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Quantum Zeno effect without collapse of the wave packet
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The change of dynamics in a quantum system under frequent or continuous observation, known as the

quantum Zeno effect, is generally derived from the projection or reduction of the wave-packet hypothesis
that is the central postulate in the theory of quantum measurements. The only experiment in which the
Zeno effect has yet been clearly demonstrated, though, allows no conclusion on the necessity or validity

of the projection postulate. This is shown by calculating, in detail, the outcome of the experiment on the
basis of the standard three-level Bloch equations. These equations follow from the quantum theory of ir-

reversible processes with no additional assumptions necessary, such as which part of the system serves as

measuring apparatus or how efficient the measurement would be.

Since the early days of quantum mechanics, it has been
questioned constantly if the quantum description of phys-
ical reality can be considered complete. The nonlocal
character of quantum mechanics and von Neumann's
state reduction postulate [1] were a continuous source of
confusion and resulted in vigorous discussions. Especial-
ly the collapse of the wave packet in a quantum measure-
ment was considered a preliminary hypothesis and an
artificial addition to quantum theory. In the meanwhile
there exists a large and steadily growing literature on the
interpretation of quantum measurements, its conceptual
aspects, and its philosophical implications. The problem
must be serious if in quest for a solution one is compelled
to consider the possibility that in every measurement
several new universes are created, or the equally mind-
boggling concept of a measurement only to be completed
in the mind of a conscious experimenter. The general
uneasiness with the philosophical aspects of quantum
mechanics is in sharp contrast to the theory's success
when it comes to predicting the outcome of a given ex-
periment. Most textbooks on quantum mechanics pro-
vide an unambiguous and clear recipe for this purpose.

We now briefIy review the projection postulate and
some common features of quantum measurement. The
state of a physical system at a given time t is determined
by the density operator p(t), which can —but need not-
be equivalent to a state vector ~lt(t) &. A measuring ap-
paratus determines the values of a certain physical ob-
servable 0, with the discrete spectrum co„and the eigen-
functions ~n &. In the 0 representation the state of the
system is

p(r)= g ~n &p„&m ~

.
n, rn

After performing an Q, measurement, the state of the sys-
tem is reduced to

p(t)= g ~m &p &m~ .

Irrespective of the character of the initial state —pure or

mixed —after the measurement the system is in a statisti-
cal mixture of 0 eigenstates that no longer have the pos-
sibility to interfere. The probability p„„ for observing a
value cu„ is now a classical one, expressing the observer's
ignorance about the particular state the system now oc-
cupies, before actually reading the meter. The system it-
self, though, is supposed to be in one

~
n & state only after

measurement. It is generally assumed that such a discon-
tinuous change in the state must be postulated and the
reduction is introduced "by hand, " whenever a measure-
ment is carried out. This is the von Neumann projection
postulate in terms of the density operator formalism.
Conceptually, a realistic physical measurement can al-
ways be separated into two steps, the interaction of sys-
tem and meter with the recording of the measured values
and reading off a specific pointer position. In our
opinion, the first step, where coherence and the possibili-
ty of interference is destroyed, can be completely de-
scribed in the framework of continuous irreversible quan-
tum dynamics. The last step, the jump into one particu-
lar eigenstate, nevertheless remains mysterious. Provided
the wave function describes nature completely, there
should be no room for such an indeterminism. For the
present, as well as for many other problems involving
quantum measurements, the part that matters is the first
one, since the individual meter readings may be entirely
irrelevant. In such a case the problem can be treated
without explicit state reduction and the Zeno effect is one
of them.

In a refreshingly pragmatic and very compact review,
van Kampen [2] has summarized the main questions of
the quantum-measurement problem in a series of ten pos-
tulates. Physics is a branch of science, so in his and our
opinion theoretical physics can be nothing but the theory
of what is accessible to experimental observation, and ad-
ditional postulates that can neither be verified nor
falsified should be omitted. Also, as Bell [3] recently
pointed out, the very word "measurement, " unlike the
well-defined mathematical operation of projection in Hil-
bert space, lacks a precise operational meaning.
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Should one attempt a definition, the minimum require-
ment for calling a physical process a measurement would
be that the measured microscopic system infIuences the
state of another system with a large number of quantum-
mechanical degrees of freedom in order to produce a sig-
nal noticeable to the eye. This makes the concept of ir-
reversibility and statistics inevitable, because, from a
practical point of view, the wave function of a macro-
scopic apparatus is a concept with as little meaning as
one particular point in the phase space of a large number
of classical particles. A physical process leading to a
"meter reading, " due to the many degrees of freedom in-
volved, requires the use of a density operator p and not
the wave function 4 alone. It is the purpose of the paper
to give an example of how statistical quantum theory can
describe in detail an effect generally thought to arise en-
tirely from state reduction or wave-packet collapse
caused by the measurement.

