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Dynamic light-scattering study of the glass transition in a colloidal suspension
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This paper describes a light-scattering study of the glass transition in nonaqueous suspensions of
sterically stabilized colloidal spheres. The observed phase behavior, Quid, crystal, and glass, is con-
sistent with an essentially hard-sphere interaction between the particles. Metastable fluid states
were obtained upon shear melting the crystalline phases by tumbling the samples. Their intermedi-

ate scattering functions, measured by dynamic light scattering, showed the emergence of a nonde-

caying component, implying structural arrest, at essentially the same concentration as that at which

homogeneously nucleated crystallization was no longer observed. The overall forms of the inter-

mediate scattering functions are consistent with the predictions of mode-coupling theories for the

glass transition. Supplementary studies of the static structure factors indicated only short-ranged

spatial order for particle concentrations ranging from the equilibrium Auid through the metastable
Quid to the glass.

I. INTRODUCTION

In this paper, we describe studies by dynamic light
scattering of the glass transition in suspensions of nearly
equal sized hard colloidal spheres. This is arguably the
simplest system to show a glass transition. We exploit
the large characteristic relaxation times of colloidal sys-
tems to perform experiments on metastable states that
are not possible (except for computer simulations) with
atomic fluids.

The glass transition (GT) is a subject of long-standing
interest its study has recently gained impetus with the
application of mode-coupling theories, developed ini-
tially to describe the dynamics of critical and equilibrium
fluids. These theories are applied to metastable fluids at
densities greater than their freezing point and crystalliza-
tion is assumed not to occur. Calculation of the dynam-
ics of the system then leads to the prediction of a well-
defined density at which freezing into an amorphous solid
phase occurs, i.e., a glass transition is found. Detailed
predictions for the dynamical behavior of density fluctua-
tions in both the metastable fluid and glassy states are ob-
tained. To date, these theories have been applied mainly
to simple one-component systems, such as hard-sphere '

or Lennard-Jones atoms. However, essentially all natu-
rally occurring glasses are composed either of mixtures or
of aspherical molecules whose crystallization has been
avoided on cooling by the hindering of rotational motion
or the formation of randomly bonded networks. One-
component (atomic) systems cannot, in practice, be
cooled rapidly enough to bypass crystallization and still
be held controllably in metastable states. This limitation
does not apply to colloidal systems for which long-lived
metastable states can be reliably prepared.
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The static ' and dynamic " properties of assemblies
of colloidal spheres suspended in a liquid have many
features in common with atomic fluids. In particular,
with increasing particle concentration, fluid, crystalline,
and glassy phases are observed. ' ' On time scales that
are short compared with the time between collisions, the
dynamics of atoms and colloidal particles are fundamen-
tally different; atoms undergo free flight whereas colloidal
particles execute (hydrodynamically hindered) diffu-
sion. ' '" However, on time scales over which many col-
lisions occur, the motions in each case can be regarded as
"interactive diffusion. "' Colloidal particles are typically
10 times larger than atoms. Thus, while the characteris-
tic long-time relaxation rate of density fluctuations in an
atomic fluid is of order 10" s ', that of fluctuations in a
colloidal suspension is of order 1 s '. The experiments
discussed here exploit two important consequences of this
essentially macroscopic relaxation time of a colloidal sys-
tem. First, it is easy to drive the system into a metastable
state by, for example, a mixing process which provides
shear rates that exceed the system's rate of relaxation. '

Second, once the metastable state is achieved it persists
for many relaxation times before significant crystalliza-
tion occurs.

Previous studies ' ' have established that parti-
cles of the type used in this work have essentially hard-
sphere interactions. This paper is mainly concerned with
the application of dynamic light scattering (DLS) which
provides the intermediate scattering function f (Q, w)

[Eqs. (2.6) and (2.7)], the time correlation function of the
Qth spatial Fourier component of fluctuations in the par-
ticle number density. Our measurements span a range of
concentration which includes the equilibrium fluid, meta-
stable fiuid, and glassy states. Qualitatively, our results
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are in agreement with predictions of mode-coupling
theory and computer simulation. Furthermore, for some
properties we find essentially quantitative agreement with
the mode-coupling calculations of Bengtzelius, Gotze,
and Sjolander; ' the following paper in this issue gives
a more comprehensive comparison of our data with
mode-coupling theory.

The idea that an assembly of spheres should show a
GT dates back at least to the macroscopic sphere packing
experiments of Bernal ' and Scott and the free volume
model of Cohen and Turnbull. Subsequent computer
simulations ' ' and the recent mode-coupling theories
have led to a picture of the fundamental processes in
terms of "neighbor cages" to which the motions of indivi-
dual particles are partially or completely constrained. In
the equilibrium fluid a particle is able to diffuse over long
distances although its motion is continually hindered by
temporary entrapments in cages formed by its current
nearest neighbors. As the density of the fluid is increased
towards the GT, the escape of a particle from its current
cage requires the increasingly cooperative motion of its
neighbors. The probability of such an escape approaches
zero at the GT. Then, although they retain some free-
dom for local motions (within their cages), the particles
are essentially localized or trapped. Furthermore, the on-
set of this localization occurs over a relatively narrow
range of particle concentrations. Associated with the
concomitant huge reduction of the long-time self-
diffusion coefficient (and the divergence of the shear
viscosity of the system) is the partial "freezing in" of den-
sity fluctuations on all spatial scales. Thus the amor-
phous solid or glass so formed can be viewed as a
"structurally arrested" dense fluid.

