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Spin-orbit effects in the heavy alkaline-earth atoms
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Complex bound and autoionizing spectra of strontium, barium, and radium are treated at two
different levels of approximation using multichannel-quantum-defect techniques (MQDT) and eigen-
channel R-matrix calculations. In the first level, the R-matrix calculations are conducted entirely in LS
coupling without explicitly including any spin-orbit terms in the Hamiltonian. A subsequent frame
transformation to jj coupling is then carried out prior to the MQDT treatment. In the second level, the
entire R-matrix calculation is conducted in jj coupling, including spin-orbit terms in the Hamiltonian
explicitly within the R-matrix box. The two methods give nearly identical results even for atoms as
heavy as barium, each showing good agreement with experiment, but significant differences begin to ap-
pear between the two levels of approximation for atomic radium.

I. INTRODUCTION

Recent years have seen a major enhancement in our
ability to calculate energy levels, oscillator strengths, and
autoionization observables for the alkaline-earth atoms.
The combination of an eigenchannel R-matrix approach
[1,2] with multichannel-quantum-defect theory [3—5]
(MQDT) has now been shown in numerous calculations
to describe experimental spectra to spectroscopic accura-
cy, even for atoms as heavy as strontium [6—8]. Some
other progress has been achieved [9] without making use
of the power of MQDT, but such methods have only lim-
ited applicability to the highly perturbed and overlapping
Rydberg series which are the rule in all of these atoms.

In the studies performed to date [6—8], a variational
R-matrix calculation is carried out in LS coupling
neglecting all fine-structure effects. The interactions be-
tween all open and closed channels are then characterized
by elements of a smooth reaction matrix K and by cor-
responding dipole matrix elements d . This LS-coupled
information is then transformed into jj coupling using
the well-known orthogonal transformation matrix [10]
(jjjLS). The spin-orbit terms in the Hamiltonian are
now used indirectly, in that the experimental j-dependent
ionization threshold energies E; are used when solving
the MQDT equations for the continuum states on a
finite-energy mesh, just as in earlier semiempirical studies
[4,11,12]. This guarantees that Rydberg series will be
present converging to each allowed ionization threshold,
thus permitting a highly accurate description of spin-
orbit effects in light atoms, even when those effects are
strongly nonperturbative. In more physical terms, this
scheme amounts in effect to neglecting the spin-orbit in-
teraction, except to the extent that energy conservation
affects the energy of the outermost electron at r & ro.

The high accuracy of calculations based on the above

scheme is now well established for Mg [13], for Ca [7],
and for Sr [6]. However, in very heavy atoms such as Ba
and Ra, this approach is more questionable since spin-
orbit effects become much larger and are expected to
affect the motion of the outer two valence electrons even
at small radii r ~ ro. In the first test of the jj-LS frame
transformation in an atom as heavy as Ba, however, Ay-
mar [14] recently showed it to give surprisingly good re-
sults, demonstrating largely the same good level of agree-
ment with experiment as had been found previously for
Sr [6(a)].

The present study examines in more detail the range of
validity of the jj -LS frame transformation by calculating
numerous spectra for Sr, Ba, and Ra and comparing the
jj-LS calculation with a full jj-coupled calculation that
includes spin-orbit terms explicitly in the Hamiltonian
even within the R-matrix box. The latter calculations are
carried out along the same lines developed in a recent
treatment [15] of the alkali-metal negative ions Rb
Cs, and Fr . This fully jj-coupled approach is expect-
ed to give a much more realistic description of spin-orbit
effects when they are important, and accordingly the
comparison of the two types of calculation will help to
clarify the range of validity of frame transformation cal-
culations in general. This matter has some practical im-
portance, since each jj-coupled calculation requires 5—10
times more computer time and memory than does an
equivalent R-matrix calculation in LS coupling. (This is
because for a given total angular momentum J there are
typically three times as many jj-coupled channels as LS
channels, which translates into roughly nine times as
many matrix elements to reach an equivalent level of con-
vergence in jj coupling. ) For atoms with only two
valence electrons, either approach is modest enough to be
performed on a small computer workstation, but an order
of magnitude could make an enormous difference in the
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feasibility of such calculations for open-shell atoms with
more valence-shell electrons.

Accounting for detailed spectroscopy of these heavy
atoms, much of it only recently acquired [16], is a second
major goal of this paper. Theoretical results are shown to
adequately describe photoionization spectra of ground-
state strontium and also of the ground state and an excit-
ed state of barium. Less experimental information is
available for comparison in the case of atomic radium
[17—19], but most of the J=1, odd-parity bound spec-
trum which has been observed is in reasonable agreement
with the calculations reported here. A single major
discrepancy in the radium bound spectrum suggests ei-
ther a gross misclassification in the early measurements
of Rasmussen [17],or else it indicates a serious limitation
of the present approach for the heaviest atoms in the
Periodic Table. Deciding between these two alternative
interpretations may require another experimental mea-
surement of the radium spectrum.

Beyond the issues of agreement or disagreement be-
tween theory and experiment are several substantial ques-
tions concerning the methods of calculation needed to
treat heavy atoms in the Periodic Table. One major ques-
tion is whether the Schrodinger equation suffices to de-
scribe electronic wave functions even in atoms as heavy
as radium. The answer expected from tradition-
al multiconfiguration Hartree-Fock-style calculations
(MCHF) would be negative, as the inner shell electrons
are highly relativistic in radium. However, our present
results apparently confirm those of Ref. [15] in suggesting
that use of empirical information about the "one-
valence-electron" system (e.g., Ra+) allows one to bypass
a full description based on the Dirac equation and to con-
tinue using the more convenient Schrodinger description.
This and other related issues are addressed below in Sec.
IV.

Section II outlines the jj-coupled R-matrix approach
including spin-orbit effects within the reaction zone.
Once the jj-coupled reaction matrix and dipole matrix
elements have been obtained, the generation of the full
spectrum follows standard MQDT formulations. On the
other hand, the LS-coupled R-matrix calculations are not
discussed at depth here since they have been presented in
detail elsewhere [6—8, 14]. Section III is instead devoted
to analyzing the theoretical and experimental spectra of
these heavy atoms, with their implications considered
further in Sec. IV.

II. EIGENCHANNEL R-MATRIX CALCULATION
IN jj-COUPLING

The model Hamiltonian used to describe the two
valence electrons will be represented as

charge Z by the core electrons produces in the end a net
electron-core effective potential represented by V(r, ) for
the ith electron. The potential V(r) is chosen to have the
following analytical form:

V(r) = ——[2+(Z —2)exp( —air)+azr exp( —a3r)]
1

(2)

where Z is the nuclear charge and ad the dipole polariza-
bility of the doubly charged positive ion [14,15]. The
empirical parameters a,' and r,' are adjusted to obtain op™
timurn agreement between the energy eigenvalues E„I of
the one-electron Schrodinger equation and the experi-
mental energies of the alkaline-earth ion. The values of
the parameters obtained for Sr+, Ba+, and Ra+ are given
in Table I. It is important to note that the potential V(r)
depends on the orbital angular-momentum quantum
number l of the electron, which makes it formally a non-
local potential but in a trivial way.

The spin-orbit interaction, e.g. , between electron i and
the screened nucleus, is represented by a potential having
the form

s 1; 1 gV V(r)
V, , (i)= — 1—

2c r; ~r; 2c

with c =137.036 the speed of light in atomic units. The
last factor in Eq. (3) is suggested by the Dirac equation
[20], but is typically omitted in perturbation treatments.
Here it is included as in some previous studies in order to
make solutions to the radial Schrodinger equation well
defined near the origin r, ~0.

The first aim of the calculation is to determine the
channel-mixing parameters of multichannel-quantum-
defect theory, after which any desired observable can be
rapidly calculated. These parameters are determined by
solving the Schrodinger equation variationally within the
finite reaction volume V in configuration space, defined
by max(r„rz) ~ ra, while the reaction surface 4 is the set
of all points for which max(ri, r2) =ro. This calculation
is also referred to as an eigenchannel R-matrix calcula-
tion since it determines variationally the eigenstates of the
R-matrix at some specified energy E, having a constant
normal logarithmic derivative on the reaction surface S.

The specifics of the general eigenchannel formulation
are derived elsewhere (see, e.g. , Ref. [8]), so we only sum-
marize the formulas and the logic followed in their solu-
tion. The Pth desired eigenstate of the Hamiltonian (and
of the R matrix) is represented within V by a basis-set ex-
pansion,

H= T, + T2+ V(r, )+ V(r2)+ V, , (1)
Iq'p& =g lyk»kp,

k
(4)

+V, , (2)+ 1

Here T, and T2 are the usual Schrodinger kinetic-energy
operators for each electron. The screening of the nuclear

in terms of constant coef5cients Zk& and a two-electron
jj-coupled basis set ~yk ). The negative of the normal log-
arithmic derivative of ~%&) on S, denoted b&, constant
over 4, is determined as an eigenvalue of a generalized ei-
genvalue problem,
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TABLE I. Semiempirical parameters in Eq. (2) describing the model potential experienced by the
outermost (valence) electron in Sr+, Ba+, and Ra+.