Quantum measurement is often discussed by consider-
ing a simple closed system that possesses a basis of only
two eigenstates of the observed quantity. As long as it is
not measured, it evolves according to the Schrodinger
equation. Misra and Sudarshan [4], in 1977, proved that
the projection postulate, applied to the above system,
would produce what they called the quantum Zeno e6'ect:
frequent measurement should inhibit unitary temporal
evolution from an eigenstate of the measured observable
into a coherent superposition, stopping it altogether in
the limit of infinitely frequent measurements. The proof
given by Misra and Sudarshan is based on an alternating
sequence of unitary time evolution and ad hoc reduction
of the wave function, and therefore implies nothing on
spontaneous exponential decay. This obvious restriction
is seldom spelled out clearly, and the issue is often con-
fused by the use of the term decay. An illustrating exam-
ple is the experimental demonstration of quantum jumps
in a single trapped ion. Here one concludes from con-
tinuously observing no Auorescence that the electron
must be in the metastable state. This permanent observa-
tion nevertheless does not stop the atom from decaying to
the ground state with its natural lifetime.

A' trapped ion can also be considered as a nearly ideal
experimental realization of a closed two-level system if a
transition with frequency in the rf regime is resonantly
driven. Spontaneous emission can then safely be neglect-
ed. Cook [5] has recently suggested to use such a
configuration for an experimental verification of the
quantum Zeno efI'ect —see Fig. 1, ~here ground and ex-
cited states are denoted by

~
3 ) and

~
2 ), respectively. The

system, initially prepared in state ~3), is subjected to a vr

pulse driving the 2—3 transition with Rabi frequency P.
According to the Schrodinger equation, the two-level sys-
tem would undergo a complete ~ rotation into the excited
state ~2) if there was no additional perturbation

In order to observe the level populations, the two-level
system is now made part of a V-shaped three-level
configuration, shown in Fig. 1, where the rf resonance is
coupled by a strong optical dipole transition to an addi-
tional level

~
1). During the evolution under the vr pulse a

number of n equispaced short optical pulses are applied
with Rabi frequency a and duration P (see Fig. 1, the

a, ,

3&

FIG. I. Left: three-level system. a represents Rabi frequen-
cy, y represents natural linewidth of optical transition, P
represents Rabi frequency of weak rf transition. Right: pulse
sequence as applied in the experiment (Ref. [6]); P represents
pulse length, T represents interval length.

length of an interval between pulses is denoted by T). If
the optical pulses are considered as a probe for determin-
ing the level population, the conventional measurement
concept requires the reduction of the atomic density ma-
trix onto the diagonal elements after each optical pulse.
For n such pulses, the projection postulate yields an n
dependence of the population of level ~2) after the ter-
mination of the ~ pulse [5,6],

1
P2( T)=— 1 —cos

2 n
(1a)

By expanding ln[cos"(vr/n)] in a Taylor series for large n
one obtains [6]

=1P2(T) =— 1 —exp
2 2n

+O(1/n ) . (lb)

The basic reason for the reduction of the level population
lies in the fact that the nondiagonal elements which
determine the time rate of change of populations are set
equal to zero with each projection. Immediately after-
wards populations then change quadratically with time.

Itano et al. [6] have recently carried out such an exper-
iment by using 5000 laser cooled Be+ ions simultaneous-
ly stored in a Penning trap. The Auorescence intensity of
the optical 1 —3 transition was measured at the end of the
rf ~ pulse for di6'erent numbers n of interrupting optical
pulses. Before the pulse sequence was applied, the ions
had been prepared in the ground state ~3 ). The experi-
mentally determined occupation probability for level ~2)
for different n agreed well with Eq. (la). However, one
could argue that no actual measurement was performed,
and no conscious observer meditated on the outcome.
The projection postulate was nevertheless assumed to be
applicable since in principle the information was present
in the scattered light field. As long as a large amount of
photons per pulse and ion is scattered, the information is
recorded in a detectable signal "more than enough to
reduce the wave packet" [6].

