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Transfer-matrix methods and results for directed percolation
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For directed percolation, the second nontrivial eigenvalue of the transfer matrix is shown to
have its maximum at p, . Using this, we obtain for (1+1)-dimensional directed site percolation

p, 0.706 522+ 0.000005, which agrees within 10 ' with other results, but is nevertheless

significantly (in terms of quoted uncertainties) diff'erent from them. We also relate other quanti-
ties to the transfer-matrix spectrum and eigenfunctions.

I. INTRODUCTION

This paper has two principal themes. First we give rela-
tions between the spectrum and eigenfunctions of the
transfer matrix and quantities of physical interest. Sec-
ondly, we use these relations to obtain numerical results
for (1+1)-diinensional directed site and bond percolation.
These results turn out to be in significant disagreement
with previously published' work, work that we would oth-
erwise have considered extremely reliable. Because of the
potential seriousness of the issues raised we also supply
details of numerical checks that we have made.

II. NOTATION

Sites are labeled (x, t), with both labels integer valued.
Let A„, and 8„, be a collection of independent [O, lj-
valued random variables with (A„)=(8,) =p for all x, t
with fixed p, 0~p~ l. For directed bond percolation
(DBP) the A's and 8's are directed bond occupation vari-
ables with A„, connecting (x, t) to (x, t+1) and 8„, con-
necting (x, t) to (x+ l, t+ 1). For directed site percola-
tion (DSP) A„, is site occupation. Define an auxiliary set
of [0, lj-valued variables p(x, t) called "wetness, " which
for DBP satisfy

p(x, t+1) =8„ i, p(x —l, t)+A„,p(x, t)

8„ i, ,A„,p(x l, t)p—(x, t) . —
This equation is a Boolean OR for simultaneous wetness
and bond occupation in either of the precursors of site
(x,t+1). For [0, lj-valued x and y it is convenient to
define

p(o)) where the implicit dependence of y on p has
been suppressed. It follows that

y(p, t+ I ) =Q W(p, ti) y(ti, t), (4)
17

where 8'(p, ti) =Prob(p(t+1) =p
~ p(t) =t)) is the tran-

sition or transfer matrix. Equations (1) and (3) imply

(5)

with X=1 —x, p~ is defined as the jth component of p,

P&
=p' 'g(p'n& p'n&+i)

and a=1 for DBP, a=O for DSP. Proofs of this and
many of our subsequent assertions may be found in Ref. 2.
In the space direction we take periodic boundary condi-
tions.

For numerical work we make two significant reductions
in the size of W. First, we restrict attention to translation-
ally invariant eigenfunctions. Secondly, for DSP the evo-
lution of the vector y(p)—= [g(p~, p2), g(p2, p3) . . . g(ptv,
pt)] is essentially the same as that of p itself. Therefore
for questions of relevance to percolation it is suf5cient to
study the reduced transfer matrix

T(B,B') =Prob(y(p) =8~ y(ri) =8'),
where in (7) ri and p are dummy variables. [The transi-
tion probability depends only on y(ri), not t).1 Defining
G(b) = [p ~ y(p) =Bj, it follows that

6(~).~ = i

g(x,y) =—x+y —xy = (x OR y) . (2) with p„=p8„'.

For DSP the evolution law corresponding to (1) is

p(x, t+1) =A,g(p(x, t),p(x+ l, t)) . (3)

Let p be an ¹ectorof 0's and 1's and let p(t) (p(l, t),
p(2, t), . . . , p(N, t)). Let y(p, t) -Prob(p(t) =p~ p(0)

III. FEATURES AND USE OF THE TRANSFER MATRIX

Shown in Fig. 1 are eigenvalues for DSP with N=7. In
previous work the changing curvature of X, ~(p) has been
used to locate the percolation threshold p, . We will argue
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FIG. l. Two largest nontrivial eigenvalues of the transfer ma-
trix for seven-site DSP as a function of p.

that p*(N) —=p2~, the location of the maximum in X2(p),
converges to p, . [Numerically, for DSP, p*(N) converges
exponentially fast to a number within 0.001 of published
values of p„but which nevertheless differs significantly
from those values. ] Other features of transfer-matrix ei-
genvalues and eigenvectors will be related to physical
quantities.

