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Finite-size effects in a sandpile
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%'e examine how the size of a sandpile can aff'ect the nature of the avalanches occurring on its
surface. We propose a simple explanation for why, if a pile is made sufticiently small, the distri-
bution of avalanches changes from what is observed in large systems and give a criterion for how
small the pile must be in order for this to happen. This explanation does not support the con-
clusion that avalanches show self-organized critical behavior. We also present data which indi-
cate that the distributions of avalanches in very narrow sandpiles are qualitatively the same as
those found in large piles.

It has been suggested that an avalanche in a pile of sand
is the prototypical example of a phenomenon called self-
organized criticality. ' Experiments carried out on actual
sandpiles, however, have suggested that such avalanches
do not behave in a critical manner at all but have hys-
teresis behavior reminiscent of a first-order phase transi-
tion. The sandpile remains stationary as 0, the angle that
the top surface makes with respect to the horizontal in-
creases above the angle of repose 0„. An avalanche, which
returns the pile to 0„where it is again stable, is initiated
only when 0 reaches the maximum angle of stability 0
Between 0, and 0„, the pile is metastable.

A recent experiment has indicated that when the pile
of sand is sufTiciently small, the behavior of the avalanches
changes qualitatively. For these small piles the distribu-
tion of avalanche sizes, p(m), appears to obey finite-size
scaling. The distributions for piles of different sizes could
be superimposed on top of one another to give a single,
smooth curve. When the size of the pile was increased
this scaling behavior disappeared and the hysteresis de-
scribed above was again observed. These data have been
taken as vindication of the original conjecture that sand-
piles do indeed display self-organized critical behavior.
It therefore becomes important to understand what is the
role of finite-size effects in such granular systems.

We will first address the question of what role the
length of a sandpile plays in determining the behavior of

an avalanche in order to see if we can understand why, for
very small sandpiles, the hysteretic behavior disappears.
We note first that the difference between the maximum
angle of stability and the angle of repose is typically a few
degrees:

8'=0 —0, = 2

We argue that finite-size eff'ects must enter to destroy the
observance of a first-order transition when the addition of
a single particle, of diameter d, will bring the pile from a
condition of stability, where 0 & 0„, to a condition of insta-
bility, where 0 & 0„,. As can be seen trivially in Fig. 1 this
will occur when the length of the pile, L, is such that

L &d/8

which for 8=2 gives L ~30d. Below this value for L,
the pile is not large enough to be able to distinguish the
difference between the two angles 0 and O„and conse-
quently hysteresis can no longer occur. In the experi-
ments of Held et aI. , the transition between the large sys-
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FIG. 1. Illustration of the criterion for when finite-size eff'ects
should become important in a sandpile. If the radius of the pile
is smaller than L = d/6 then the pile can no longer distinguish
between 0, and 0„,: a single grain added at the top of the pile
will bring the slope from a stable configuration below 0, to an
unstable one above 0„,. For 6=2, I = 30d.
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FIG. 2. The two angles 8, and 8„„asa function of d/w, where
w is the width of the sandpile and d is the average diameter of a
grain of sand. The pile, which is held between two smooth
parallel walls, has a length L which is much larger than d/6.

7091 1991 The American Physical Society



7092 CHU-HENG LIU, H. M. JAEGER, AND SIDNEY R. NAGEL

tems where hysteresis occurs and small systems where
finite-size scaling was applied, did occur between L =30d
and 60d, very close to the value we have just calculated.
This suggests that what they saw was not the onset of true
critical behavior in the sense of a second-order phase tran-
sition. Similar Auctuations might be observed in a fer-
romagnet in a magnetic field below the Curie temperature
if the sample were su%ciently small (i.e., a few spins). In
that case, as well, the first-order transition would be
masked by the finite size of the system.

So far we have examined what happens to the behavior
of the sandpile if the length of the pile is short. Finite-size
effects could also become important if the pile is very nar-
row. In such an arrangement the sand is held between two
parallel walls a distance w apart. The walls could induce
finite-size eAects either by confining the geometry of the
pile to be eAectively one-dimensional or by introducing
friction at these lateral boundaries. In our experiment we
have used smooth walls to minimize the eA'ects of friction.
In order to see whether the variation of ~ changes the na-
ture of the avalanches we have measured the two angles 0,
and 0„, as ~ is varied. The results are shown in Fig. 2 for
spherical grains of average diameter d =0.5 rnm. As w is

varied, we see that, although the two angles themselves
also vary and increase as ~ is decreased, the value of 8
remains nonzero. This is in agreement with the data of
Evesque and Rajchenbach. This implies that the nature
.of the avalanches does not change qualitatively as the
width of the sandpile is decreased.

We conclude that finite-size efIects can become impor-
tant in determining the nature of the avalanches in a sand-
pile only if the length of the pile becomes so small that the
addition of a single grain of sand takes the pile from an
angle below the angle of repose to an angle greater than
the maximum angle of stability. The Auctuations that
have been observed in experiments on small systems ap-
pear to be due simply to the system being too small for it
to show the two distinct angles O„and 8~ that determine
the behavior in the infinite system. In particular, this data
on small size systems does not appear to support the appli-
cation of self-organized critical behavior to avalanches in
sand piles.

This work was supported by NSF Materials Research
Laboratory Grant No. DMR-8819860.

'P. Bak, C. Tang, and K. Wiesenfeld, Phys. Rev. Lett. 59, 381
(1987); C. Tang and P. Bak, ibid 60, 2347 (19.88).

2H. M. Jaeger, C.-h. Liu, and S. R. Nagel, Phys. Rev. Lett. 62,
40 (1989).

G. A. Held, D. H. Solina II, D. T. Keane, W. J. Haag, P. M.
Horn, and G. Grinstein, Phys. Rev. Lett. 65, 1120 (1990).

4K. Chen, P. Bak, and S. P. Obukov, Phys. Rev. A 43, 625
(1991).

5P. Bak and K. Chen, Sci. Am. 264, 46 (1991).
P. Evesque and J. Rajchenbach, C. R. Acad. Sci. Ser. II 307,

(1988), p. 223.