From the quantum optics point of view, however, the
obvious way to look at this system would not at all in-
volve any worries whether a measurement is performed
or state reduction occurs. Instead, the experiment is a
typical example of optical coherent transients and one
would naturally use optical Bloch equations for the com-
plete three-level V configuration. This level structure is
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familiar from the demonstration of quantum jumps [7—9]
and from its possible application as a frequency standard.
Therefore it should be quite straightforward to predict
the outcome of such an experiment without resorting to
ambiguous assumptions. Since strong spontaneous emis-
sion is involved along the optical transition path, the en-
tire system is subject to dissipation and must be described
by irreversible dynamic equations. We integrate the cor-
responding density-matrix equation numerically for a se-
quence of n optical pulses while the rf transition is driven
continuously for a period of a ~ pulse. Approximate
analytical results are presented as well to provide some
insight into the physical mechanism. In the experiment
of Itano et al. [6], the ratio of lifetimes for the rf transi-
tion 2 —3 and the optical dipole transition 1 —3 is at least
of the order 10, which for our purpose is a very good ap-
proximation to infinity.

The optical Bloch equations can be derived systemati-
cally from the interaction of a multilevel atom with the
quantized electromagnetic field. The enormous number
of degrees of freedom of the multimode vacuum leads to
an irreversible dynamic process. Whereas the derivation
involves the usual approximations necessary for obtain-
ing irreversible dynamics, no need arises anywhere to
have measurement or state reduction in mind. The ad-
vantage is that one can then study unambiguously the
dependence on system parameters as pulse length, optical
field intensity, or resonance conditions, on the basis of or-
dinary, nonmeasurement quantum mechanics. The
three-level Bloch equations, in the rotating-wave approxi-
mation, are

P '~(P P ) &P

P lD(P33 P11) lIP12 7 P13

Pzz
= '~(P23 P23)

P23
—lP(P33 P22) l &12

P33
= —(P11+Pzz»

(2)

P12 ~P23 F13 P12

where for convenience exact resonance was assumed. For
the Zeno concept to work, the spontaneous decay rate of
state 2 must be negligible and can safely be set equal to
zero. Three of the resulting eight real equations decouple
from the others and are irrelevant for the present pur-
pose. We denote by u; the real and by v," the imaginary
part of an element P;,. (i (j). The remaining five equa-
tions read

~ ~ I I
I

I1 I I
1

I I I I
1

~ ~

22, V

For numerical calculation we chose the duration of each
rectangular optical pulse, denoted by P, to be 20 lifetimes
(1/y) of the optical transition, and the optical field
strength to yield a Rabi frequency of a=y, i.e., satura-
tion. The ratio of pulse lengths to the total m pulse was
chosen as —', for n =64, in accordance with the conditions
realized in the experiment. The slight systematic error of
finite pulse length occurring in the experiment is thus in-
cluded in our treatment. If no optical pulses are applied
(see Fig. 2), level population and coherence evolve freely
as in a closed two-level system. The values obtained for
pzz at the end of the rf ~ pulse, when starting in the
ground state 3), are shown in Fig. 3 for difFerent num-
bers of interrupting pulses. The histogram compares the
experimental results in white with the results calculated
from Eq. (3) in black. Examples of the detailed time evo-
lution for 4 and 32 optical pulses are shown in Figs. 4
and 5.

The atomic dipole moment corresponding to the coher-
ence v23 is destroyed rapidly, but not instantaneously,
during each optical pulse, leading to a population p22
growing quadratically in time again after the pulse [see
Eqs. (3)]. The dipole moment, the time evolution of
which is shown in greater detail in Fig. 6, is a physical
observable and does not switch off suddenly due to the
presence of any mysterious observer, but decays naturally
with the relaxation rate y characteristic for the spontane-
ous decay of the optical transition. No quantum mea-
surement hypothesis of any kind is thus necessary to
reproduce the experiment on the Zeno effect. Itano et al.
[6] also performed the experiment with the ions prepared
in the excited state ~2). Freezing of the population in the
excited state may seem more spectacular, since it seems
to prevent the natural decay of a state. However, for the
Zeno concept to be applicable the excited state is not al-
lowed to decay spontaneously. Therefore, in our calcula-
tion for the "v system, " this would only change the values
of Pzz into (l —Pzz), leaving the rest of the argument un-

changed.
During the short optical pulses the action of the rf field

is entirely negligible and 13 can be set equal to zero
without error. In a realistic physical situation we can
therefore assume that the two external fields alternate,

P» i3 'VPii ~

(P33 P11) ~" 1z 1000 2000

Pzz
—2PU2

z3 ~ P33 Pzz ~"1z ~

12 23 +l3 13 12
y
2

(3)
FIG. 2. Free evolution of two-level system 2 —3 as calculated

from Eqs. (3) with a=O throughout (no pulses are applied).
Dashed line: population p», solid line: coherence U23, against
time in units of 1/y.