At concentrations well below the GT the time taken
for density fluctuations to relax fully (the "structural re-
laxation time") is small. Thus many complete Auctua-
tions are observed in the course of a typical experiment
and the time average, inherent in a 'measurement, is
equivalent to its ensemble average, i.e., the system is er-
godic. However. , as the particle concentration is in-
creased, the structural relaxation time increases and, at
some stage, exceeds the duration of the experiment. In
this case time and ensemble averages will differ and the
system is effectively nonergodic. ' From a practical point
of view, in this nonergodic situation, the structural relax-
ation time can be regarded as infinite.

This paper, which presents a significantly more de-
tailed account than two preliminary reports, ' is set out
as follows: In the next section we discuss sample
preparation and experimental procedures, including the
application of DLS to nonergodic systems. The results
are presented in Sec. III followed by a discussion of the
results in Sec. IV, where we also make largely qualitative
comparisons with mode-coupling theory and comment on
another experiment that has measured the intermediate
scattering function near the glass transition. While the
emphasis is on particle dynamics near the GT, we also
show, in Sec. III, some measurements by static light
scattering of the static structure factors of the fluid,
metastable fluid, and glassy states.

II. EXPERIMENTAL DETAILS

A. Sample preparation

The particle suspensions used here are similar to those
described in several previous studies. ' ' ' ' The parti-
cles consisted of poly-(methylmethacrylate) (PMMA)
spheres coated with chemically grafted layers of poly-
(12-hydroxystearic acid) (PHSA) to provide steric stabili-
zation. The particles were dispersed in a mixture of de-
calin and carbon disulfide, the composition of which was
adjusted to render the suspensions nearly transparent but
to still provide sufficient (single) scattering of light; the
weight fraction of CS2 in the mixture was 0.29 and its re-
fractive index was about 1.51, which is close to that of
the particles. Samples having accurately determined
compositio'ns by weight were prepared in optical cells (of
dimension 1 X 1 X 3 cm ) by methods described else-
where. ' ' ' Measurements by DLS on dilute suspen-
sions yielded an average hydrodynamic radius A =170+5
nm and a polydispersity, defined as the standard devia-
tion of the particle size distribution divided by the mean,
of 0.045+0.01. (Possible effects of this relatively small
degree of polydispersity will be considered later where
appropriate; in much of the discussion, the suspensions
will, for simplicity, be regarded as effectively mono-
disperse. )

The main objective of this paper is a study of the meta-
stable states of samples whose equilibrium states are crys-
talline. These metastable states were obtained by tum-
bling the samples extensively on a wheel rotating at a few
Hz in the vertical plane. The efBcacy of this procedure
depends on two properties of the suspensions. First, be-
cause of their low number density (of order 10' cm ),
colloidal crystals are extremely weak mechanically.
Thus the stresses imposed by tumbling greatly exceed the
yield stresses of the colloidal solids, which are therefore
"shear melted. "' Second, the rates of shear imposed are
much greater than the rates of crystallization of the sam-
ples, by virtue of their large structura1 relaxation times
(Sec. I). (The static structure factors shown in Fig. 1 are
consistent with well-de6ned metastable fluid states that
have only the short-ranged spatial correlations inevitable
in a concentrated system. )

B. Static light scattering

The measurements of the angular dependence of the
average scattered intensity were made with a spe-
cially constructed, temperature-controlled, photometer
comprising the following features: (i) Computer-
controlled sweeping of angle; typically angular steps of —,

'

were used with a dwell time at each setting of one second;
(ii) the optical arrangement included a laser beam and
detector aperture which could be enlarged as necessary to
render speckle noise effectively negligible; and (iii) as in
the DLS experiments (see below) the light source was an
intensity-controlled Kr laser which could be operated in
any one of the lines, 476.2, 530.9, 568.2, or 647. 1 nm.

For X identical rigid spheres the measured average
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FIG. 1. Comparison of measured static structure factors S(Q) (points), at effective hard-sphere volume fractions indicated, with
predictions for hard spheres in the Percus-Yevick approximation (lines). (a) Measurements made immediately after randomization by
tumbling the samples. (b) Measurements made several hours later. Bottom curve refers to the equilibrium Quid and top curve to the
glass; samples at intermediate concentrations have crystallized. See text for further discussion.

scattered intensity (I(Q) ) can be written as

(r(Q) ) =NP(Q)S(Q), (2.1)

where P (Q) is the single-particle form factor and the stat-
ic structure factor S(Q) is

1V

S(Q)=N ' g (exp[~'Q (r, rk)])E . — (2.2)

Here the scattering vector Q has magnitude

Q =(4vrn /k)sin6/2, (2 3)

where n is the refractive index of the medium, k is the
wavelength in uacuo, 0 is the scattering angle, r. is the
position of the jth particle, and ( )z indicates an ensem-
ble average.