Sr+
ad =7.5

0
1

2
&3

3.4187
3.3235
3.2533
5.3540

4.7332
2.2539
3.2330
7.9517

1.5915
1.5712
1.5996
5.6624

1.7965
1.3960
1.6820
1.0057

Ba+
ad =11.4

0
1

2) 3

3.0751
3.2304
3.2961
3.6237

2.6107
2.9561
3.0248
6.7416

1.2026
1.1923
1.2943
2.0379

2.6004
2.0497
1.8946
1.0473

Ra+
ad =18

0
1

2
&3

3.7702
3.9430
3.7008
3.8125

4.9928
5.0552
4.7748
5.0332

1.5179
3.6770
1.4956
2.1016

1.3691
1.0924
2.2784
1.2707

I Z=bAZ . (5)

The matrices I and A are defined in terms of the Harn-
iltonian H in Eq. (1) and the matrix elements of the Bloch
operator

eigenfunctions of the independent-electron Hamiltonian
operator Ho =H —1/r, 2. Note that in this basis, both H
and Ho are not Hermitian, but owing to the Bloch opera-
tor, I is Hermitian.

kk =2 ~k &„~k (6)
A. Design of the basis set

Here the double bracket matrix element « ~ » indicates
an integral over the reaction surface 4, including a trace
over the spin degrees of freedom of the electrons, while
single brackets indicate a matrix element over the whole
reaction volume. Then Eq. (5) contains a reaction
volume overlap matrix element Okk —= &yk ~yk. & in addi-
tion to the Hamiltonian and Bloch operator matrices,

kk
—2EOkk. —2Hkk. —21.kk

Equation (5) also contains a surface overlap matrix ele-
ment

Akk' « yk ~yk' &&

The basis set used here consists of nonorthogonal jj-
coupled independent-electron numerical basis functions,

I

The two-electron basis set is composed of one-electron
eigenfunctions, obeying

(T+ V+ V, , )~n (slj)m &=E„&~~n(sl)jm &,

with l and j denoting the one-electron orbital and total
angular momenta, and n denoting a "principal quantum
number" labeling di6'erent radial solutions having the
same 3 and j. An unsymmetrized two-electron eigenfunc-
tion jj coupled to form a state of definite total angular
momentum I will then be written in notation analogous
to that of Biedenharn and Louck [21]

(10)

A fully antisymrnetric two-electron basis function is la-
beled by additional curly brackets I ],

1
I In ((») )j& n2(sl2) j2 JM] &

= [ ln )(», )j„n,(sl, )j,JM &

Thus the basis-vector label k in Eq. (4) is meant as a
short-hand notation for the quantum numbers

I ni~iAn2~2j2]
In a basis consisting of such jj-coupled two-electron

functions it is more or less straightforward to calculate
all matrix elements in the variational expression (5) and
to determine corresponding eigenvalues —

bI3 of the R
matrix. In practice it has proven convenient to specify

the two-electron basis in a manner which guarantees that
the number of such eigenvalues obtained at any given en-
ergy E coincides with the number of channels in the cal-
culation. This can be accomplished using the terrninolo-

gy of "closed-type" and "open-type" two-e1ectron basis
vectors, ~yk & and ~yk &, respectively, along the same lines
discussed previously for the I.S-coupled calculations
[6—8, 14]. To begin with, two different sets of one electron-
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orbitals are first defined which obey Eq. (9). The first set
is composed of orbitals ~n(sl)j ) denoted closed-type be-
cause they are chosen to vanish at r =ro. Because the
closed-type one-electron orbitals each obey the same
boundary condition at the origin and at ro, and because
they are eigenfunctions of a Hermitian operator, they are
automatically orthogonal over the radial interval
0~ r & ro. The second set of one-electron orbitals is
denoted open-type because they will be included in the
two-electron basis set only in channels to be treated as
open (or weakly closed in the sense of MQDT), and will
have the radial quantum number denoted by a bar, i.e,
~n(sl)j ). Then each two-electron closed-type basis vec-
tor ~yk) is given by Eq. (11), and it consists of two
closed-type radial orbitals.

Accordingly, ~yk ) vanishes on the two-electron reac-
tion surface S. The open-type two-electron basis vector
~yk ) is instead comprised of a closed-type orbital for n, ,
but an open-type one-electron orbital

~ n2(s12)j2 ) is used
in place of the closed-type ~nz(sl2)j2) in Eq. (11). The
logic of this choice is that one electron is thereby allowed
to reach the reaction surface S in any channel for which
at least one open-type two-electron basis vector is includ-
ed, but in no channel are both electrons able to move
beyond ro simultaneously. As in usual MQDT treat-
ments, only one electron escape beyond the reaction sur-
face is considered here. In practice two open-type two-
electron basis vectors ~yk ) defined in the above fashion
are included for each MQDT channel, while many more
closed-type ~yk ) are included. (As was discussed in detail
in Ref. [8(b)], the closed-type basis set vanishing at ro is
complete by itself, in the ordinary sense of quantum
mechanics. Yet extra Aexibility is provided, for describ-
ing general bound and continuum wave functions that fail
to vanish at r =ro, by including these open-type basis
vectors. But as a rule of thumb the open-type basis
should be kept comparatively small so that the basis does
not become linearly dependent to within the machine pre-
cision. Experimentation with one to three open-type
basis vectors per channel has shown little sensitivity to
this number, and most eigenchannel R-matrix calcula-
tions presently use two per channel. ) If for a given set of
In, l,j, l2j2I, only closed-type radial orbitals u„ I 1 (r)"z 212

are included in the full basis set, the channel
i —= [n, l,j,12j2] is called "strongly closed, " while the
presence of an open-type orbital u

&

. (r) in the full basis

signifies that the corresponding channel i to be treated as
open or weakly closed in the eventual MQDT calcula-
tion.

B. Streamlined solution of the generalized eigensystem

After the basis set is designed and all matrix elements
calculated, Eq. (5) can be solved numerically at each
desired energy E. The jj-coupled calculations presented
in this paper typically involve 200 to 500 basis functions
for any given J, depending on factors such as the value of
ro, the values of J and parity, the number of channels,
and the degree of convergence desired. For such large
basis sets the solution of the linear eigensystem (5) at
many energies can become time consuming, and for this

reason a much more efficient "streamlined" solution
method of Greene and Kim [8(b)] is used.

For a modest box size ro less than about 25 a.u. , good
convergence is achieved using eight closed-type basis vec-
tors per channel and two open-type vectors per channel.
The calculations here involved typically five to 15 open or
weakly closed channels, with an additional 100 to 300
strongly closed two-electron basis vectors included to im-
prove the Aexibility of the basis set to describe various
polarization and correlation effects. Thus the total varia-
tional basis set breaks up into mostly closed-type basis
vectors with perhaps an order of magnitude fewer open-
type vectors. It is this fact that the streamlined formula-
tion takes advantage of, by partitioning the matrices in
Eqs. (5)—(8) into open and closed partitions, e.g.,

PCC +CO

pOC +00 (12)

and

0 0
(13)

This partitioning breaks Eq. (5) into two coupled matrix
equations,

I ccZc+ PCOZ0 (14)

r"Z'+ r-Z'=be-Z' (15)

Using (14) to eliminate Z' from (15) leads to a matrix
equation of much smaller dimension for Z', specifically

[I oo I oc(l cc)—Il co]Zo gAooZo (16)

(17)

In Eq. (17) the notation c' implies that the closed portion
of the two-electron basis set is now in the trans-

I

formed representation, i.e., Okk =gk. Okk Xk k, Okk
=gk Ok'kXk k, etc. The semianalytic energy dependence
of all matrices in (16), combined with the much smaller
number of open-type than closed-type basis vectors, thus
makes (16) much faster to solve on a fine-energy mesh
than the original Eq. (5).

Recalling that the dimension of the reduced equation
(16) is 2N„where N, is the number of open and weakly

Inversion of the matrix 1 " at many energies E is
efFiciently accomplished by first transforming the closed-
portion of the basis set into the energy-independent rep-
resentation in which H" is diagonal, with eigenvalues E&
and orthonormal eigenvectors Xkk. (Here we have used
the facts that 0"is the unit matrix and that L"vanishes
for our present choice of basis set. ) Using Q to denote
the matrix in square brackets in Eq. (16), its energy
dependence is now given analytically

Qkk. =2(EOkk Hkk, Lkk, )— —
I

(+Okk ~kA. Lkk )(+O kk' ~kk' L kk' )
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closed channels in the calculation, this generalized eigen-
value equation has N, nontrivial eigenvalues b& and cor-
responding eigenvectors Zk& at each energy E. The com-
ponent g;& of the Pth eigenstate in the ith channel can be
written as

calculated using both the length and velocity forms, only
velocity results are presented here, except in one case. In
general, the agreement between length and velocity calcu-
lations is comparable to that shown later in Fig. 4, al-
though it is somewhat poorer for the radium calculations.

g;p=gZ, .'„pu„ I, (ro),

where we use the notation k —= [inz] for the open portion
of the variational two-electron basis set. The function
u

&
. (r) denotes the radial part of an open-type one-

2 2i J2i
electron eigenfunction ~nz(slz;)jz, . } as described in Sec.
II A above. The radial derivative of this same solution is
then simply g,'&= b&P, &—. By. matching g;& and its
derivative to a linear combination of regular and irregu-
lar Coulomb functions (f, ,g, ) in the ith channel, one ob-
tains the usual "smooth" reaction matrix K;;. of MQDT,
and the relevant dipole matrix elements needed for a pho-
toionization calculation also (Eqs. (13)—(17) of Ref. [7(a)],
for instance). In the calculations presented below, the
value of ro typically was chosen in the range of 18 to 20
a.u.

