L 5[@]=g
8'zi

([&„p,& „]+[&„,pd „+])

~&z+ ([&„+p,& „]+[&+,p& „])2

+ g ( [& „',p& „']+[&~,& '
] ) (4.4)

and in the field case by

I [p]= g[(i+n )([&kP & k]+ [dk P& k])
k

+n([& tkp, ak]+[& k, pdk])]- (4.5)

n = [exp(A'coo/k~ T ) —1]

n = [exp(A'coo/k~ T, )
—1]

(4.6)

These reservoirs could therefore have different temper-
atures. In most cases at optical wavelengths, the reser-
voirs have a negligible effect since k~T&&Aco0. These
should be included in calculations at infrared wave-
lengths, however, as kz T-Am0 at typical laboratory tem-
peratures for mid-infrared wavelengths. When in-
coherent pumping is not present, the rates 8'&z, 8'z, can
be calculated from the temperature and from the Einstein
A coefficient, to give

Recall that &z i is the energy damping rate, 8'& z the
optical pumping rate, while yz is the collisional phase-
damping rate. The coefficient that describes absorption
of the field is a. This will be given in terms of observed
absorption lengths in a subsequent section, where we find
that ~ ' is the intensity absorption length.

The thermal temperatures of the radiative reservoirs
for the atoms and of the absorbing reservoirs for the par-
axial mode are given by T and T„respectively, with
photon occupation numbers of n, n where

Bt i%
p= . [&~+&I p]+I sl p]+I-6[p]

where

(4.3)

Wp]:1 0( 1+n )

8'iz =y0n

y„=y,(1+2n ) .

(4.7)
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With incoherent pumping this result would then be
modified as in Eq. (3.6), which includes the possibility of
arbitrary pumping or relaxation rates.

We next introduce a normally ordered operator repre-
sentation, by defining a correspondence between complex
c numbers written as A, and system operators 3:

CXj~CXj
J+ J +

J'~J'
(4.8)

Jn ~Jn .

This correspondence is defined by equating operator mo-
ments of p with the c-number moments of a positive dis-
tribution P(a). That is, let the characteristic function

11,15

where

a= (a;, a&, J„+,J'„,J„ I .

Here the vector a includes all the relevant c-number vari-
ables listed in Eq. (4.8). The integration in Eq. (4.10) cov-
ers all the complex phase space of each variable. Note
that a, a are treated as distinct complex variables, as areJ, J+, and J'. Thus, J and J+ are not complex con-
jugates. We will use the term Hermitian conjugation to
mean the replacement of J with J+ and n with e, to-
gether with complex conjugation of constants, even
though these are not operators.

This master equation can now be transformed to an
equivalent Fokker-Planck equation for P(a), following
standard operator algebra techniques. The result is simi-
lar to that for the single-mode laser, with the addition of
extra coupling terms that describe propagation and
diQ'raction:

g+J + ~ gZJZ .g —J—
g(A)=ge ' 'e " 'Qe " "e " "e ' ", (49)

n

Tr[p+(A, )]=IP(a)e' ' +d a, , (4.10)

where

z= Ix],x,, x+,x:,x„-I .

Then the expectation value of y(A, ) is defined as being
equal to a corresponding characteristic of P(a), thus ex-
tending the technique of Haken and Louisell' to a com-
plex phase space:

B P(a)= QX(a„,N„)+ ig bc@„J„+H.c.B

„BJ„

+ ig g bee(j, j')a&.+H. c. P(a),
j j' j

(4. 1 1)

where X(a„,N„) is the standard laser Fokker-Planck
operator, ' with all variables evaluated at the nth lattice
location:

B'
+2

B'

BJ BJ+ BJ BJ+(a N)= W' —e ataI '
1~eataJ'—

12

B2

BJ-BJ+
~4

e ~~~ —) —e~yaJ
BJ—2BJ+2

JZ

+ p' (ea~aJ —1) J'+ —+. ~ J +. J+
2 BJ BJ+

+Lg
B2

( —1)J a — J+a +2 J'a + JBJ+2
—H. c.