The form factor describes the average scattered intensi-
ty of a single particle. As mentioned above, the particles
used in this study comprise a PMMA core and a thin
PHSA shell which has a slightly different refractive in-
dex. Near index matching, i.e., when the difference be-
tween the average refractive indices of the particles and
the suspension medium is small, the actual form of P(Q)
is a sensitive function of this difference, because of in-
terference between the electric fields scattered by the core
and the shell. In turn, the refractive-index difference de-
pends strongly on both temperature and the wavelength
of the illuminating radiation. It is therefore essential to
measure P(Q) for each sample individually at constant
temperature and at all wavelengths used. In the present
work this was achieved as follows; each sample was cen-
trifuged at about 1000g for several hours until the suspen-
sion separated into a compact sediment and a clear super-
natant. By slowly rotating the samples on a vertical
wheel for a short period, a small fraction of the particles

was dispersed from the sediment into the supernatant.
Measurement of the angular dependence of the intensity
scattered from this dilute supernatant suspension provid-
ed estimates of the form factor P(Q). Further extensive
tumbling (for at least 12 h) then redispersed the particles
completely so that measurements of (I(Q)) could be
made for concentrated suspensions. Finally, estimates of
the structure factors for the samples were obtained by us-
ing the measured (l(Q) ) and P (Q) in Eq. (2.1). Since, in
this procedure, we have not attempted to determine the
actual concentrations of the dilute supernatant suspen-
sions, the resulting structure factors are in arbitrary
units.

It should be emphasized that the decoupling of the
scattered intensity into the product of form and structure
factors of the particles, Eq. (2.1), is strictly valid only for
rigid spherical particles which are identical in terms of
both size and refractive-index profile. For polydisperse
particles, the amplitudes of the fields scattered by the
particles depend on their radii as do the correlations be-
tween their positions; then rigorous decoupling of the in-
tensity is no longer possible. Nevertheless, for a po-
lydisperse suspension, one can still determine a "mea-
sured" structure factor S (Q) from the ratio of the inten-
sities scattered by concentrated and dilute suspensions
(see, e.g., Ref. 9, 31, and 32). For a polydispersity of 0.05,
cf. 0.045 for the particles used here, the difference be-
tween S (Q) and S(Q), the structure factor for a mono-
disperse system at the same concentration, is not very
large: at the freezing concentration (see Sec. III A) the
amplitude of the main peak in S (Q) is about 5% smaller
than that in S(Q). Thus, since our main interest here is
in the qualitative forms of the structure factors, we
neglect the eff'ect of polydispersity and use Eq. (2.1) for
the data analysis.
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C. Dynamic light scattering

The optical arrangement and other basic details per-
taining to the DLS experiments have been discussed in
previous papers. ' ' From DLS measurements ' it is
possible to obtain the normalized ensemble-averaged time
correlation function of the intensity I(Q, t) of the scat-
tered light, defined by

gF '(Q, r) = (I (Q, 0)I (Q, r) )~ /(I (Q) )~, (2.4)

where ~ is the correlation delay time. For the nonergodic
samples [i.e., those whose relaxation times exceed the
duration of an experiment (Sec. I)] special measures, dis-
cussed below, must be employed to obtain this ensemble
average. In the case which applies in this work, where
the range of spatial correlation between the particles is
much smaller than the linear dimension of the scattering
volume V, Eq. (2.4) can be written as

Here

f (Q, w):—F(Q, r)/S(Q),

(2.5)

(2.6)

where F ( Q, r) is the (ensemble-averaged) intermediate
scattering function of X identical particles,

F(Q, r) =N ' g (expIiQ [rj(0)—rk(~)] J )z,
j,k=1

(2.7)

and rj(t) is the position of particle j at time t; the static
structure factor S(Q) is given by

S(Q) =F(Q, O) . (2.8)

In Eq. (2.5) c is an experimental constant determined
largely by the ratio of detector aperture to coherence
area; in the usual practice of DLS the detector area is ad-
justed to be roughly equal to one coherence area and
c =0.8. '4

The photon correlator used in these measurements did
not have the multiple-sample-time facility available with
more modern instruments. Thus, in order to capture the
wide dynamic range of the highly nonexponential correla-
tion functions encountered in this work, it was necessary
to make separate measurements using several different
sample times. In a preliminary report we presented
"raw" data in the form cf (Q, r). Here, to facilitate com-
parison with theory, the measured data are divided by the
constant c to provide direct estimates off (Q, r). Correla-
tion functions measured with different sample times were
linked together by the following procedure. (i) For the
shortest sample time (10 s) c was determined by extra-
polation of the data to r=0 (ii) For measu. rements made
with longer sample times c was chosen to provide a good
match of the data sets in their regions of overlap. For the
more dilute samples, for which the intensity Auctuations
were rapid, essentially the same value of c was adequate
at all sample times (implying that good estimates of the
ensemble averages were obtained). However, for the
more concentrated samples, the required value of c varied
somewhat from measurement to measurement; this is a
consequence of the statistical uncertainty inherent in

measurements on samples near the glass transition where
the number density Auctuations decay slowly or are part-
ly arrested.