ITHQUT CQLLAPSE QF THE WAQUANTUM XENO EFFECT WIT 1965

0.05

10 ——

I II I II

500 1000
t

0.5:—

0 s

500 1000

I I I I I [ I I I ) I I I [ I I I I I I I I I I I I

1 og, ( n )

te 2 a ainst number n of opti-FIG. 3. Final population of state ag
'

cal pulses. So i rec a. S l'd t ngles: calculation from Eqs. (3); open rec-
tang es: exper'I: erimental results from Ref. [6].

o ulation» (monotonouslyFIG. 5. Temporal evolution of popu
'

p» l
erence U». Number of optical pu ses

n =32. Below: the pulse sequence is shown —optica e
(dashed line). Time is given in units(solid line) and radio field as e

' . ' 'n units—1ofy

v~ (3)t= —Cxu, ~ (4a)

n b the opticalThis means t a eh t th rf transition is driven y

er on simultaneously. This simplifies theand are never on s
so far that an analytica rea1 t tment becomesequations so ar

1
'

terest is the polariza-possible. e qThe uantity of centra in ere
imation evolves accordingtion v&3(t) which in this approximation ev

to

u, 2(t)=+aV23 —y/2ui2 . (4b)

roximation we find a simp le closed sys-In the chosen appr
easil . The reversiblem of e uations which is solved easi y. e

leads to a Rabi nutation propor-Hamiltonian interaction ea s o a

tween the excited states. Phase
co erence amonn among the excited states u, 2 t is su jec o
spontaneous decay,

0 5

922, V

0.5

0.0—

0.0

I I

500 1000
yt

300

I I I I
I

g ~ ~ ~ c s ~ r

0
0 500

'I

1000
600

I I' I I ~ ~ I

300

'
n of o ulation p» (dashed) andFIG. 4. Temporal evolution o p p

dio field P (dashed line). Time is given in units o y

i . 4 about the optical pulse show-FIG. 6. Enlarged view of Fig. 4a ou
ca of coherence U». Below: the pu se se-ing the continuous decay o

l field o, (solid line an ra ince is shown —optica e
(dashed line). Time is given in units o y



1966 VERA FRERICHS AND AXEL SCHENZLE

tional to a. The spontaneous decay along the optical
transition destroys the coherence u i2, which by the opti-
cal coupling is transferred to the previously reversible rf
transition. This transfer of linewidth in a driven three-
level system is well known in spectroscopy and is also
relevant for the quantum-jump phenomenon. In the two
limiting cases of interest 0.~0 and u —+ ~, the relaxation
of the rf dipole is governed in leading order by

U23

P» S'»)/2

where

R =exp( —P/4)[cosh(l"P/4)+sinh(I P/4)/I" ] & 1,

v23(t)=u23(t —0)exp( 2a /y—t)+O(a) (sa)

for o.~0 and

v23(t)=u23(t =0)exp( —y/4t+iat)+O(1/a) (5b)

X(t)=MX(0),
M= [3(P,a)B(TP)]",

where 3 stands for the matrix of time evolution during
an optical pulse and B for the period in between. As the
conditions of only optical (P=O) or only rf field (a=0)
couple different elements of X to one another, M cannot
in general be divided into independent submatrices.
However, provided T and P are both considerably larger
than 1/y, quickly decaying transients of order
exp( P/y ), exp( —T/y —) can safely be neglected. In the
following we choose 1/y as the unit of time ty~t,
Ty ~T, Py ~P and write the Rabi frequencies as multi-
ples of the spontaneous decay rate: a/y~a, 13/y~P.
The matrices 3 and B for T,P ))1 are given in the Ap-
pendix in all detail. Under the present simplifying condi-
tions, the relevant part of the dynamics can be collected
into 2 X 2 evolution matrices a for the optical pulse and b
for the rf interval

R 0
a 0 1

cos( 2P2t ) —sin(2Pt )

sin(2Pt) cos(2Pt)

(6)

acting on a two-vector which consists of the components

for a —+ ~. This simple fact is all that is behind the Zeno
effect: the transfer of irreversibility from the measuring
apparatus, i.e., the optical transition, to the system under
observation.