III. RESULTS GF THE CALCULATIONS

A. Absorption spectra of Sr, Ba, and Ra

In this section we analyse the limitations of the approx-
imations inherent in the jj-LS frame transformation by
comparing the results previously obtained with LS-
coupled R-matrix calculations and the jj -LS frame trans-
formation for the absorption spectra of Sr [6(a)] and of Ba
[14] with those obtained in the present work by perform-
ing R-matrix calculations in jj coupling. In addition,
new R-matrix results obtained for Ra will be presented.
These latter results deal with not only the photoioniza-
tion spectrum, but also with the J= 1 odd-parity bound
spectrum.

R-matrix calculations performed either in LS coupling
or jj coupling to investigate the absorption spectrum
below the mop3/z threshold of Sr (mp=5), Ba (mo=6),
and Ra (mo =7) include 13 odd-parity J= 1 channels,
which are the jj-coupled ionization channels involved in
the MQDT calculation of observables. [These
channels are mosnpi/z mosnp3/z (mo —1)d3/znpi/z
(mp 1 )d3/znp3/z, (mp 1)d3/znf5/z, (mp 1)dg/znp3/z,
(m p 1 )d5/znf s/z (m o 1 )ds/z "f7/z mop &/zns

mop, /znd3/z, mop3/zns, mop3/znd3/z, mop3/znd5/z ].
Theoretical predictions for Sr and Ba will be compared
with the most recent experimental data. In particular, we
will consider the new experimental photoionization spec-
tra obtained for Sr and Ba by Griesmann, Esser, and
Hormes [16]using synchrotron radiation. The results ob-
tained with R-matrix calculations in LS and jj coupling
will be referenced throughout this paper as LS and jj re-
sults, respectively. However, the reader must keep in
mind that R-matrix calculations performed in LS cou-
pling are combined with MQDT calculations, including
fine-structure effects through a frame transformation.
Although all photoionization cross sections have been

1. Strontium

expt.

210.0
60.0—

200.0 190.0

4n'5~~

~k!!iiiJ~
I

1
I

I
I

180.0 170.0 160.0

(b)

20.0—

0.0
210.0 200.0 190.0

R ~!hPAdlL4h! hi!!LI])~
180.0 170.0 160.0

X (nm)

FIG. 1. Photoabsorption spectrum of Sr in the wavelength
region from 210 to 160 nm, below the 4d, z& threshold: total
photoionization cross section. (a) Relative measurement of
Cxriesmann, Esser, and Hormes [16] (wavelength resolution
-0.05 nm). (b) jj results.

Figure 1 compares the experimental results [16] ob-
tained in Sr below the 4d3/p threshold with the jj results.
The measurement of Griesmann, Esser, and Hormes [16]
is not absolute. To compare it with our results, we have
normalized the experimental curve by adjusting the peak
photoionization cross section of the dominant resonance,
namely the 4d6p 'P resonance around 196 nm. Assign-
ments of the other resonant states 4dnp, 4dnf, and 5p6s
J=1 can be found in Refs. [6(a)] and [22]. The overall
agreement between experiment and theory is better than
that previously obtained [6(a)] by performing the varia-
tional calculation in LS coupling. However, the improve-
ments are not due to the different treatment of the spin-
orbit interaction but derive instead from three other
differences. First, the one-electron model potential V(r)
used in Ref. [6(a)] had a very simple form involving only
three parameters, while the new jj calculations are done
with a more sophisticated model potential including l-
dependent screening and polarization terms. As a result
the theoretical energy levels of Sr+ are more accurate
here than in Ref. [6(a)]. Second, inaccuracies occur in
MQDT calculations conducted following the LS-coupled
R-matrix calculation in the low-energy range when exper-
imental one-electron energies (including the fine-structure
splitting) are used for the MQDT threshold energies.
Difficulties arise when some channels are "strongly
closed" but treated as "weakly closed" in the R-matrix
calculation. In fact, during the matching procedure on
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the reaction surface which gives the K matrix, the
Coulomb functions are evaluated with theoretical photo-
electron energies, the fine structure of the thresholds be-
ing neglected at this point but accounted for later in the
MQDT calculation. At the low-energy end in each chan-
nel, the MQDT parameters acquire a strong energy
dependence and the MQDT results become very sensitive
to the value of the threshold energy. This point has been
discussed by Greene and Kim [7(a)], and will be docu-
mented later in the following sections. It was found [14]
in Ba that these difhculties can be removed by using
theoretical energies instead of experimental ones for the
threshold energies associated with some strongly closed
channels. In Ref. [6(a)], the use of experimental energies
for the 5p, /2 3/2 thresholds led to inaccuracies in the en-

ergy range corresponding to the lowest end of the 5pns,
nd series, although use of experimental threshold energies
definitely improves the calculation near those thresholds.
It is to be stressed that these difBculties inherent in the
frame-transformation approximation are almost absent
when R-matrix calculations are done in jj coupling be-
cause then the experimental and theoretical threshold en-
ergies are very close. Finally, the previous R-matrix cal-
culations [6(a)] were carried out with a small two-electron
basis set, whereas the present jj-coupled R-matrix calcu-
lation introduces an enlarged basis set, improving the
convergence of the variational calculation.

Figure 2 compares experimental [16] and theoretical
photoionization cross sections of Sr at higher energies,
between the 4d5/2 and 5p3/2 thresholds. In this energy
range, the jj results, curve 2(b), are very similar to those
previously obtained in the LS calculations [6(a)]. The
comparison of experiments with the results obtained with
LS-coupled R-matrix calculation is discussed further in
Ref. [6(a)].

6SI j 2 expt. (a)

240.0 235.0 230.0
I

225.0 220.0

model potential V(r) as in the previous calculations [14]
done in L,S coupling. Moreover, the basis sets used in
both calculations are very similar. Thus, the comparison
of theoretical predictions of the two different treatments
furnishes a more stringent probe of the frame-trans-
formation approximation.

Figure 3 compares the LS [14] and jj-photoionization
cross sections, calculated between the 6s and Sd 3/2
thresholds, with the observations of Griesmann, Esser,
and Hormes [16]. It is evident from Fig. 3 that R-matrix
calculations in either L,S or jj coupling are almost identi-
cal. For the reasons outlined above, the spin-orbit-
averaged theoretical energy was used for the 6p, /2 3/2
threshold in the MQDT calculation done with the IC ma-
trix deduced from the L,S-coupled R-matrix calculation.
Various minor discrepancies between the L,S results and
experiment, detailed in Ref. [14], have not been removed
by performing the R-matrix calculation in jj coupling.
The structure of the autoionizing odd-parity J= 1 spec-
trum below the 5d3/2 threshold is due to the 5dnp and
5dnf resonances. This spectrum has been recently rein-
vestigated using laser spectroscopy by Gounand et al.
[23], the SdnlJ= 1' levels being excited from the Sd 'So

2. Barium

The eigenchannel R-matrix calculation performed in jj
coupling for the absorption spectrum of Ba uses the same

100.0 ~

80.0—

60.0—

40.0—

LS'

20.0—
expt. (a) 0.0

240.0
i

235.0
l

230.0
I

225.0 220.0

I

170.0
7.5—

5.0—

2.5—

160.0
1

150.0

(b)

140.0

100.0—

80.0—

60.0—

4o o-
20.0—

0.0
240.0 235.0

(c)

I
I

l I

230.0 225.0 220.0

0.0
170.0

I

160.0

X (nxn)

150.0
I

140.0

FIG. 2. Same as Fig. 1 in the wavelength region from 166 to
143 nm, between the 4d5/2 and 5p3/Q thresholds.

FIG. 3. Photoabsorption spectrum of Ba in the wavelength
region from 240 to 220 nm, below the 5d3/2 threshold: total
photoionization cross section. (a) Relative measurement of
Griesmann, Esser, and Hormes [16] (wavelength resolution
-0.05 nm). (b) LS results. (c) jj results.
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level; in addition, the assignments of the observed reso-
nances deduced from the R-matrix calculation [ ] are

in Ref. [23].
The ex erimental results obtained in Ba y row

Ginter [24] just below the 6P t&2 threshold are compared

ain almost identical, both calculations reproduc-here again a mos i
1 . Here curvesthe experimental spectrum accurate y. eing e exp

4(b) and 4(c) display both length and veloci yvelocit results
fidence in the con-which are very close, giving some con.. enc

vergence of the variational calculations.

3. Radium

Radium involves a much strong p'-er s in-orbit interac-
tion than Ba and thus the comparison of R-matrix results
obtained in eit er

'
h I.S or jj coupling is of particular in-

terest for ana yzing e1
'

the limitations of the frame transfor-
mation for describing spin-orbit effects. The J= o

f R is largely unknown experimentally,
h ever as the only available data besides that compi e
b Moore [18] concerns the 7snp P, principa s0

'
s

'
bserved by om insb T k' s and Ercoli and analyzed y

Armstrong, Wynne, an om
'

, W d Tomkins [19]. We first consider
ectrum are de-how these data relevant to the bound spectrum are e-

scribed by R-matrix calculations, after which we will
for the hotoionizationpresent R-matrix predictions or e p

spectrum.