As mentioned above, the nonergodicity of the more
concentrated samples requires careful consideration to be
given to the operation of the light-scattering technique.
We have discussed DLS by nonergodic media in detail
elsewhere; here we summarize the points relevant to
this work. For simplicity consider first a dense amor-
phous arrangement of many stationary particles (e.g., a
glass at zero temperature). When illuminated by
coherent laser light, the scattered intensity constitutes a
random speckle pattern which is heavily modulated in
space but constant in time. Each speckle (or coherence
area) accepted by the detector represents a single spatial
Fourier component of the number density. Clearly, in
this extreme nonergodic case time averaging, inherent in
the usual operation of DLS, is pointless since there are
no temporal intensity Auctuations. However, an ensem-
ble average can still be effected through the acquisition of
data from many independent scattering volumes within
the medium, each of which gives rise to speckles of
different intensities. If now the particles are allowed
some freedom for local motion (as, for example, in a glass
at nonzero temperature), small intensity fluctuations are
superimposed on the previously constant speckle pattern,
i.e., the new speckle pattern is composed of both constant
and fluctuating components. In this case a single experi-
ment samples only a restricted region of phase space as-
sociated with the local particle motions. Thus, as for the
extreme nonergodic case, measurements on many in-
dependent volumes are still needed to provide a full en-
semble average, i.e., an average that also includes the
constant components of the speckle pattern (resulting
from the frozen-in number density fluctuations) whose
magnitudes may vary markedly from speckle to speckle.
Finally, in the case of a Auidlike system of particles, in
which diffusion over long distances occurs, a speckle un-
dergoes many complete Auctuations in the course of an
experiment so that time and ensemble averages are
equivalent. This, of course, is the usual ergodic case.

Here, when studying the nonergodic samples, rather
than performing the measurements on a very large num-
ber of independent volumes we adopted a less tedious ap-
proach. An enlarged scattering volume was obtained by
using an unfocused laser beam and an enlarged detection
slit. With this arrangement the detector aperture accept-
ed about ten coherence areas in the scattered light field,
corresponding to ten independent spatial Fourier com-
ponents of the particle number density Auctuations.
(Thus c =0. 1, i.e., c =0.33, which can be compared with
the value c=0.8 applicable to the smaller scattering
volume used for the ergodic samples. ) Measurements, of
10 s duration, were made for M = 10 spatially separated
scattering volumes, achieved by moving the sample be-
tween measurements. The mean intensities and un-
normalized intensity correlation functions for the M Inea-
surements were then summed and divided by M. It can
be shown that in the limit M~ ~ this procedure gives
the full ensemble averages. Thus reasonable estimates of
the ensemble averages should be obtained from our actual
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measurements which effectively sample the time evolu-
tion of about 100 different Fourier components (ten
coherence areas by ten scattering volumes). From this
ensemble-averaged intensity correlation function the in-
termediate scattering function f (Q, ~) can be obtained
with use of Eqs. (2.4) and (2.5). Nevertheless, in evaluat-
ing the DLS results it must be remembered that, al-
though the data for the nonergodic samples appear quite
smooth, they are subject to significant uncertainties due
to the limited number of Fourier components included in
the average. Measurements on a different set of 100
Fourier components (obtained by illuminating a different
set of scattering volumes) could result in a significantly
different estimate of f (Q, r). (Since performing the mea-
surements reported here we have developed the theory
underlying a method by which the ensemble-averaged in-
termediate scattering function may be obtained from a
single measurement of the time-averaged intensity corre-
lation function. )

In the case of the more dilute samples, Auctuations in
the intensity of scattered light are sufFiciently rapid that
essentially the full decay off (Q, ~) to zero [or gz '(Q, r) to
one] can be measured in a single experiment. However,
as the particle concentration is increased towards the GT
the longest intensity Auctuation times increase to the ex-
tent that they exceed the duration of a practical experi-
ment (i.e., the system becomes effectively nonergodic).
Clearly for this case it is no longer possible to measure
directly the full decay of f (Q, r). Nevertheless, the ex-
istence of very large decay times can be deduced from the
following considerations. Because of the limited range of
intensity Auctuations observed in a single experiment on
a nonergodic sample (see above), their magnitude
lim, o(I(Q, 0)I(Q, &) ) /T(I (Q) ) T will be less than
1+c (the value applicable for an ergodic sample IEqs.
(2.4) and (2.5)]); here ( )T denotes the time average in-
herent in a single measurement. Furthermore, both this
magnitude of the Auctuations and the functional form of
the measured (time-averaged) intensity correlation func-
tion will generally differ when different scattering
volumes are studied, because of the different constant
components of the speckle. In fact we use the observa-
tion of this behavior as a criterion to define the transition

to nonergodicity.
In these experiments the sample times used ranged

from 10 "to 10 ' s and the duration of a single measure-
ment was usually 10 s. (For our 88-channel correlator
this corresponds to a range of delay time 10 ~~~8.8
s). Most measurements were made at a scattering vector
Q =2. 17 X 10 cm ', which is close to Q, the positions
of the main peaks in the static structure factors (see Fig.
1). For a few samples measurements were also made
at Q =1.36X10 cm '

( & Q ) and Q =3.48X10
cm ' ()Q ).