The general solution of Eqs. (3) with the above approx-
imation takes the form of a 6X6 time evolution matrix M
if—for convenience —the values of p," are written as a
six-component vector X, see the Appendix. This matrix
depends on pulse length P, interval length T, and field
strengths a and g,

R is the factor [see Eqs. (5)] which multiplies the coher-
ence when an optical pulse is applied. The hyperbolic
functions change into the associated trigonometric ones
when o, exceeds —,. Dissipation in the rf transition only
takes place during an optical pulse and affects coherence
while leaving the inversion m unchanged. This result
agrees as it should with the interpretation of the process
as a nonselective quantum measurement. The essential
difference between the measurement approach and the
one presented here is that by the Bloch dynamics one can
calculate any detail of the "reduction process" involved,
whereas in measurement theory, the time scale or the
efticiency of measurement are free parameters that cannot
be deduced from the information available. We now
evaluate the parameter dependence of some quantities as-
sociated with the "measurement" aspect of the problem.
One should keep in mind, though, that this paper as well
as the experiment is only concerned with the evolution of
pure states into mixtures under the inhuence of the mea-
surement, not with the transition of a wave function into
a particular eigenstate.

The simplest possible pulse sequency that is of interest
here consists of two rf pulses separated by one optical
pulse, i.e., M =B 2 B. The reduction e%ciency

P22, B A B P22B Ba
P22, B L3

is a relative measure of the population changes that oc-
curred after applying either B A B or B B to an atom ini-
tially prepared in the ground state. [Starting from the
metastable state ~2), the population change could be ob-
tained by replacing p22 by p» in Eq. (6).] We find

E(a)= —,'(1 —R) .

For a strongly saturating optical field R is essentially zero
and therefore E(a)= —,'. For a weak pulse, however, sine
and cosine change into their hyperbolic counterparts if
e ~ —' and coherence is no longer reduced eSciently dur-
ing the pulse. In this case the simple picture of state
reduction fails to describe the process. An example of
this is shown in Figs. 7 and 8, where four relatively weak
optical pulses are applied during the rf m pulse. In each
optical pulse, the coherence U23 is reduced, but not com-
pletely and as a result, the population reduction is not as
dramatic as before.
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transition is
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where again small corrections resulting from rapid tran-
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FIG. 8. Enlarged view of Fig. 7 about the optical pulse show-
ing the continuous but not complete decay of coherence U23.

Below: the pulse sequence is shown —optical field a (solid line)
and radio field P (dashed line). Time is given in units of y

FIG. 7. As Fig. 4, but at low intensity of optical field
(a=0.1). The amount of photons emitted is 0.4 per pulse on
average, resulting in less efticient inhibition of free evolution
than in Fig. 4.

For a weak optical pulse, the ratio of the average number
of optical photons scattered to the inversion (1—p2z)/2
of the transition, which the scattering process is supposed
to probe, is about 4E(a).

In case the optical field is sufficiently strong to make
the process look almost like an idealized quantum mea-
surement, there are always much more than one Auores-
cence photon scattered on average per pulse and per
atom. For the purpose of measuring, though, a reason-
ably reliable occurrence of a single photon would, in prin-
ciple, be enough. Here the variance rather than the mean
number of fIuorescence photons would be associated with
the quality of the measurement process. However, if, due
to a weak optical field, it is very rare anyway that a pho-
ton might be absorbed, the provided Geld intensity is ex-
pected to limit the reliability of a measurement, in agree-
ment with Eqs. (9) and (10).

In discussing the Zeno eftect theoretically, Misra and
Sudarshan [4] used the limit of infinitely many, arbitrarily
dense quantum measurements. However, they still as-
sumed that they were independent of each other. The
atomic three-level system does not allow for this limit: If
the spacing T of measurement pulses is of order 1/y or
shorter, population remains present in level 1 for all
times, i.e. , outside the system to be measured, leading to
rather more e%cient population reduction than expected
from extrapolating results obtained for the case of well-
separated pulses. As can be seen from the Appendix, the
dynamics become altogether more complicated if terms
falling off' as exp( —t/4) are not negligible, and it is no
longer possible to divide the system into a "measured"
and a "measuring" part.