Let 8(t) =Prob(p, &v~ po=s), where s =(1,0, . . . )
(which represents "single" ), v =(0, . . .) (which repre-
sents "vacuum"), and the N dependence is suppressed. By
(4), 8(t) =g„~,, W'(p, s). We assume" a spectral repre-
sentation for 8'

2N
R Lt

a 0
(9)

where right (R) and left (L) eigenvectors of W are dis-
tinguished. The eigenvalue Xo(p) =1 is guaranteed by the
stochastic property of W; We take yo (p) =1 for all p and
it follows that yo (p) =8„, This eliminates a=0 when
(9) is used for 8(t) and we have

above p„g characterizes large clusters that are not part of
the infinite cluster. Similarly, for directed percolation
with p &p, we take gi to govern the survival time of clus-
ters that do not last indefinitely. However, care must be
exercised since for finite N every cluster dies on a time
scale of order 1/(1 —

X~ ) —e . For deriving (~~ this scale
is to be thought of as infinite and we define g~~ in terms of t
such that 1&(t «1/(1 —X~). On this scale, Eq. (11)
shows that y~ (s) is just the usual percolation probabil-
ity—giving a handle on this quantity that is conceptually
independent of Monte Carlo or series extrapolation. The
quantity gi is thus defined by the asymptotic relation

e '""-8(t)—=Prob(p, xvipo=s, p, =v) (12)

for 1 «t (&t'&(1/(1 —k~). [For any particular p(ap, ),
there is a lower bound on N such that these inequalities
are satisfied. l A series of manipulations based on the
spectral expansion of 8'shows that

1

8=12 g yp*(s) g gati (p)/[I —y) (s)l.p)2 k2 p~t
(13)

—yP(p) y'*(p), (15)

showing that y~ (p)y~ (p) plays the role of probability
measure for instantaneous configurations within the
"infinite" cluster.

Note that t'does not appear in (13). Thus (i(p) ~ for
p sp„requires that max„k2 (p) 1 as N oo and that
the iocation of this maximum tends to p, . If we further
assume that (13) is in fact dominated by A, 2, we have (for
N~ oo)

g~~ =1/[ —Inc, (p)], p & p, . (14)
Another result of general interest is

Prob(p(t) =p~ p(0) =s and p(t')av for t'&&t)

8(t) = g g X.'y. (p)y *(s). (10)
p&ta ~ 1

It is useful to define 8", coinciding with 8'except for
the removal of the row and column labeled by v. Al-
though 8" is not stochastic, it is non-negative and, unlike
W, it is irreducible (see Thm. 8, Chap. 5, Ref. 5). It fol-
lows that there is only one eigenvalue of maximum mod-
ulus, that it is positive and that its eigenvector is positive.
Aside from Xo, the spectra of 8'and 8" coincide and the
eigenvectors are simply related. Denoting eigenvectors of
W' by p we have for the right eigenvectors of W,

y. (p) = —g ~,.„y. (p)/(I —&.), y. (p)
g WI'

It is convenient to take g„&P(p) =1 [which implies
yP(v) = —1].

Except at p„, X~ is found to be finitely (as N ~)
separated from A, 2 and we have, for large t,

B(t) -X f yi (s) .

For p & p„, A,
~

i(p) is bounded away from 1 (for N ~)
and relating B(t) to the normal percolation concepts we
have gi(p) =1/[ —Ink~(p)].

For p&p„X~(p) —1 —e t~ . There is reason to be-
lieve (*=g&. For ordinary (nondirected) percolation

IV. NUMERICAL TECHNIQUES

To study the problem numerically we first generate the
transfer matrices for strips of finite width N. Because of
the translational symmetry, the number of basis vectors
for the W' matrix is greater than or equal to 1+(2
—2)/N (equality holds for prime N). For the T matrix,
the number of basis vectors is further reduced. (In fact, it
grows asymptotically like a /N with a=1.75.) Thus for
small n one can work out the transfer-matrix elements by
hand. These elements are polynomials in p, given by Eqs.
(5)-(7). When N is not small, it is fairly straightforward
to program the process of writing down the polynomial
matrix elements.