III. RESULTS

A. Phase behavior

Table I gives details of the samples used in these exper-
iments. The samples were tumbled, as described in Sec.
II A, to provide thoroughly dispersed suspensions in
metastable states. They were then left undisturbed for
several days and the following phase behavior was ob-
served. The most dilute sample A remained in a Auidlike
phase. In samples B, C, and D small, homogeneously nu-
cleated crystals formed and settled in about one day leav-
ing clearly defined boundaries between coexisting col-
loidal crystal and colloidal Quid phases. By contrast,
similar crystals formed in samples E and F did not settle
and continued to occupy the entire volumes. In sample E
crystallization was rapid (about one hour) whereas in
sample F complete crystallization took more than a day.
The more concentrated samples showed no sign of homo-
geneously nucleated crystallization. However, after
several days partial crystallization, nucleated heterogene-
ously at the meniscus and the cell walls, was observed in
samples G and H. %'e designated as "colloidal glasses"
those samples G —J in which homogeneously nucleated
crystallization appeared to be suppressed. (Photographs
of suspensions showing roughly similar behavior have
been published in Refs. 12 and 36).

After several days had elapsed, allowing full separation
of the phases, the portion of the total volume occupied by
the crystal in samples B, C, and D was plotted as a func-
tion of the weight fraction of PMMA in the suspensions.

TABLE I. Sample designations, effective hard-sphere volume fractions Ps, phases, first cumulants I,
and relaxation times TL .

Sample
Our

designation Phase I (s ') Ti (s)

A

B
C
D
E
F
G
H
I
J

11(2)

11(3)
1

2
7
3
8
4
5
6

0.480
0.494
0.504
0.520
0.529
0.542
0.554
0.565
0.582
0.594
0.614

Fluid
Coexisting
Fluid and
Fluid and
Fluid and
Crystal
Crystal
Glass
Glass
Glass
Glass

fluid
crystal
crystal
crystal

49
41
45
43
32
34
34
18
24

34

0.093
0.16
0.21
0.46
0.74
9
& 10'
& 10'
& 10'



5434 W. van MEGEN AND P. N. PUSEY 43

Extrapolating the resulting straight line to 0% crystal
and 100% crystal yielded a freezing concentration of
0.447 g/g and a melting concentration of 0.485 g/g. In
order to provide a simple framework in which to discuss
our data, we will, as in previous work, ' ' ' ' adopt an
effective hard-sphere model. Thus we assume that the
effective volume fraction of the sample at freezing is
Pz=0. 494, the accepted value for hard-sphere fiuids.
The efFective volume fractions of the samples (listed in
Table I) were then calculated by multiplying their mea-
sured weight fractions by 0.495/0. 447. We note, howev-
er, that this procedure gives an effective hard-sphere
melting volume fraction of 0.536 which is lower than the
known value (0.545) for hard-sphere crystals. This
difference is probably caused by complications associated
with slow gravitational settling of the particles. In a
more recent study of suspensions of similar PMMA parti-
cles Paulin and Ackerson' devised a method to allow for
gravitational settling and found good agreement between
measured and theoretical values of the volume fraction at
melting.

B. Static structure factors

Our initial study of the glass transition involved the
determination of the phase behavior and the DLS mea-
surements discussed below. Since then we have also
determined the structure of the crystalline phases. A
by-product of the latter work was the measurement of the
static structure factors of the metastable phases obtained
immediately after extensive tumbling of the samples. In
the nine months that elapsed between preparation of the
samples and the structure factor measurements, a small,
but known (by weighing), amount of liquid evaporated
despite tight sealing of the sample cells. Thus it was
necessary to recalculate the effective hard-sphere volume
fractions of these samples (see Fig. 1).

Figure 1(a) shows the structure factors of the metasta-
ble Auids obtained by the procedures discussed in Sec.
IIB. For reasons mentioned there, the results for S(Q)
are in arbitrary units which differ from sample to sample.
In order to present the data in a consistent form they
have been scaled as follows. Structure factors were calcu-
lated from the Percus-Yevick (PY) theory for hard
spheres; to allow partially for the known overestimation
of the structure by simple PY theory the volume fractions
P' used in these calculations were given by

(3.1)

the empirical correction suggested by Verlet and Weis.
The data were then scaled so that the amplitudes S(Q )

of their primary maxima coincided with the PY predic-
tion. The abscissas were also scaled by a single factor to
give coincidence of the experimental and PY peak posi-
tions. As can be seen in Fig. 1(a), there is reasonably
good agreement between experiment and "theory" except
for Q )Q where the particle form factors P(Q) have
deep minima and measurements of S(Q) become unreli-
able (see, for example, Ref. 9).

For completeness we show, in Fig. 1(b), the structure

factors measured on the same samples after an equilibra-
tion period of several hours following slow tumbling.
The equilibrium fiuid at PE =0.494, of course, shows no
change. In this time the samples at Pz =0.523 and 0.535
have crystallized. The powder patterns for each of these
samples show a sharp Bragg reAection and a broader but
structured band of diffuse scattering. As discussed in de-
tail elsewhere, these features imply a random-stacked,
close-packed structure for hard-sphere colloidal crystals.
The structure factor of the sample at Pz=0. 553 is con-
sistent with a polycrystal containing very small crystal-
lites so that strong diffraction broadening of the Bragg
reAection is observed. At the highest concentration stud-
ied, Pz=0. 573, the structure factor shows no change
with time, implying that the sample is trapped in an
amorphous or glassy state.