Quantum mechanics has retained a grain of mystery in
the formulation of the measurement. In the Kopenhagen
interpretation two dynamic processes exist side by side:
the unitary time evolution of the Schrodinger equation
and the mysterious and abrupt collapse of the wave pack-
et when a measurement is performed. If the dynamics is
reversible, the state vector rotates continuously through
Hilbert space, and introducing the collapse seems to be
an undue tampering with theory. Recently, experiments
have become possible on single or few atoms, which
should exhibit this idealized closed-system dynamics.
Observations, however, are made in the macroscopic lab-
oratory world, and the device measuring the observable
under question is a part of it. In order to perform a mea-
surement, a coupling has to be established between this
device and the observed system, which thereby becomes
an open system, connected to the many degrees of free-
dom of the apparatus. Even the simplest possible such
detector, consisting of a single atom on1y, follows irrever-
sible dynamics, as the coupling to the multitude of vacu-
um modes makes it part of a large system.

Using the language of measurement, the three-level
system studied in the present paper contains the observed
system and the detector in one atom. The quantum Zeno
eFect is traditionally considered as a paradigm for the
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concept of wave-packet collapse. In the present paper,
however, we demonstrated that the experimentally ob-
served freezing of the unitary motion, which was attribut-
ed to the collapse, can be understood naturally in terms
of continuous quantum dynamics without ever making
use of the projection postulate. The microscopic system
attains irreversibility due to the interaction with the
measuring device. Thereby the ofF-diagonal elements of
the density operator are not quenched in a discontinuous
jurnp, as it is assumed by the collapse hypothesis, but de-
cay steadily with the correlation time of the detector.
Only in the limit of an intense probing pulse and rapid
spontaneous emission of the detector transition is the col-
lapse a useful approximation to the fast decay of atomic
coherence. The optical Bloch equations provide a com-
plete description of all measurable details in full agree-
ment with experiment. Obviously, one does not have to
decide which part of the system can be considered a
detector, at what time a measurement takes place, how
many photons it takes to reduce the wave packet, or on
other ambiguous issues of measurement. The Bloch-
equation approach also allows one to predict the depen-
dence on all system parameters, whereas the projection
hypothesis only mimics the observed dynamics in one ex-
treme parameter limit.

Any scientific theory is based on observation. Theories
that diA'er only in predictions, which in principle are
inaccessible to experimental observation, are equivalent,
and preferring one over the other is just a matter of taste
or convenience. For the present example, the formula-
tion in terms of irreversible quantum dynamics, which
never leaves the conventional framework of quantum
mechanics, is superior to the ad hoc collapse hypothesis.
Since all measurable results of the Zeno experiment are
predicted without difticulty as long as we restrict our-
selves to physical and not metaphysical questions, one
might ask whether a separate theory of measurement is
really needed in this case. There is no logical require-
ment that, for a theory to be complete, it should assign
one particular real number to every measurable quantity.
From a positivistic point of view, a scientific theory is
complete, when it is capable of predicting the outcome of
every possible physical experiment.

time into AXat time t+I' with

4 +—,
' 4a + —,

' 0

A(P, a)=

2 2

t(P)
40; + —,

'

2% +-
t (P)

4a +—,
'

2(x

4a + —,
'

2(x +
2

4o; +—,
'

0

0
0
0

0
0
0

0
0
0

0 0
0 (c +s) —4as
0 4as (c —s)

c:=cos(I /4), s:=sin(I /4)/I for a) —,
'

c:=cosh(I /4), s:=sinh(I /4)/I otherwise,

arid

I =(~1—16a ~)'

c:=cos(2PT), s:=sin(2PT),

B(T,P)=

t(T)
0

0 0 0
t(T) 0 0

t T+ 1+c 1+c 1 —c+
2 2 2

1 —c 1 —c 1+c
2 2 2

0 t(T)
0 0

—s 0

Elements falling off rapidly on the time scale of the spon-
taneous lifetime exp( t/4) ar—e denoted by t(P) t for-
transients.

Applying a rf pulse results in X~BXwith

APPENDIX 0 0 0 t(T)
It is convenient to write the six density-matrix ele-

ments of interest in the form of a vector,

X ( v13 Pl 1~P22~ v23 ~ u 12 )

The time evolution during an optical pulse takes X at

If T and P are sufficiently long all the elements t (P), t ( T)
can be neglected. In particular, once a has been ofF for
some time (matrix 8 for T ))1), no elements of p involv-
ing state 1 are left. It is then easily seen that the time
evolution takes the form (9).
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