~ cK B ~ B )~2 B ~ B J ~ B

2 B~ Ba~ BaBa~ BJ BJ+BJ
(4.12)

This equation is valid only when the distribution P (a) is sufficiently rapidly vanishing at the boundaries as ~a ~

~ ~
to allow the use of partial integration. Similar restrictions are required in most quasiprobability treatments of quantum
systems. In practical applications, it is usually the case that the damping terms provide a strong bound at infinity on
the distribution function. We note that our equations are essentially a generalization of the I' distribution originally in-
troduced by Glauber and Sudarshan, ' which use a coherent state basis for the radiation field. Other equivalent repre-
sentations are possible, including the Wigner distribution. However, all these techniques require some care in their
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application to atomic systems. In particular, a second-order equation with a positive-definite diffusion term is required
when stochastic methods are utilized. This is not the case with Eq. (4.11), although this equation is exact as it stands.

V. STOCHASTIC EQUATIONS

While Eq. (4.11) is an exact partial differential equation, it has infinite-order derivatives, and is not guaranteed to re-
sult in a positive-definite distribution. However, to a good approximation, the terms of higher than second order in the
derivatives may be neglected when the number of atoms per lattice point is large. The reason for this is that these terms
are scaled by a relative factor of order ( I/N) when compared with lower-order derivatives. This argument, however,
requires some care in its application. It is not necessarily valid in tunneling situations (where the distribution is rapidly
varying) or were a lattice cell contains only a small number of atoms. When the truncation is permissible, Eq. (4.12)
reduces to a second-order differential operator:

lim X(a,N) = B

N~ oo Ba
era B2

+ig'J +H. c. +c~n
2 BaBa

B2
I [y~+ —,'( W, 2+ Wz, )]J 2i—g'J'a]+H. c. + ig' J a+H. c.

B2+ [W,2N+yp(N+2J')] —W, 2 J + J+
BJ-BJ " " "BJ BJ- BJ

+ ig'(J a —J a )+W J'——+W J'+-B . ~ +
BJ 12 2 21 2Z

+— ig'(J a —J a)+ W ——J' + W J'+-+ + iV N
BJZ

(5.1)

This second-order differential operator has, in general,
a non-positive-definite diffusion term. It is often useful to
be able to treat the system as behaving nearly classically
in terms of a stochastic process on a generalized phase
space. While stochastic processes on the usual semiclas-
sical phase space cannot represent this quantum system,
there are stochastic processes on the extended or complex
phase space that are equivalent to Eq. (5.1). These are
obtained on transforming the diffusion operator into an
equivalent positive-definite form, giving rise to a Fokker-
Planck equation. The resulting solution is called a posi-
tive P representation, "as an initially positive distribution
remains so in time. The crucial step in obtaining a
positive-definite diffusion involves the replacement of the
analytic derivatives in Eq. (5.1) with the appropriate
derivatives of the real and imaginary components of the
variables a. This can always be carried out in a way that
leaves the analytic moments —which are the measurable
quantities —invariant. While the general proof is well
known, specific examples in simple cases of parametric
amplifiers and optical solitons are given in the litera-
ture. In cases where comparisons are possible, this gives
identical predictions to those made using other represen-
tations. The new Fokker-Planck equation generates
stochastic driving terms F having correlation
coefficients that are equal to the diffusion term in the
Fokker-Planck equation, as usual. The resulting stochas-
tic equations involve only analytic functions of a.

The stochastic equations that correspond to the
transformed Fokker-Planck equations can now be calcu-

a;= —
—,'c~a; —igbco(j, j ')a; igg'J„—+F, (t),

n

1a; = —
—,'c~a, +ighco(j, j') a+iong' „J+ +F; (t),

n

J„= (pi+i hco„)J„+2ig 'a,—J'„+F„(t),
dt

d +J„= (yi idaho„)J„+ 2ig'a—; J'„+—F„—(t),

(5.2)

z z ) SSJ'„=—
y~~(

J'„—,'cr N„) ig'( J„+a ———J„a&)+F'„(t) .