C. Dynamic light-scattering results

All DLS measurements for the samples B—H were
made after extensive tumbling which ensured thorough
mixing and shear melting of any crystals. Hence they ap-
ply to the metastable Quid phases which exist prior to any
significant crystallization. (Samples D and E, which crys-
tallized quite rapidly, were retumbled between measure-
ments. ) In addition, the equilibrium fiuid, sample A
(PE =0.480), and the coexisting equilibrium fiuid, sample
C" (Pz=0.494), were studied. For the latter sample C
was used after it had stood long enough, about one day,
for phase separation to occur.

Figure 2 shows plots of lnf (Q, r) against delay time
~, where f(Q, r) is the normalized intermediate scatter-
ing function defined by Eqs. (2.6) and (2.7), for all mea-
surements made near the peaks Q =Q of the static
structure factors. The curves are labeled by sample
designation and (effective hard-sphere) volume fraction.
Four figures [2(a)—2(d)] cover different ranges of delay
time and different fractions of the total decay. Figure 3
shows similar plots for samples E and G which include
data measured not only at Q =Q but also at scattering
vectors above and below the peak in S (Q).

It can be seen that the analysis procedure described in
Sec. IIC generally provides good overlap of data mea-
sured with different sample times. However, for a few
cases, in particular sample G in Fig. 2(a) and sample F in
Fig. 2(c), some mismatch is evident. This is a conse-
quence of the limited statistical accuracy inherent in
averaging over only about 100 Fourier components in
these nonergodic samples (see Sec. II C).

Table I lists the initial decay rates or first cumulants I,
defined by

(3.2)

of the intermediate scattering functions measured at
Q =Q . These were obtained by standard analyses of
correlation functions measured with the (shortest) sample
time, 10 s. For the reasons mentioned above, the sta-
tistical accuracy of these cumulants is poorer at the
higher concentrations.

For samples A —E the time constants TI of the long-
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e of Fig. 2 of Ilengtze]ius (Ref. 5)]; here rD is the structural relaxation time, Eq. (4.1), and the curves are labeled by the separation pa-
rameter, Eq. (4.7). The experimental results are the same as those shown in (b) for samples D and E, except that for E data are shown
for which ~ extends to 8.8 s.

time decays of f (Q, r) were estimated from their slopes in
Fig. 2. As is evident from Table I these time constants
are much smaller than the duration of one measurement
(10 s); thus samples A —E may be designated as ergodic.
For samples F—J DLS measurements on di6'erent scatter-
ing volumes gave difFering results. As discussed in Sec.
II C this observation indicates the presence of com-
ponents in f (Q, r) which decay on time scales longer than
the duration of one measurement, i.e., TL & 10 s. There-
fore these samples are efFectively nonergodic and, to ob-
tain f (Q, r), it was necessary to use the special measure-
ment procedures outlined in Sec. II C.

IV. DISCUSSION

A. General aspects

First the static structure factors, shown in Fig. 1, for
the metastable Quid states are discussed briefly. We
reiterate that Fig. 1(a) does not constitute a rigorous
comparison between experiment and theory. As men-

tioned in Sec. II B, the measured structure factors are in
arbitrary units and, in addition, the theoretical curves
take no account of the spread in particle size. Neverthe-
less, the significant feature of the results displayed in Fig.
1(a) is that in the range of particle concentration from the
equilibrium Auid to the glass there is no structural change
aside from slight narrowing and shifting of the peaks con-
sistent with the compression of an amorphous arrange-
ment of spheres. This finding supports the view that the
CxT is largely dynamic rather than structural in nature.

As can be seen in Figs. 2 and 3, the intermediate
scattering functions, f (Q, r), all show initial rapid decays
followed by significantly slower, roughly exponential, de-
cays at long times. The decay rates I I (—:TI ', see
Table I) of the slower components depend strongly on the
particle concentration and tend to zero (corresponding to
decay times TL ) 10 s) at Pz =0.55. On the other hand,
the rates of initial decay I, or first cumulants (Table I),
show a much weaker variation up to the highest concen-
tration, Pz =0.614, studied. These experimental findings
are in qualitative agreement with studies of metastable
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glassy sample G, (6E =0.565.

Auids composed of Lennard-Jones atoms by both com-
puter simulation and mode-coupling theory. '

The rapid initial decays of f (Q, r) can be associated
with the local motions of particles (or atoms) within their
nearest-neighbor cages (see Sec. I). The slower decays at
longer times reAect the more hindered diffusion of the
particles over longer distances. With increasing concen-
tration such large excursions become increasingly unlike-
ly. At the GT the particles become effectively trapped by
their neighbors ( TL ~ ~ ) and number density ffuctua-
tions of all wavelengths become partly frozen in. Never-
theless, the weak concentration dependence of the initial
decay rates I indicates that, even above the GT, the par-
ticles still have significant freedom for local motion.