(a) J= 1 odd-parity bound spectrum of Ra.Ra. The J=1
odd- arity spectrum of Ra is much simpsim ler than theo -pan y
homologous spectrum of Ba since on yonl three doubly ex-

d t t s appear, while in Ba 12 doubly excited levels
below the first ionization limit. The three y' P R dber series ofcited levels perturbing the 7snp ' P, y erg

Ra are the p6d 7 D P and 'P levels. The two form-
er levels appear in t e a e oh t ble of Moore' while the last one
h not been observed. Two previous two-c anne
M DT calculations have been carried out to y

as no e

erturbation of the 7snp 'P series by t e p
'the 6d7 'P level.per ur a

The first analysis was the empiricairical treatment of
A t n Wynne, and Tomkins [19]. The second, per-Armstrong, ynne,

n ei enchannelf ed b Kim and Greene [25], used an eig
1 ..d; ....d fineR-matrix calculation in LS-coup ing an ig

structure effects altogether. In both studies, the
c assi ca iono1 'fi t' n of low-lying levels was questioned.

trix calcula-We have performed two different R-ma rix
tions, name y a ve-c1 fi - hannel treatment in I.S coupling, in-

and a 13-cludin the 7snp and 6dnp J=1 channels, and a
channel treatment in jj couphng, introducing

'

h 6dn~~ 7 ns, and 7pnd J=1 channels. These latter
h ls do not support any bound level andc anne s o n

L,S calcu-cor ing y eend' 1 b treated as strongly closed in the L,

lotsFi ure 5 displays the theoretical Lu-Pano p o slation. igure
v and v are theshowing —v7, (mod 1) vs v6d (v7, an v6d
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FIG. 4. Photoabsorption spectrum of Ba in gyBa in the energy range
f 60000 cm ' to the 6p&&2 threshold: total photoionizationrom
cross section. (a) Relative measurement of Brown and Gand Ginter

of the observed absorption peaks and minima. ,c jj
( }and length results (———).

6d 3/P.

FIG. 5. Lu-Fano plot of the J=1 odd-parity bound levels of
Ra in the —v7, {mod 1) against v6d plane. {a}. a, I.S calcu-

1
' . ~ experimental level positions [17—: p ', 2—19: (1) 7s7 P&, (2)ation;, ex

theoretical level7s7p 'Pl (3)—(6) see the text, (7) 7s13p P&', , theor
positions [for (T) see the text]. (b), jj calculation.
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effective quantum numbers relative to the 7s and 6d3/2
thresholds). Curves 5(a) and 5(b) compare the LS and jj
results, respectively, with the known levels [17—19]. The
low-lying 7s7p ' P levels [18] and the high-lying 7snp 'P
levels [19] (n ~13) agree well with our calculated values,
a better description of high-lying levels being obtained
with jj calculation. Discrepancies occur in the
intermediate-energy range, however, with level number
(5) being far from each theoretical curve. However, in
this energy range the two theoretical curves are rather
different and both support one theoretical energy level
(labeled by T) which cannot be associated with any exper-
imental level. The energy value predicted by the jj calcu-
lation is 30477 cm '. Four levels, namely the 7s8p ' P
levels and 6d7p D, P levels, are expected to lie in the
range 2.0 ~ v6d + 2. 5 in agreement with our predic-

3/2

tions. The four levels are so intermixed that it is not pos-
sible to unambiguously label them, except in the case of
level number (6) for which the calculations seem to
confirm the classification of Russell [17] adopted by
Moore [18], namely 6d7p P. Additional experimental
investigations would help greatly to sort out this problem
and provide a decisive judgment on the accuracy of the
present calculations. Our prediction for the 6d7p 'P lev-
el, at 37 855 cm ', based on the jj calculation, is close to
previous semiempirical predictions [19] (37895—38048
cm ').

Some more points should be discussed here. Our cal-
culations show the oscillator strengths of the 7s —7snp P
series are considerably weaker than those of the
7s -7snp 'P series, by a factor of about 800 for n ) 13 in
the jj calculation. It is surprising that the triplet states
are so weakly excited from the ground state, considering
the strength of the radium spin-orbit interaction. But
this result is consistent with the fact that the triplet
7snp P series has not been observed in absorption mea-
surements from the ground state. It must be noted that
the triplet mosnp P series of the lighter alkaline earths
have not been observed from the ground state either, but
that is less surprising owing to the smaller spin-orbit in-
teraction. Multistep laser investigation, as performed in
Ca, Sr, and Ba [12], would be desirable to extend our
knowledge of the Ra spectrum, although its radioactivity
clearly causes additional experimental difticulties. Unlike
Ba, oscillator strengths of the principal series of Ra
behave very regularly in the high-energy range because
no perturber occurs there.

One major feature in all the heavy alkaline-earth atoms
is the occurrence of a very strong interaction between the
mosnp and (mo —1)dnp 'P channels; just as for Ca [7(a)],
Sr [6(b)], and Ba [14], the corresponding channels of Ra
are almost equally mixed at the Ios threshold, the
channel-mixing angle around 0.2~ being close to the
theoretical maximum 0.25m. [The channel-mixing angle
6 is defined for a two-channel system in MQDT as the ro-
tation angle needed to transform the reaction matrix into
its diagonal representation. An arbitrary mixing angle 0
can be transformed into the range —~/4 ~ 0 ~ m. /4 by us-
ing the fact that the transformation 0~0+n~ simply
multiplies each eigenstate of the reaction matrix by

150.0—
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44000

150.0—
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(b)

50.0—
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l
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50000 52000

FIG. 6. Total photoionization cross section of ground-state
Ra in the energy range from 44000 to 53000 cm ', below the
6d3/2 threshold. (a) I.S results. (b) jj results.

( —1)", and also by using the fact that the transformation
0~m. /2 —0 amounts to interchanging the arbitrary or-
dering of the eigenstates. ) This near invariance of the
channel mixing, discussed by Wynne and Armstrong [26],
was used by Armstrong, Wynne, and Tomkins [19] to
predict the locations of unobserved Ra levels.

(b) Absorption spectrum of Ra. Figure 6 compares
cross sections for photoionization of ground state Ra ob-
tained below the 6d3/2 threshold using R-matrix calcula-
tions in LS and jj coupling. Curves 6(a) and 6(b) display
marked differences in the whole energy range. Both
MQDT calculations introduce 13 channels. In addition,
an eight-channel R-matrix calculation in LS coupling was
carried out in which the 6pns, nd channels were treated as
strongly closed and omitted from the MQDT calculation.
The corresponding result is almost identical to curve (b)
in Fig. 6, thus excluding the possibility that differences
between curves 6(a) and 6(b) might result from inaccura-
cies in the treatment of the strongly closed channels con-
verging to the 6p thresholds. The autoionizing structures
in this energy range are due to 6dnp (n ~8) and 6dn fJ=1 resonances and perhaps to 7p8s J=1 resonances
which are likely to lie below the 6d3/2 threshold. The
resonances appear to be so intermixed that we have not
attempted to identify them.

The LS and jj results obtained for the photoionization
cross sections between the 6d5/2 and 7p3/2 thresholds are
compared in Fig. 7. In this energy range, clearly curves
7(a) and 7(b) bear a much closer resemblance than in the
lower-energy range. However, differences, mainly near
the strong resonant peak around 60000 cm ', are much
more visible than in Figs. 3 and 4 corresponding to Ba.
Here again we have not attempted to identify the predict-
ed structures due to transitions to the 7pns and 7pnd lev-
els. Since the resonances are very broad and overlapping,
it is almost certain that, just as for the homologous reso-
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FIG. 7. Same as Fig. 6 in the energy range between the 6d&/&

and 7p3/2 thresholds.

nances of Ba [14], an independent particle label is mean-
ingless for most of them.

It is worth noting that the autoionization pattern pre-
dicted for Ra above the 6d5/z threshold presents many
similarities with that observed for Ca, Sr, and Ba in the
corresponding energy range. Below the 7p, /2 threshold,
the structures with periodic enhancement due to low-

lying 7p3/2n. l levels mixed with Rydberg levels 7p, /znl
bear much resemblance to the structures observed in Ba
(see Fig. 4) and in Sr (see Fig. 9 of Ref. [6(a)]). In the
same way, the periodic pattern of asymmetrical absorp-
tion profiles predicted between the 7p, /2 and 7p 3/2
thresholds is very similar to that observed near the mop
thresholds of Sr [6(a)], Ba [14], and even Ca [7(a),7(b)].
These marked similarities throughout the heaviest alka-
line earths reflect the systematic near invariance of the
electronic channel mixings. Here, the strongest channel
mixing in all the heavy alkaline-earth atoms corresponds
to the moped-(mo —1)def mixing. From Figs. 1, 3, and
6, it is evident that below the (mo —1)d threshold there is
much less evidence for near invariance in electronic chan-
nel mixing, although much of this difference in appear-
ance is due to the variation of the threshold splitting
( m o

—1)d —m op in these atoms.
The large differences between curves (a) and (b) of Fig.