Here the nonstochastic part of the equations embodies
the standard results of semiclassical theory. The

lated. They have a form similar to the stochastic equa-
tions normally found in the theory of single-mode lasers
or optical bistability. "' The chief difference is the ex-
istence of the additional coupling term b,co(j,j ), which
couples adjacent spatial regions, causing propagation to
occur. The stochastic equations depend on modified re-
laxation terms, which are defined as in Eqs. (3.6) and
(3.7). These give the transverse and longitudinal relaxa-
tion rates of the atom, in the presence of the radiative
and collisional reservoirs. Because of the reservoirs, the
equilibrium inversion is modified. From Eq. (5.1), the
original master equation in the limit of large X is
equivalent to the following c-number stochastic equa-
tions:
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+g„*(t)+W, 2N„, (5.3)

F'„(r)=g(r) [(y„/2)(N. —2~"J'„)
+ig'( J„al—J„+a, )

—2 W&z J„+J„ /N„] '~

[g (r)J„+g„"(&)J ]+W,2/N„.

Here the noise terms I' have been reduced to stochastic
terms g(t), which are independent, Gaussian processes.
The terms P~, g„,g„are complex, while g„,g„,g are real.
Their nonvanishing correlation properties are

( gj (&)g; *(&')) =5(& —&')&,",',
( g„(&)g„'(&')) =&(& —&')6„' „'

( g( &)g *(&') ) =&( &
—&')&„'"„'

(g„(&)g„(&')) =5(& —&')5„' „'

(5.4)

( g(&)g (&') ) =5(& —t')5„"„'..

These results comprise a set of ordinary stochastic
differential equations, which can be relatively straightfor-
wardly treated to obtain fully quantum-mechanical re-
sults for propagation. It is noteworthy that the solutions
to these equations only involve c-number variables, not
operators. This greatly simplifies the treatment of the
problem, allowing direct computer simulation of the
equations when necessary. The current results are valid
only for large N, as terms of order (I/N) relative to the
included terms were omitted to obtain the appropriate
stochastic equations.

It is also possible to obtain exact stochastic equations
without truncation. These can be calculated using the
SU(2) coherent-state representation in each spatial cell,
thus utilizing the spin- —,

' operator algebra. The use of
SU(2) coherent states results in an exact equation, and
can be extended to SU(N) coherent states for N levels.
However, the SU(2) technique does not permit the treat-
ment of collisional or fluorescent relaxation of the indivi-
dual atoms, which is why the alternative technique of
normal ordering is used here.

Equivalence of the Fokker-Planck equation to the orig-
inal master equation requires the distribution to vanish as
~a~ —+~, which implies that all trajectories must be
bounded. Certain master equations with nonlinear damp-
ing are known to generate boundary terms when the non-

quantum-mechanical fluctuations are all contained in the
stochastic terms I, which depend on the characteristics
of the reservoirs, and of the nonlinear coupling between
the atoms and the radiation field. These terms can be
written as follows, in terms of elementary Gaussian sto-
chastic processes:

Fj (t)=g; (t)(/clan =[F;t(t)]*,
F„(t)=g„(t))/ 2ig'aj J„+g„(t) l/ y p(2J'„+N„)

+p(t)QW(2N„,

F„(t)=g (t)Q 2i—g'a; J„+g„*(t)+yp(2J'„+N„)

igbco(j, j')a;,(t) =c a(t, x) — V~a(t, x) . (5.5)
8 I,c

J
Bz 2cop

It is useful at this point to scale the variables as in Sec.
III. We therefore introduce stochastic field variables
denoted II, A (Rabi frequency), R+,R (polarization),
and R' (inversion). The length of the Bloch vector with
these varibles is (R') +(R+R ), and is limited to a max-
imum expected value of unity. The resulting equations
are then (omitting Hermitian conjugate equations for
simplicity)

1 0 t+ — — Vi A(t, x)
Bz c Bt 2kp

= —
—,'scQ(t, x)+G J p(x, co)R (t, x, co)dco+F"(t,x),

a R (t, x, co)= (y~+ibco)R (t, x—, co)
at

+A(t, x)R'(t, x,co)+F (t, x, co), (5.6)

a R'(r, x, co) = —
ytl [R'(t, xylo)

—o ]