An important feature of these experiments is the corre-
lation between the macroscopically observed phase be-
havior and the microscopic dynamics revealed by DLS.
We find that, while the ergodic sample E (/+=0. 542)
crystallized completely within an hour or two after tum-
bling, sample F (Pz=0. 554), the first to show decay
times in excess of 10 s, took a day or more for complete
crystallization. The next sample G (Pz =0.565) did not
show homogeneously nucleated crystallization over

several weeks. We therefore identify (tG=0. 560+0.005
as the volume fraction at which the GT occurs in our sus-
pensions.

This value of PG is somewhat lower than that,
0.58—0.60, found in both computer simulation of hard
spheres and an earlier study of a similar colloidal sys-
tem. ' The reasons for this discrepancy remain to be es-
tablished. It has been suggested ' that a sufficiently
broad distribution of particle size can cause suppression
of crystallization in a manner which could be confused
with a genuine glass transition in a monodisperse system.
However, following a suggestion by Ackerson, we sub-
jected the glassy samples G —I (which did not show
homogeneously nucleated crystallization when left undis-
turbed) to a small oscillatory shear, achieved by rocking
the sample cells. The stress imposed by this procedure
caused the top parts of the samples to fIow while the bot-
tom parts remained stationary relative to the cells. In the
narrow region separating the Rowing and stationary por-
tions, formation of crystallites was observed after a few
cycles of oscillation. Presumably the shear Aow in this
region was adequate to aid the local rearrangement of the
particles required for crystallization. This observation in-
dicates that it is indeed structural arrest, associated with
the GT, rather than polydispersity which suppresses
crystallization in the undisturbed samples. Nevertheless,
polydispersity may aff'ect the actual value of PG.

B. Comparison with mode-coupling results

There are relatively few results in the literature with
which our data can be compared quantitatively. Howev-
er, numerical evaluations of mode-coupling theory of the
intermediate scattering function f (Q, r) have been report-
ed for both hard spheres ' and Lennard-Jones atoms.
Here we discuss briefly aspects of our results in light of
this work; a more comprehensive analysis is given in the
following paper.

A quantity for which a direct comparison between ex-
periment and theory can be made is f (Q, ~), the ampli-
tude of the frozen-in component of the number density
fIuctuations in the glass phase. Since this is effectively a
structural property one might expect the theory
developed for hard-sphere atoms to apply to hard-sphere
colloids. Figure 3(b) shows intermediate scattering func-
tions f (Q, r) for sample G, the lowest-concentration
glass, for scattering vectors Q below, at, and above the
primary maximum in the static structure factor S(Q). In
each case, after an initial rapid decay, f (Q, r) becomes
essentially independent of time, as expected for a glass.
We estimate f (Q, ~) from the plateau levels of these
curves. This quantity, plotted as a function of Q in Fig.
4, is in good agreement with the theoretical prediction of
Bengtzelius, Gotze, and Sjolander for hard spheres at
the GT concentration. Nevertheless, because there is
probably further residual relaxation of f (Q, r) for r) l s,
these experimental values of f (Q, "~")may be slightly
overestimated.

A direct comparison between the dynamic properties
of colloidal particles in suspension and those of atomic
systems is not straightforward for the following reasons.
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f tQ, ~)

give, at freezing,

Dr ——2. 13 )( 1() ($ k T/m ) (4.3)

0.5

where 6 ( =2R) is the diameter of the atom, m its mass,
and k~ T is the thermal energy.

The only work which includes extensive computations
of f(Q, r) for an atomic system is that of Bengtzelius,
who studied Lennard-Jones atoms. He presented his re-
sults in terms of a scaled time r/ro, where

r =(m5 /E)'~ (4.4)
0

0 10

FIG. 4. Dependence on the scattering vector Q (R is the par-
ticle radius) of the amplitude f (Q, ~) of number density fluc-
tuations which are frozen in at the glass transition. Data points
are taken from the "plateau" values in Fig. 3(b), which refers to
the glassy sample G at Ps =0.565; solid curve B is the mode-
coupling prediction (Ref. 4) for hard spheres at P=PG. (Solid
curve A is the mode-coupling prediction for the frozen-in com-
ponent of the self-intermediate scattering function of hard
spheres at P=PG. The dashed lines are theoretical predictions
for the frozen-in components of the coherent and self-
intermediate scattering functions of a higher-concentration
glass, separation parameter [Eq. (4.7)], rr =0.066. See Ref. 4 for
further details. )

rD = 1.96(c/k& T)'~ ro . (4.5)

Taking k& T/c =0.6 and ~0= 2. 15 X 10 ' s, the values
used in the calculations, gives

wD =2.52&O=5. 42X 10 ' s . (4.6)

Following Bengtzelius we also define, as a measure of the
"distance" of a sample (colloidal or atomic) from the GT,
the "separation parameter*'

(4.7)

and c is the Lennard-Jones energy parameter. Since we
do not know DT at freezing for this system, we estimate
rD from Eq. (4.1) by eliminating m from Eqs. (4.3) and
(4.4) so that