5 clearly suggest some limitations of the frame transfor-
mation to account for spin-orbit effects in Ra. To under-
stand these limitations, recall that the term "frame trans-
formation" in this paper implies the following procedure.
First, LS-coupled reaction matrices are obtained varia-
tionally, neglecting all spin-orbit interactions. Second,
these LS-coupled matrices are recoupled by a geometric
jj-I.S transformation to give a single jj-coupled reaction
matrix. (It is easy to show that this recoupling, by itself,
will have no effect on the spectrum whatsoever if the
initial-state calculation ignores fine-structure interac-
tions, and if j-independent thresholds are used in the
MQDT calculation. ) The third step is to perform the

quantum-defect calculation on a fine-energy grid, but in;
eluding tke experimental j d-ependent spin o-rbit splitting
of the inner electron threshold energies. This last step is
the only one which uses ion-dependent information about
the spin-orbit interaction, but it has a major qualitative
effect at energies close to fine-structure-split thresholds.
Accordingly, the frame transformation accounts mainly
for the spin-orbit interaction of the inner electron, while
it is neglected for the outer excited electron except
through effects associated with energy conservation. A
good measure of the core-electron spin-orbit interaction
is the difference between the quantum defects of spin-
orbit-split doublet-ion levels. For the mop ion core,
hp=0. 045 and 0.12 for Ba+ and Ra+, respectively,
while for the (mo —1)d ion core one has bp=0. 012 and
0.030. It is much more difficult to estimate the strength
of the spin-orbit interaction for the outer electron, but it
is clear that this is far stronger for the np electrons in-
volved in (mo —1)dnp levels in Ra than in the lighter al-
kaline earths. Part of the difference between curves (a)
and (b) in Fig. 5 is thus likely to result from the incom-
plete treatment of the spin-orbit interaction by the jj-LS
frame transformation. Moreover, below the 6d threshold
the energy dependence of the MQDT parameters is
stronger than above, and thus the results are much more
sensitive to the values of the threshold energies used in
the MQDT calculation than are the results above the 6d
threshold. The spin-orbit interaction strength of nd elec-
trons in the 7pnd levels of Ra is likely to be of the same
order of magnitude as that of np electrons in the 5dnp
levels of Ba. But no difference occurs between curves (b)
and (c) of Fig. 3, while some are visible in Fig. 6. These
differences probably result from the fact that the fine-
structure splitting of the 7p level of Ra+ is three times
larger than the splitting of the 5d level of Ba+.

No experimental spectrum is available in this energy
for Ra and thus the reliability of the predictions remains
to be tested. In particular, one major open question is
whether the present jj-coupling calculation adequately
accounts for relativistic effects beyond the spin-orbit in-
teraction. As argued elsewhere [15], these are described
at least approximately through the use of a semiempirical
model potential V(r), but this approximation has not yet
been adequately tested in an atom as heavy as radium.

B. J =0 and 2 even-parity spectra of Ba
below the 5d3/2 threshold

This section deals with the J=O and 2 even-parity
spectra of Ba, which have been extensively investigated
since the advent of laser spectroscopy. In addition to ex-
perimental investigations making a term analysis [27,28]
high-resolution laser studies have been used to probe the
detailed structures and properties of Rydberg levels and
doubly excited autoionizing levels. Most of the pioneer-
ing investigations dealt with the perturbations of the
6sns 'So and 6snd ' Dz series by low-lying doubly excited
states. Perturbations are reflected not only by level struc-
ture but also by lifetimes, hyperfine structure, Lande g
factors, and various other observables (see Ref. [4] and
references therein). Now the focus has shifted toward the
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autoionizing Rydberg states, experiments having revealed
interesting properties such as the extreme stability [29] of
some levels.

The MQDT has enjoyed remarkable success in describ-
ing the experimental data. However, previous analyses
have utilized empirical MQDT parameters which are ad-
justed to agree with a particular set of measurements.
The complexity of Ba is such that these empirical treat-
ments encounter serious dif5culties relating to the energy
dependence of the parameters, to the occurrence of iso-
lated perturbers, and to the sometimes overwhelming
number of interacting channels [4]. The previous ernpiri-
cal analyses devoted to bound spectra [27,30] were
achieved using the eigenchannel MQDT formalism [3(b)],
whereas now the phase-shifted reaction-matrix approach
[3(c)] is currently used in the autoionizing region, al-
though this is purely a matter of convenience.

It is of particular interest to analyse how the eigen-
channel R-matrix approach is able to handle the bound
spectrum of Ba, in particular the complicated J=2' spec-
trum investigated so extensively in previous works. The
empirical MQDT treatments showed large departures
from the geometric jj -I.S frame transformation. R-
matrix calculations performed in the present work for the
J=O', J=2' bound spectra, in both I.S and jj coupling,
should shed light on whether these departures are due to
the spin-orbit interaction or to the approximations used
to simplify the fitting of empirical MQDT parameters.
Moreover, by overcoming the limitations of empirical
MQDT, it should be possible to get new insight into the
nature of channel mixing and to check the assignments of
levels, especially in cases where the term designation has
been controversial.

In the autoionizing region, the new R-matrix results
presented below will concern the 5dnI J=O' and J=2'
autoionizing Rydberg series and the 6p 'So level, excited
from either the 6s6p or else the 5d6p'P, bound level.
Here again calculations are conducted in both I.S and jj
coupling.

2. J =2 even-parity bound spectrum

The J=2' bound spectrum is much more corn.plicated
than the J=O' spectrum, since it involves 16 doubly ex-
cited levels pertaining to 5dnd (n =5—7), 5dns (n =7,8),

0.00
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0.25
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0.50-

Vl
CO
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\

g . a

of those given in Ref. [27]. Note that a recent experiment
[23] has confirmed that the 5d 'So level [32] lies at
25873.83 cm '. The curves of Fig. 8 have to be com-
pared with Fig. 4 of Ref. [27] which, however, does not
include the low-energy levels for v5d ~2.9. Both R-
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matrix calculations correctly reproduce the perturbations
of the 6sns series by the 5d6d Po, 5d6d 'So, 5d7d Po,
and 6p Po levels, the jj results being closer to experi-
ment. The description of the low-lying 5d levels is less
satisfying; note that theoretical curves 8(a) and 8(b) are
quite di6'erent in the low-energy range, a point which is
discussed in Sec. IV. One key result of the calculations
concerns the assignment of the various levels: the present
study completely confirms the identi6cations deduced
from empirical MQDT analysis [27]. The classifications
of some levels are still questioned [26,33] but we hope this
study will close the controversy.

1. J =0 even-parity bound spectrum

2.0 2.5 3.0 3.5

5d ~p

I.O I.5 5.0

The J=O' spectrum consists of the 6sns 'So Rydberg
series and of six doubly excited levels, low-lying members
of Rydberg series converging to the 5d or 6p thresholds.
Five-channel R-matrix and MQDT calculations are car-
ried out. The jj-coupled ionization channels are
6$$/2ns]/2, 5d3/2nd3/2, 5d5/2nd5/2, 6p]/2Plp//2, and
6p 3 /2 np 3 /2 . Identi6cations of the observed levels were
based on an empirical four-channel MQDT treatment
[27] involving only one 6pnp channel introduced to take
care of the 6p Po bound level.

Figure 8 compares the theoretical Lu-Fano plots to ex-
periment, curves 8(a) and 8(b) showing the I.S and jj re-
sults, respectively. To avoid inaccuracies at the low-
energy end of the 6pnp channels, the theoretical 6p, /2 3/2
threshold energy is used in the MQDT calculation con-
ducted following the R-matrix calculation in I.S cou-
pling. The dots correspond to experimental data
[18,27,31]. For n ~30, the very precise energy values
measured by Neukammer et al. [31] are plotted instead
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FIG. 8. Lu-Fano plot of the 1=0 even-parity bound levels of
Ba in the —v6, (mod 1) against the vsd plane. (a), LS

3/2
calculation; I, experimental level positions [18,27,31]: (1}
Sd P, (2) Sd~ 'S, (3) 6p 'P, (4) Sd6d P, (S) Sd6d 'S, (6)
Sd7d P; (b), jj calculation.
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and 6p configurations which perturb in several places
the 6snd 'Dz and D2 Rydberg series. The 8-matrix and
MQDT calculations are conducted using ll channels.
The jj-coupled channels are as follows: 6s &/2nd 3/2,

i/2 5/2 3/2 i/2 3/2 3/2 3/2 5/2
5d s/zns, /2, 5ds/2nd 3/2 5d s/2nd s/2 6p, /2np3/2
6+3/2 71!2 a d 6+3/2n+3/2' This spectrum was analyzed
previously [30] by an empirical nine-channel MQDT
treatment which disregarded the 6p P2 level and intro-
duced only one 6pnp channel to account for the 6p 'D2
level. Later, experimental data on Lande g factors and
hyperfine structure have permitted improvements on the
initial MQDT model which had been derived from ener-
gies [4] alone.

Figure 9 compares the theoretical Lu-Fano plots with
experimental data [18,27,31,34]. Note that the low-lying
6s5d ' D2 levels fall below the energy range considered
in the present study. Here again curves 9(a) and 9(b) cor-
respond, respectively, to the I.S and jj results. As in the
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FIG. 9. Lu-Fano plot of the J=2 even-parity bound levels of
Ba in the —v6, (mod 1) against the vsd plane. (a), LS

3/2
calculation; ~, experimental level positions [18,27,31,34]. Level
assignments recommended by the present jj calculation are as
follows: 5d 'F» 'D» 'P» (1,2,3); 5d7s 'D» 'D»
(4,5); 6p P2, 'D» (6,7); Sd6d D» F2, (8,9); 6s7d 'D» (10);
5d6d D» P2p (1 1 12) 6S8d D» (13) 5d8$ D2 D» {14 15)
Sd 7d D» F2, 'D» (16,17,18). These classifications are dis-
cussed further in the text and in Table II. (b) —,jj calcula-
tion.

J=O' case, both Lu-Fano plots differ in the low-energy
range where the MQDT parameters have a strong energy
dependence. These curves are to be compared with Fig. 1

of Ref. [30], which, however, does not consider the low-
lying levels. There, the points were exactly on the curve,
whereas some deviations are visible here. However, the
agreement between theory and experiment is generally
quite satisfying, accounting for the great complexity of
the spectrum despite some noticeable discrepancies. We
have numbered the doubly excited levels as well as some
6snd levels, whose assignment will be discussed later.
The calculations correctly reproduce the perturbations
due to the Sd Fz, 'D2, P2 (1,2,3), Sd6d D2, F2, 'D2,
P2 (8,9,11,12), and 517d Dz, F2, 'D2 (16,17,18) levels.