—
—,
' [Q(t, x)R +(t, x, co)

where

+0 (t, x)R (t, x, co)]+F'(t,x, co),

linear noise terms are large compared with the linear
damping. This is not anticipated to occur in cases of in-
terest here, with linear damping, and only moderate cou-
pling strength between individual atoms in the field.
However, the requirement that trajectories be bounded
can be checked by investigating the stochastic trajectories
numerically, where finite damping may be required to ob-
tain stable (i.e., bounded) trajectories. In solving the
equations numerically, we note that our equations are
rigorously of the Ito type of stochastic differential equa-
tion. The equations can be transformed to Stratonovich
form, leading to additional terms of relative order ( I/N)
in the deterministic part of Eq. (5.2), for numerical solu-
tion. '

We next wish to generate equations of motion for the
field similar to the usual semiclassical Maxwell-Bloch
equations and to the previous operator equations. To
achieve this, the mode equations are transformed into
propagation equations for a slowly varying field envelope.
The new feature introduced here is the inclusion of the
stochastic terms in the propagation equations, which
gives results that otherwise have great similarities to the
operator equations of Sec. III.

The terms involving b,co(j, j') are the result of taking a
discretized approximation to a differential operator. This
term corresponds to the usual slowly varying envelope
approximation of Maxwell's equations in the limit of
6V~0. Hence, the term can be rewritten formally in the
limit of small cell size. Using differential operators again,
one obtains, where V~ is the transverse Laplacian,
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Q(t, x, (j))=2ig'a&,
R+—(t, x(j),co„}=2J„+—/N„,
R'(t, x(j),co„)=2J'„/N„.

The gain G = Vg /c is defined as before. Noting that
g'=g ( V/b, V) ', the noise sources F are obtained as fol-
lows:

F"(t,x(j))=2@(t)
1/2

=[F (t, x(j))]*,

yp(1+R')
F (t, x(j),co„}=2$„(t)

n

1/2

+g(t)
n

+2/„(t)Q W, 2/N„,
(5.7)1/2

~Jt( )
2Q R

Il

yp(1+R')F (t, x(j),co„)=2(„*(t) +2(„*(t)QW, 2/N„,

—[go(t)R ++go*(t)R jQ W»/N„,F'(t, x(j),co„)=g'„(t)

1V„

2yii 1 —o. R') —(BR++II R )
—2W, ~R+R

N„

where

P(t, A, Q )=5"'(0*—Qt)5'" 0— 2~d„e~

X (Z '+'(t, x(j)) &

N„=p(x(j), co„)b,Vb, co .

These scaled equations and their Hermitian conjugates
completely define the spatial propagation of the quantum
Auctuations in the system of interest. The noise terms are
defined in terms of the lattice size to emphasize that this
equation strictly holds only on a discretized lattice with
X„))1.We note that it is often useful to transform to a
moving reference frame, thus removing the term in
( I /c)(B/Bt) from Eq. (5.6).

We will now outline the appropriate initial conditions
to use in the solution of Eq. (5.6). These are simple for a
coherent Geld, which is accurately represented by the
coherent-state representation. In this case, the initial
variables Q, Q~ at location x; are distributed as

(a) Ground state,

P(R)=5' '(R+)5' '(R )5' '(R'+ —')

(b) Excited state,

P(R)= 5~ ~(R+ —(R )~)5 '(R' —')
4m

X exp( NR +R /4), — (5.9)

where X =N„ is the cell population.
Since these results are obtained for reservoir couplings

alone, the nonclassica1 phase space is not involved. This
is evidenced by the fact that, in these distributions,
0 =0*,R+=(R )*, and Im(R')=0. We note that the
distribution is a smooth function of R R, in the invert-
ed state. This is due to the truncation of the Fokker-
Planck equation to second order in its derivatives. It is
expected that the solution to the complete equation to all
orders in (1/N) would show singularities. These are not
evident here, since Eq. (5.9) is consistent with the trunc-
tions used to obtain the Fokker-Planck equation (5.2),
and hence involves a large-N approximation.