We then diagonalize the transfer matrices and find the
eigenvalues k;(p). We have used MATLAB. for the nu-
merical diagonalization. For present purposes, we are
only concerned with X2(p). The quantity pz =p*(N) is
the value of p for which k2 ~(p) is maximum. As shown
above [Eq. (14) and discussion preceding it], p*(N) p,
as N ~. It can also be shown that 1 —Xq (p*)
—I/N', where x =vi/v&, the ratio of the critical ex-
ponents for the longitudinal and the perpendicular corre-
lation lengths. We used these two relations to estimate p,
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and x for DSP and DBP.
We tested our numerical work with a variety of internal

checks. The W' matrices for DBP for up to N=7 and the
T matrices for DSP up to N=9 were worked out by hand.
After mechanizing the generation of the matrix elements
these matrices were reproduced and extended up to N =10
(107 basis vectors) for DBP and N =12 (76 basis vectors)
for DSP. Another test consisted in using the 8" matrices
for DBP to generate 8" matrices for DSP, using a=0
rather than a = I in Eq. (6). The results thus obtained for
DSP were in perfect agreement with those from the T ma-
trices, derived independently. Finally, we worked out the
transfer matrix for N=3 without using the vector space
reduction due to translational invariance. The values for
ki and k2 were in perfect agreement with those of the re-
duced 8" and T for the equivalent N.

V. NUMERICAL RESULTS

Our results for p* and 1
—X2 (p ) for DBP are sum-

marized in Table I. For DSP, the p*(N) increase mono-
tonically with N, beyond (but close to) the currently be-
lieved' percolation value of 0.705489. Plotting p* as a
function of 1/N and 1/N shows that the convergence of
p* to p, is faster than either alternative. This led us to
test for a possible exponential convergence of the form
p*(N) —p, —Ae ', where A and a are constants. Our
data for N & 7 support this assumption, with a=0.50
~ 0.01 and p, =0.706522 ~ 0.000005. If we further as-
sume that a = 2, the error bars for A and p, reduce, yield-
ing p, =0.706 518 + 0.000002, but we cannot justify
a =

& other than by its aesthetic appeal.
The data for the percolation probability of DBP are less

conclusive. In this case, p*(N) decreases monotonically
with N but convergence to p, is not as fast. Plots of
p*(N) show that the convergence is faster than 1/N but
slower than 1/N and definitely not exponential. For our
largest N=10, p is still above the currently believed
value of p, =0.644699. However, a naive extrapolation
according to the formula p* —p, —A/N' (A and a are
constants) is more consistent with p, =0.6450, a value
which is, again, slightly higher than that currently accept-
ed. The shift in p„ incidentally, would cause a significant
shift in the exponents reported in Ref. 9.

To obtain the ratio x =t ii/v&, we plot In[1 —
A, 2(p*)] as

a function of N. This should yield a curve with constant
slope x. Instead, the slope of the curve increases slightly
with N for DBP, and it decreases for DSP. Fortunately,
the slopes seem to converge. For DBP, the convergence is
faster than 1/N but slower than 1/N . For DSP, the con-
vergence is faster than I/N, but slower than 1/N . In ei-
ther case, we extrapolate the local slopes with a three-
parameter fit of the form x+2/N' (A and a are con-
stants). We thus obtain x =1.5879~0.0005 for DBP,
and x =1.588 ~ 0.001 for DSP. Although these results
are in agreement with each other, as predicted from
universality, they disagree with recent numerical
work' ' and with the conjectured' values of the crit-
ical exponents for directed percolation, x = —",, / —,",
= 1.5797. . . .