The perturbations due to the Sdns Dz, 'D2 levels (4 and
S for n =7; 14 and 15 for n =8) are also well described.
The R-matrix calculations permit the previous assign-
ment of levels to be checked. Only a few levels, as de-
tailed below, were misclassified in Ref. [30]. The levels
listed above were correctly assigned in Ref. [30]. In con-
trast, in the intermediate-energy range where there are
more perturbers than there are 6snd levels, our calcula-
tions suggest a reclassification of levels 6, 10, and 13 as
indicated in Table II. This new classification is close to
the original one given by Moore [18]. It is worth noting
that several experiments [33] have shown recently that
levels 6 and 7 are predominantly 6p in character, in har-
mony with our new classification. One must keep in
mind that no level corresponds actually to an
independent-electron configuration: the 6p levels in-
teract strongly with nearby levels, and in the higher-
energy range several doubly excited levels are strongly
mixed with dense Rydberg levels.

Here again, the MQDT calculation done with the K
matrix deduced from I.S-coupled R-matrix calculations
utilizes theoretical 6pi/2 3/2 threshold energies. This was
found essentia/ for the I.S calculation to give a correct
description of the whole spectrum, in contrast with the
J=0' case where only a small improvement is achieved in
this fashion. From Figs. 9 and 7, it appears that neglect
of the fine structure of the Ba+(6p) ionic level in the LS
calculation reduces the accuracy compared to the jj cal-
culation only for the 6p levels (6 and 7 on Fig. 9 and 3
on Fig. 8). For the other J=2' levels, the two calcula-
tions are comparable, or perhaps the I.S results agree
somewhat better with experiment overall.

We now turn to a comparison of the MQDT channel-
mixing parameters obtained at the 6s threshold, either
empirically or from R-matrix calculations. To better an-
alyze the departures from the frame transformation, in-
stead of the eigenvectors U; of the jj-coupled K matrix,
we compare instead the eigenvectors V of the matrix
R'KR, where R denotes the jj-I.S geometric recoupling
transformation. The K channels correspond to pure IS-
coupled channels. The a channels are the exact eigen-
channels of the reaction matrix. If spin-orbit effects are
negligible within the reaction volume, the matrix V is
expected to be block diagonal. The only MQDT parame-
ters whose values are close in the three different treat-
ments are the eigenquantum defects p associated with
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TABLE II. Positions of four experimental J=2' levels of Ba, showing the new classifications ob-
tained in the present jj-coupled calculation.

Level
number

6
7

10
13

Energy
(cm ')

35 344.42
35 616.94
37 434.9S
38 556.18

Ref. [18]

6p2 1D

6p2 3p

6s7d 'D2
6s8d 'D2

Label
Ref. [30]

6s7d 'D2

6s8d 'D2
6p2 1D

jj result

6p2 3p 8

6p2 1D a

6s7d 'D2
6s8d 'D2

'Levels 6 and 7 are so strongly mixed that these classifications should not be taken too seriously.

the 5dns and 5dnd channels and the V matrix elements
describing the mixing between the 6snd and 6pnp 'Dz
channels; the corresponding channel mixing, with a
channel-mixing angle -0.2~, clearly dominates the
J=2' bound spectrum of Ba. Within the diagonal blocks
corresponding to a given LS symmetry, the matrix ele-
ments deduced from the jj-coupled R-matrix calculation
bear a close resemblance to those obtained by neglecting
spin-orbit terms in the reaction volume. Both R-matrix
calculations differ considerably from the matrices fitted
to experiment. In particular, the mixing between per-
turbing channels, almost completely neglected in Ref.
[30], is not negligible. The 8-matrix calculation in jj-
coupling shows strong departures from the jj -LS frame
transformation, mainly within the three 6pnp channels
and for other channels interacting with the 6pnp chan-
nels. Except for the 6snd -6pnp 'Dz interaction, the
empirical values introduced for several mixing angles are
very different from those calculated with the R-matrix
approach. In particular, the 6snd 'Dz and D2 eigen-
channels are almost uncoupled (mixing angle -0.02 rad)
while the empirical value derived from hyperfine mea-
surements was 0.42. Clearly, the neglect of the spin-orbit
interaction for the 6p electron and the various other ap-
proximations involved in the empirical treatments affects
the MQDT parameters considerably.

The preceding paragraph shows that quite different
sets of MQDT parameters can give energy levels in good
agreement. A good description of level positions is clear-
ly necessary but not sufficient to demonstrate that a prop-
er description of channel interactions has been achieved.
Data on more sensitive observables are needed to probe
the wave functions. This point has been largely docu-
mented in Ref. [4] for the even-parity J =2 spectrum of
Ba. We have already mentioned that the new designa-
tions of levels 6 and 7 in Fig. 9 are supported by several
experiments [33]. Now we consider another example in
greater detail. It is known that hyperfine-structure mea-
surements provide a very sensitive probe of the singlet-
triplet mixing in high-lying 6snd levels. Figure 10 illus-
trates the evolution with n of the admixture coefficient p
of the 6snd D2 channel in the high-lying 5d7d and
6snd 'D2 levels. The plus and cross symbols marked are
derived from the hyperfine measurements of Eliel and
Hogervorst [35], and those of Rinneberg and Neukam-
mer [36], respectively. Note that P is an amplitude
characterizing the singlet-triplet mixing, which is con-
strained to lie in the range —I/&2 p I/&2. The
value P=O is obtained only when S (=0 or 1) is a good

3. The J =0 and 2 euen parity autoi-onizing spectrum ofBa

The even-parity spectrum of Ba below the 5d 5&2

threshold has been investigated using multistep laser
spectroscopy [28,29,37—39] the 5dnl levels being excited
from several 5d6p bound levels. For J=O', these investi-
gations led to the observation of the two 5d3/2nd3/2 and
5d5&2nd5&2 J =0 Rydberg series up to large-n values and
to the identification [38] of the 6p 'So level with a broad
autoionizing resonance at 48000 cm '. For J=2', the
eight expected series 5dns, 5dnd, . and 5dng have been ob-
served [28,39). The autoionization widths observed for
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FICx. 10. Singlet-triplet P mixing coefficients for the high-

lying 6snd 'D2 and Sd7d 'D2 levels of Ba. The LS results
(———) and jj results ( ) are compared with values de-
duced from hyperfine structure: ~ [35], + [36]. The circled
symbols correspond to the Sd7d 'D2 level.

quantum number, whereas the equal mixing of singlet
and triplet states is obtained when p approaches one of
the extrema just noted. For the explicit definition, see
Refs. [35] and [36]. The dashed and solid curves are
drawn through the theoretical LS and jj values, respec-
tively. Compared to experiment, both theoretical curves
are slightly shifted to the right, the predicted 5d7d 'D2
levels being a little too high. However, it is evident that
the experimental behavior is better reproduced by the R-
matrix calculation in jj coupling than by the one carried
out in LS coupling.
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the 5dnd J=0 and 2 resonances are much smaller than
the separation between adjacent peaks. Thus, level
identifications were obtained by analyzing the experimen-
tal data with empirical MQDT models ignoring the cou-
pling with the 6s el continua [28,37]. Moreover, for
J=2', the 5dnd-5dng interaction was neglected. These
studies, restricted to the positions of autoionizing reso-
nances only, were completed by additional empirical
MQDT studies which account for the interactions of au-
toionizing levels with the continua. A first theoretical
description [38] dealt with the profiles of the 6p 'So level
and of the nearby 5dnd J=0 resonances. Later, the
high-lying 5d3/Qnd3/2 levels were reinvestigated by Neu-
kammer et al. [29] and dramatic deviations of the au-
toionization widths from the v5d law (expected in the

3/2
absence of channel interactions) have been observed,
some levels being metastable against autoionization de-
cay. This unusual suppression of the autoionization pro-
cess for particular levels has been accurately described
using MQDT [29,40]. Finally, Bente and Hogervorst [39]
successfully used an MQDT parametrization to repro-
duce J=2' autoionizing features which they observed by
photoionizing the 5d6@ 'F3 bound level.

Most of the experimental photoionization measure-
ments performed to date in the alkaline-earth atoms have
been relative measurements which fail to provide an ab-
solute scale to the cross section. Recently two absolute
cross-section measurements were carried out for photo-
ionization of the Ba 6s6p 'P; state at energies near the 6s
ionization threshold [41,42]. Two very recent calcula-
tions have obtained theoretical cross sections for compar-
ison with these experiments, one a Wigner-Eisenbud R-
matrix calculation by Bartschat and McLaughlin [43],
and the other a jj-coupled R-matrix calculation by
Greene and Theodosiou [44] using the same techniques
described above. These two calculations are both in
agreement that the measured cross sections of Kallen-
bach, Kock, and Zierer [41] are too large by a factor of
approximately 5.5. On the other hand, the calculation of
Ref. [44] suggests that the measured cross section of Bur-
khardt et al. [42] is correct in its absolute normalization
to within a factor of 2.