[~ot ko (j)]Xe

(5.&)

This is applied to the field in the region of t, z ~—~, be-
fore interaction with the atoms or reservoirs. We note,
for example, that a vacuum state corresponds to Q=O,
although interaction with the thermal reservoirs will turn
this field into a thermal field if T, & 0.

For the atoms, the initial distribution is easily found by
solving the stochastic equation in the absence of the field,
thus giving the appropriate distribution due to the pump
alone. For the case of a ground-state or inverted atomic
population, respectively, we find

VI. DISCUSSION

It is interesting to compare the stochastic equations
(5.6) and (5.7) with the scaled operator equations
(3.15)—(3.17) obtained previously. If we take expectation
values, and assume that operator and stochastic products
factorize, then either set of equations gives the usual
Maxwell-Bloch result. These are valid in the semiclassi-
cal limit, to zeroth order in the (1/N) expansion. Next,
the noise terms can be compared. It is necessary to com-
pare normally ordered products as the stochastic equa-
tions correspond to normal operator orderings. Calculat-
ing the corresponding correlation functions using Eq.
(5.7), it is seen that there is complete agreement in the
reservoir-related terms, but there are now additional sto-
chastic terms involving the coupling g that correspond to
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operator products appearing in the time-evolution equa-
tions.

The reason for this difference is straightforward.
When operator products occur, the ordering of the initial
conditions gradually becomes altered through time evolu-
tion. Thus, the approach discussed in Sec. III of replac-
ing the operators by c numbers is no longer valid. In this
nonlinear regime, it is not possible to maintain a con-
sistent replacement of operators by c-number quantities
using just a classical phase space. Instead, a nonclassical
phase space is required. The additional stochastic terms
are exactly of the correct size to generate nonclassical
trajectories corresponding to operator products.

While the two approaches are essentially equivalent,
there are some differences. We first notice that the opera-
tor equations have no noise attributed to operator prod-
ucts. However, these are usually only soluble when
linearization assumptions are used. The stochastic equa-
tions have the advantage that they can be numerically
simulated. This approach is used in a companion paper,
in which good agreement between theory and experiment
is found in treating the transition of superAuorescence to
amplified spontaneous emission. In this treatment the
nonclassical quantum-noise terms were dropped since
collisional and fluorescence Auctuations were larger than
any nonclassical effects.

Although simpler to treat numerically, the stochastic
equations are derived from a Fokker-Planck equation
whose equivalence to the original master equation is ex-
act only when boundary terms vanish. We emphasize
that this is a universal criterion in developing quasiproba-
bility distributions, and remains an open mathematical
problem. In specific cases, it is necessary to solve the re-
sulting equations and demonstrate that boundary terms
vanish sufficiently rapidly at large radius in phase space.
This implies that all stochastic trajectories must be
bounded for the results to be reliable, as they are in the
case of the transition from superAuorescence to amplified
spontaneous emission.

Stochastic equations like (5.2) have usually been treat-
ed by neglecting the nonclassical components of the noise
terms. An exception is theoretical work on optical bista-
bility and four-wave mixing in which nonclassical terms
were retained, although only one spatial mode was treat-
ed." These calculations resulted in predictions of pho-
ton antibunching and squeezing, respectively, which are
verified experimentally. Here, boundary terms in the
equations vanished exponentially, owing to the use of
linearization approximations. However, it is clear that
the nonclassical theory is not restricted to linearized
one-mode problems. Other applications include the
study of quantum effects in nonlinear dynamical equa-
tions, as an example of quantum chaos.

It is more difficult to treat nonlinear propagation prob-
lems in which quantum effects are significant, although
nonclassical effects were predicted and recently ob-
served in coherently generated solitons using stochastic
proagation equations. The techniques given here provide
a mathematical tool for progress toward solving this type
of problem in atomic systems. We note, in particular,
that obvious methods like photon-number-state expan-
sions do not appear to be useful, owing to the enormous
basis sets required. The transition matrices for just the
field part of the density operator typically scale as
(1+At, ) for a cutoff at X~ photons per lattice point.
This means that the problem diverges exponentially with
the total photon-number cutoff of MNz. Stochastic or
path-integral methods therefore are preferable when pho-
ton numbers are large.
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