Finally we mention another numerical result of interest.
For all values of p and sufficiently large N, some of the ei-
genvalues below X2 pick up an imaginary part. Because of
the presence of larger eigenvalues (in norm) this does not
imply a violation of the Markov condition, but it may be
surprising. Complex eigenvalues were also reported in
Ref. 10, where there were indications that the imaginary
parts go to zero for N

VI. CONCLUSIONS

Various properties of directed percolation are related to
eigenvalues and eigenfunctions of the transfer matrix. In-
terpreting directed percolation as a description of a sto-
chastic process leads to corresponding associations with
the master equation.

Of the general results we obtain, the relation of k2 to gti

for p & p, leads to surprising numerical consequences. It
seems that for directed site percolation the location of the
maximum of K2(p) [which we call p*(N)l converges ex-
ponentially fast to a number p* which our theoretical con-
siderations suggest should equal p, . In fact it agrees with
published values within 0.1%. However, at that level it
does disagree, and since those published values (as well as
our number) have a claimed 10 accuracy we are left
with a significant and unexplained discrepancy. A change
in the estimate of p, at the 10 level also causes a shift in
critical exponents.

TABLE I. Results for p and I —X2 (p*) for DBP and DSP.

2
3
4
5
6
7
8
9

10

DBP

0.688 661 5
0.671 808 6
0.663 1806
0.658 283 4
0.655 233 7
0.653 1959
0.651 759 0
0.650 702 2
0.649 898 5

I -x2(p')
0.724 838
0.493 9116
0.353 814 2
0.265 866 7
0.207 636 4
0.167 185 6
0.137934
0.1160684
0.099 266 5

3
4
5
6
7
8
9

10
11
12

DSP

0.703 468 3
0.704 5147
0.705 080 3
0.705 586 2
0.705 929 9
0.706 151 6
0.706 293 0
0.706 382 1

0.706 436 8
0.706 468 4

1 —Xp(p*)

0.529 5724
0.387 308 6
0.296 056 4
0.234 503 4
0.191055 4
0.159 1977
0.135093 5
0.116374 8
0.101 518 2



7096 D. ben-AVRAHAM, R. BIDAUX, AND L S. SCHULMAN

ACKNOWLEDGMENTS

We thank G. Forgacs, B. Gaveau, and V. Privman for useful discussions. This work was supported in part by NSF
Grants No. CHE 90-08033, No. PHY 88-11106, and No. PHY 90-15858. Qne of us (L.S.S.) wishes to thank both the
Comissariat a l Energie Atomique, Saclay, and the State University of Utrecht for support during some portions of this
work.

'J. W. Essam, A. J. Guttmann, and K. De Bell, J. Phys. A 21,
3815 (1988).

2R. Bidaux and L. S. Schulman, Transfer Matrix Analysis of
Directed Percolation, Clarkson Statistical Physics Group,
Internal Report, 1988 (unpublished).

3W. Kinzel and J. M. Yeomans, J. Phys. A 14, L163 (1981).
4In practice we do not go beyond k2 in our use of the spectral

representation. Hence if a Jordan form is needed for smaller
eigenvalues, our conclusions are unaAected.

sF. R. Gantmacher, The Theory of Matrices (Chelsea, New

York, 1959), Vol. 2.
R. Durrett, R. H. Schonmann, and N. I. Tanaka, J. Stat. Phys.

55, 965 (1989); R. Durrett and N. I. Tanaka, ibid 55,. 981
(1989).

Although, as far as we know, our results on directed percola-
tion, and on A. 2 in particular, are new, extensive relations be-
tween physical quantities and transfer-matrix spectral proper-
ties have been known for a long time. See %'. J. Camp and
M. E. Fisher, Phys. Rev. B 6, 946 (1972); 6, 960 (1972).

Computer code MATLAB, trademark of the MathWorks, Inc. ,
South Natuck, MA 01760, 1990.

9R. J. Baxter and A. J. Guttmann, J. Phys. A 21, 3193 (1988).
' M. Henkel and Hans J. Herrmann, J. Phys. A 23, 3719

(1990).