Next we consider photoionization of excited barium
6s6p and 5d6p 'P& levels into J=O' and J=2' final
states. Channel-mixing parameters in the final J=O' and
J=2' autoionizing energy range were obtained by per-
forming variational calculations in either LS or jj cou-
pling. The same i-dependent model potential V(r) and
two-electron basis set are used in both calculations (ex-
cept that the spin-orbit interaction terms are, of course,
omitted from the LS calculation). The wave functions of
the initial state were obtained by diagonalizing, the two-
electron Hamiltonian within the reaction volume. In the
calculation done in LS coupling the starting level is as-
sumed to be a pure 'P, level, this restriction being of
course relaxed in the jj calculation. Also, the starting
level is assumed to be isotropic in both calculations, ig-
noring the fact that it is typically aligned if prepared by
laser excitation.

(a) The J =0 euen parity autoionizing -spectrum of Ba.
Figure 11 compares the LS and jj results obtained for the

200.0—

150.0—

100.0—
b

50.0—

LS

0.0
420.0

i'I

400.0 380.0 360.0 340.0

200.0—

150.0—

100.0—
b

50.0—

420.0
I

400.0 380.0

P, (nm)

340.0

FIG. 11. Partial photoionization cross section for the
6s6p 'P& —+J=0' symmetry of Ba in the wavelength region from
420 to 340 nm, below the Sd3/p threshold. (a) LS results. (b) jj
results.

J=0' partial photoionization cross section of the
6s6p 'P, level of Ba, below the 5d3/2 threshold. As in
the energy range below the 6s threshold, five channels are
included in each calculation. Marked differences are visi-
ble in the 380—360-nm wavelength range where the
6p 'So level is expected to lie [38]. In the LS calculation
this level is identified with the broad resonance around
375 nm, relatively well separated from the nearby
5d3&z10d3&2 resonance in the right wing. In contrast, the
jj spectrum shows a more complicated pattern of over-
lapping resonances. To achieve convergence in the J=0'
R-matrix calculations it was found essential to include in
the two-electron basis set strongly closed functions nln'l,
involving large orbital momenta l =3 and 4. MQDT cal-
culations performed with the K matrix deduced from the
LS-coupled R-matrix calculation were performed using
either experimental or theoretical threshold energies for
the 6pnp channels; both calculations give almost identical
results and thus the differences between curves 11(a) and
11(b) do not result from inaccuracies such as those which
occur below the 6s threshold.

To better analyze the origin of the differences, we con-
sider also the photoionization of the excited 5d6p P, lev-
el, for which some observations are available. The LS
and jj results obtained for the 5d6p 'P, ~J=O' spec-
trum of Ba are compared in Fig. 12, in the same energy
range as above. In addition, we indicate the positions of
the resonance peaks observed by Camus et al. [28] and
Aymar, Camus, and Hindy [38], the autoionizing levels
being excited from the 5d 6p 'P, or P, level. Both
curves 12(a) and 12(b), corresponding to LS or jj results
respectively, correctly reproduce the positions of reso-
nant peaks. Note that the differences between the calcu-
lated peak heights in curves 12(a) and 12(b) are not
significant for the sharp resonances, curve 12(a) being ob-
tained with a finer energy mesh than curve 12(b). How-
ever, near 45000 cm ', the observed structures, i.e., the
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FIG. 12. Partial photoionization cross section for the
5d6p 'P& ~J=O' symmetry of Ba in the energy range 42000 to
47000 cm ', below the Sd3/2 thresold (the energies are relative
to the ground state of Ba). (a) LS results; the vertical bars indi-
cate the positions of observed autoionizing states [28,38]; some
members of the Sd3/2nd3/2 and 5d5/2nd5/2 Rydberg series are
labeled by their n value. (b) jj results.

FIG. 13. Partial photoionization cross section for the
6s6p 'P& —+J=2' symmetry of Ba in the energy range 42000 to
47000 cm ', below the 5d3/2 threshold (the energies are relative
to the ground state of Ba). (a) LS results (11-channel calcula-
tion); the vertical bars indicate the positions of autoionizing lev-
els observed by Camus et al. [28]; the 5dns (s), Sdnd (d) and
5dng (g) are distinguished by the diff'erent ordinates used for the
bars. (b) jj results (14-channel calculation).

broad and asymmetric resonance corresponding to the
6p 'So level, and the nearby peak associated with the
5d3/210d3/2 level are better described by the jj calcula-
tion. The irregular variation of the autoionization widths
along the 5d3/2nd3/2 series, observed by Neukammer
et al. [29], for n 14, is already visible in Fig. 12 for
smaller-n values. Because these observations have al-
ready been successfully interpreted we have not attempt-
ed to include enough energy points in our calculation to
represent the spectrum just below the 5d3/2 threshold in
greater detail.

The present calculations completely con6rm the obser-
vations of Ref. [38] concerning the 6p autoionizing reso-
nance. Note that the recent calculation of Bartschat and
McLaughlin [43] fails to observe this level above the 6s
threshold, in contrast to Ref. [44]. In addition, the small
differences between curves (a) and (b) in Figs. 11 and 12
suggest a mild failure of the frame transformation for
describing the 6p 'So level. For this state, of course, the
spin-orbit interaction must play the largest role among all
members of the 6pnp 'So Rydberg series.

(b) The J =2 euen parity autoio-nizing spectrum of Ba.
Now we turn to the J=2' partial cross sections for pho-
toionization of the 6s6p 'P, level of Ba, calculated below
the 5d3/2 threshold. The 11 channels introduced in the
R-matrix calculations done in LS coupling are identical
to those used in calculating the bound spectra. In jj cou-
pling, two different calculations were carried out, involv-
ing either 11 or 14 channels. The latter calculation treats
the 5dng J =2 channels as "weakly closed, "whereas the
former calculation treats them as "strongly closed. "

Figure 13 compares the 11-channel LS results with the
14-channel jj results. [The 11-channel jj calculation only

differs from curve 13(b) by the absence of the sharp peaks
associated with the Sdng resonances. ] Curves 13(a) and
13(b) are in good agreement. In particular, the maxima
of narrow peaks and minima are located at the same en-
ergies in both calculations. Especially in the lower-
energy range, however, the shapes of the broad reso-
nances show some noticeable differences. No experimen-
tal data are available for comparison except at particular
energies [41,42] (see Fig. 3 of Ref. [44] for a comparison
of theory and experiment).

To check the reliability of the calculations, positions of
the resonances observed by Camus et al. [28] by pho-
toionizing the 5d6p levels are marked by vertica1 bars.
The predicted positions of the Sdng resonances [curve
13(b)] agree well with the observation. These sharp reso-
nances are added to a more complex pattern of broad res-
onances separated by sharp windows. The detailed
correspondence between these resonances and the ob-
served 5dns and 5dnd levels is not obvious. To clarify the
situation, we have calculated the J=2' partial photoion-
ization cross section of the 5d6p 'P& 1evel. The results of
the 11-channel calculation done in LS coupling are corn-
pared on Fig. 14 with the same set of experimental level
positions. Nearly every vertical bar can be associated
without ambiguity to a calculated peak, the additional
theoretical resonances being very weak. Moreover, we
have verified that the previous assignments of levels are
supported by our calculation. From Fig. 14, it is clear
that the R-matrix description of the J=2' autoionizing
resonance positions is accurate. The resonances dis-
played in Fig. 14 are relatively narrow, in agreement with
the observations [28], but in apparent contradiction with
Fig. 13.
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FIG. 14. Partial photoinozation cross section for the
5d6p 'Pl ~J=2' symmetry of Ba, below the 5d3/2 threshold.
The calculated LS results are shown as a solid curve, while vert-
ical bars indicate the positions of auotionizing levels observed
by Camus et al. [28]. All the bars indicate 5dnd resonances ex-
cept those labeled by (s), which are associated with 5dns levels.

We now address the striking differences between Figs.
13 and 14. Since in both cases, the spectral density of the
J=2' autoionizing states is the same, the differences must
derive from differences in the mode of excitation of the
resonances. In photoionization of the 5d6p level, the ex-
citation of the 6sel continua is negligible compared to
that of the autoionizing Rydberg series 5dns, nd while the
opposite holds for photoionization of the 6s6p level. For
overlapping resonances, the distribution of oscillator
strength is strongly affected by interference effects be-
tween autoionizing paths and direct photoionization
paths, and as explained by Mica [45] the apparent widths
of resonances depend on the excitation dipole matrix ele-
ments. Studying the case where two Rydberg series au-
toionize to the same continua, Mies [45] found two ex-
treme cases when changing the Fano-profile indices of the
series while other characteristics of the series remain un-
changed. In these two cases, the oscillator strength is ei-
ther collected in narrow intervals, giving sharp peaks like
those visible in Fig. 14, or else it is spread out over a
larger energy range while the cross section exhibits win-
dows in narrow intervals, but with the narrow peaks and
the sharp windows being located at the same places.
Similar behavior is found here, as Fig. 13 shows that the
positions of most of the dips between the broad reso-
nances coincide with the peak positions in Fig. 14. These
structures are much more complicated than in the case
studied by Mies [45], however, owing to the large number
of interloping Rydberg series. Note that similar broaden-
ing and narrowing effects also occur in Figs. 11 and 12,
respectively. The small differences between the resonance
profiles in curves (a) and (b) of Fig. 13 probably result
from differences between calculated dipole matrix ele-
ments owing to the different selection rules which have
been imposed in either LS or jj coupling. Experimental
observation of the Ba 6s6p 'P& ~J=2' spectrum is desir-
able to probe the reliability of the calculations.

This study demonstrates, along with the work dis-
cussed in Ref. [14], that an R-matrix calculation in LS
coupling combined with a jj LS-MQDT frame transfor-
mation accurately describes channel interactions even in
an atom as heavy as Ba. This conclusion is borne out by
the good agreement between LS-coupling calculations
and experiment, and also by the close agreement of the
LS-coupled calculations with jj-coupled calculations, in-
cluding spin-orbit terms in the short-range Hamiltonian
explicitly. In atomic radium the agreement between
these two methods of calculation deteriorates noticeably
compared to barium, though more so in some spectral
ranges than in others.

The complex and detailed spectral features and pertur-
bations described in this paper give further evidence of
the efficiency of the MQDT description at handling many
interacting channels. Nevertheless, some of the dif-
ficulties encountered with the MQDT description should
be pointed out. A first analytical complication occurs
whenever the photoelectron energy in a channel i be-
comes less than —1/21;, at which point the "energy-
normalized" Coulomb functions (f;,g;) become complex
and therefore inconvenient. This complication is readily
bypassed by matching to "analytic" Coulomb functions
(f, ,g; ) in that particular channel [3(b)]. This modifies
the linear MQDT equations in a standard manner (see,
e.g. , Eqs. (9)—(11) of Ref. [15]) and causes no further
difficulties.

A more fundamental difficulty occurs whenever a
channel is deeply enough closed for the exponential
growth of its channel components to become "large"
within the reaction zone r ~ ro. Our experience has
shown that several difficulties then arise. (i) The short-
range MQDT parameters then acquire an appreciable ro
dependence, although normally the calculated observ-
ables such as energy-level positions and photoabsorption
intensities remain independent of ro to a good approxi-
mation. (ii) The same MQDT parameters begin to vary
much more rapidly with energy in this range, in stark
contrast to their smooth behavior closer to an ionization
threshold. (iii) The use of experimental thresholds in
such a strongly-closed channel can adversely affect the
MQDT calculation of observables, sometimes producing
artificial resonances and at other times causing a physical
resonance or bound state to disappear altogether; as dis-
cussed in Sec. III, this last problem can be corrected by
using theoretical ionization threshold energies in such
channels for consistency. Examples of (i) and (ii) can be
seen in some of the Lu-Fano plots of this paper. For in-
stance, in Fig. 5 the theoretical LS-coupled and jj-
coupled curves look complicated and extremely different
at low energies, in contrast to the actual predicted bound
levels, most of which agree reasonably well in the two
calculations. These difficulties do not invalidate the use
of MQDT in any way, but they require some caution and
it will be desirable to eventually understand them better.

Another major conclusion of this paper and of Ref.
[14] is that eigenchannel R-matrix methods are now cap-
able of predicting the short-range parameters of
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multichannel-quantum-defect theory for any atom having
two valence electrons, to an accuracy which is spectros-
copically useful. Reference [15] shows that this is true of
the alkali-metal negative ions in addition to the neutral
atoms treated in this paper. These computations are all
comparatively modest, as the largest jj-coupled calcula-
tions have required only several hours of CPU time on a
desktop computer workstation. To achieve spectroscopi-
cally useful results in the heavy alkaline-earth atoms like
barium, the single most important element in the compu-
tational scheme is the use of a semiempirical potential
V(r) which generates one-electron levels (e.g., of Ba+) in
agreement with experiment. For the moment, such cal-
culations have not been extended to the vicinity of
thresholds much higher than the 6p thresholds of Ba+.
It should be possible to go as high in energy as the Ca
calculations of Ref. [7(c)], without substantial modifi-
cation of the present computer programs. However, the
CPU time grows rapidly owing to the larger number of
channels, and also owing to the larger value needed for
the box radius ro, which in turn demands more basis
functions per channel to reach an equivalent level of con-
vergence. Thus to go above the 8s threshold of Ba+
would be somewhat more appropriate for high-speed
supercomputers than for desktop workstations at their
present level of technology.

A large number of previous MQDT analyses have been
conducted semiempirically to interpret experimental
data, especially in barium. Nearly all of these studies
found that it is practically impossible to obtain enough
experimental information to uniquely pin down the
MQDT parameters in this fashion if the number of chan-
nels exceeds three of four. The success of small-scale cal-
culations, like those of this paper, in calculating accurate
short-range MQDT parameters should greatly help such
analyses. Some discrepancies will always remain between
theory and experiment, as in Fig. 9 for instance, and
more generally whenever a perturber location is just
slightly in error in the calculation. But even in such cases
the calculated K matrix should serve as an excellent start-
ing point for further semiempirical optimization.

It is familiar from many previous studies of atomic
photoionization that observables relating to the anIsotro-

py of the photoprocesses are more sensitive probes of
wave-function accuracy than is the energy spectrum or
the total photoionization cross section. A very recent
study of Ba photoionization by Lange et al. [46] shows
generally good agreement between measured and calcu-
lated photoelectron angular distribution asymmetry pa-
rameters P in several different channels. The calculations
of Ref. [46] were conducted in LS coupling followed by a
jj-LS frame transformation like the LS results of the
present study. The origin of some remaining discrepan-
cies between theoretical and experimental asymmetry pa-
rameters in Ref. [46] was further investigated by recalcu-
lating p using the present jj-coupled approach. While
the jj and LS results are not completely identical, they
both show comparable agreement with experiment, im-
plying that the main limitations of these calculations do
not stem from deficiencies of the jj -LS frame transforma-
tion, even in atomic barium.

Apparently these small deviations between theory and
experiment in Ref. [46] derive instead from the model
Hamiltonian used [Eq. (1)],which approximates the effect
of the inner electrons by a semiempirical model potential
which is (radially) local. Another possible source of error
in some sensitive observables could be an incomplete con-
vergence of the variational basis-set expansion, as this has
not been exhaustively investigated. Most observables are
relatively insensitive to the basis-set size, but there have
been occasional indications (as in the unexpected impor-
tance off and g states for describing the Ba 6p 'So reso-
nance in Fig. 12) that a larger basis set might improve the
convergence in some regions of the spectrum.

Despite the clear general success of the jj-LS frame
transformation for barium, there are nevertheless a few
specific instances where the fully jj-coupled calculations
give improved agreement with the experimental spec-
trum. Examples visible from the present calculations in-
clude the low-lying 6p levels, specifically level number 3
in Fig. 8 which is the 6p Po bound level, and the 6p 'So
autoionizing level in Fig. 12. While the positions of these
levels are accurately reproduced by the jj-coupled calcu-
lation, the LS calculation places the Po level too high
and the 'So level too low. This possibly indicates that the
frame transformation underestimates the strength of the
spin-orbit interaction for states in which the two elec-
trons have a comparable degree of excitation. (This can
be seen from the fact that this interaction tends to cause
these two LS-coupled energy levels to repel each other. )

Figure 10 also suggests that the singlet-triplet mixing is
described somewhat more accurately by the jj-coupled
calculation.

Finally, we point out again that the jj-coupled results
are far more stable near the bottom end of each Rydberg
series. In that energy range spurious results occasionally
show up in the LS-coupled calculations using experimen-
tal threshold energies, as sometimes an unphysical bound
(or quasibound) level may appear, or sometimes a physi-
cal bound level may disappear altogether. The origin of
this instability is now well understood, relating to the ex-
ponential growth of strongly closed channel components.
Use of the frame-transformation method in this energy
range requires extra caution, and in some cases it is essen-
tial to use theoretical threshold energies for such channels
[see item (iii) above], rather than experimental thresholds
as are frequently used in MQDT.

A last question of some practical importance is wheth-
er the present calculations based entirely on a
Schrodinger-level description of the valence electron dy-
namics can adequately describe relativistic effects. These
are known to be important in heavy atoms such as bari-
um and radium, yet all relativistic effects aside from the
spin-orbit interaction are apparently neglected here. On
this question we believe that, as discussed in Ref. [15],
many relativistic effects on the two-electron spectrum
such as the "relativistic mass correction" are indirectly
incorporated through our use of a semiempirical one-
electron model potential. In the course of adjusting the
potential to reproduce experimental one-electron levels,
we effectively guarantee that the phase of the outermost
electron, e.g. , in Ra+, is correct at large distances r ~ 1
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a.u. This is the most important part of configuration
space for determining the nature of valence electron-
electron correlations, and the electron velocities are
clearly small enough at these larger radii for the
Schrodinger equation to suf6ce. Moreover, the dipole
matrix elements used in calculating photoabsorption in-
tensities are primarily sensitive to this region of
configuration space beyond the inner shells. For these
reasons we expect the present jj-coupled photoabsorption
calculations, nonrelativistic except for the spin-orbit in-
teraction, to be valid even for atomic radium. Less accu-
rate results should be anticipated, on the other hand, for
observables more sensitive to the wave function very
close to the nucleus.

A better test of the accuracy of the present radium cal-
culations is highly desirable, considering the sparse na-
ture of available spectra. The Lu-Fano plots of Ra J=1'
levels in Fig. 5 show generally good agreement between
theory and experiment, as the calculated quantum defects
p7, deviate by less than hp=0. 05 for all levels, except for
two in Fig. 5. The exceptions include experimental level

number 5 in Fig. 5, which apparently has no theoretical
counterpart, and the theoretical level labeled T, having
no experimentally observed counterpart. Judging from
the accuracy of our calculations for Sr and Ba, and for
most of the Ra levels, the most likely explanation of these
major discrepancies is probably some type of experimen-
tal error or misclassification. Given our approximate
treatment of relativistic effects, however, further theoreti-
cal and experimental effort is certainly needed before this
conclusion can be confidently accepted.
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