D=R /6DT, (4.1)

where R is the radius of the particle (or atom) and Dr is
its long-time self-diffusion coefficient (i.e., rD is the time
taken by a particle to diffuse a distance equal to its ra-
dius). The highest concentration at which reliable values
of DT, for both hard-sphere colloids and hard-sphere
atoms, are available is at freezing (Pz =0.494); we there-
fore use these values to determine ~D. Other experi-
ments' on similar colloidal systems have shown that, at
freezing, DT =0.013DO, where Do is the low-
concentration (Stokes-Einstein) diffusion constant. For
the particles used in this study DO=9. 35 X 10 cm s

giving DT=1.22X10 ' crn s ' which, with R =170
nm, gives

vD =0.4 s . (4.2)

Computer simulations " of hard-sphere atomic Auids

The dynamics of particles in suspension are diffusive on
all relevant time scales. However, as discussed in Sec.
IVA, there is a demarcation between short-time local
and long-time large-scale motions. On the other hand,
the dynamics of atoms are ballistic at short times, but
their long-time motions are also diffusive (see Sec. I).
Since it is this large-scale diffusive motion which ceases at
the GT, it seems plausible that there is an underlying
similarity between the two cases. Such an analogy be-
tween the long-time diffusive dynamics of atomic Auids
and colloidal suspensions has recently been discussed by
de Schepper et al. ' On this basis we attempt a quantita-
tive comparison by defining a characteristic relaxation
time ~D as

Figure 2(d) shows intermediate scatte."ing functions in
terms of the scaled time r/rD [Eq. (4.2)] for samples D
(cr = —0.055+0.01) and E (o.= —0.032+0.01). These
are the samples closest to the GT which still show a
reasonable fraction of the full decay of f (Q, r). Also
shown in Fig. 2(d) are the results of Bengtzelius, taken
from Fig. 2 of Ref. 5, for o. = —0.052 and —0.021; in this
case the scaled time was calculated from Eq. (4.6). It can
be seen that both experimental and theoretical intermedi-
ate scattering functions have similar forms. The depen-
dence off (Q, r) on concentration is somewhat weaker for
the atomic system. This may be associated with the soft-
ness of the atomic pair potential and/or the effects of
hydrodynamic interactions in the colloidal suspensions.
Nevertheless, in view of the uncertainties involved in this
comparison, it is striking that such disparate systems
show such similar behaviors.

We now consider the functional form of the intermedi-
ate scattering functions f(Q, r) in more detail. In the
literature on molecular glasses the long-time (low-
frequency) relaxation associated with the final breakdown
of cages and the onset of long-distance diffusion is usually
called the "a relaxation. " In many cases this process,
which can be studied by other techniques such as dielec-
tric relaxation and neutron scattering, is found to show a
"stretched-exponential" decay, exp[ —(t /r, ) ];'
here r, is a characteristic time and /3 is a parameter less
than one. Mode-coupling theories ' predict that for con-
centrations well below P& the long-time relaxation of
f (Q, r) is close to single exponential, f3=1, whereas for
Pz close to PG significant stretching is found with P tak-
ing a value as small as 0.5. Inspection of Fig. 2 shows
that the experimental intermediate scattering functions
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show roughly exponential long-time decays (straight lines
in this log-linear representation), as do the theoretical
functions shown as crosses in Fig. 2(d). In view of the
inevitable statistical uncertainties, discussed in Sec. II C,
we do not wish to suggest more than that these long-time
data fit a stretched exponential with /3=0. 9+0. 1 (see Fig.
6 of Ref. 20 for a more detailed analysis of these data in
terms of the a relaxation). Finally we note that much
closer to the GT Bengtzelius found /3=0. 88 for
Lennard-Jones atoms at Q =Q

Some studies ' of atomic systems also reveal the emer-
gence, close to the GT, of a secondary relaxation process,
the "/3 relaxation, " which takes place on a time (or fre-
quency) scale intermediate between those of the short-
time local motions and the long-time a relaxation. This /3

relaxation can be viewed as rejecting a relatively slow
structural rearrangement of the particle cages. In the
mode-coupling theory it is usual to plot the intermediate
scattering functions in the form f (Q, r) versus the loga-
rithm of time (see Fig. 5). Here the signature of the /3 re-
laxation is a change in the sign of the second derivative,
d f l(d Inc), prior to the onset of a relaxation. Refer-
ring to Fig. 5(a) we see that for Pz (0.529 —df/d Inc in-
creases continuously with inc. However, for Pz =0.542
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FIG. 5. Normalized intermediate scattering functions vs log-
arithm of time. (a) Measurements made at Q = Q (these are
the same data as shown in Fig. 2 except that the measurement
for sample E was extended to delay time ~= 8. 8 s); (b) measure-
ments made at Q =0.63Q

there is a region of at least one decade in time where the
slope is almost constant, i.e., d f /(d Inr) =0, which
may suggest the onset of an observable /3 relaxation.
Indeed in measurements made below the peak in the stat-
ic structure factor [Fig. 5(b)] the relaxation curve for this
sample (Pz =0.542) shows a distinct decrease in the slope

df l—d Inr after its initial increase. (See the following
paper for a more detailed analysis of these data in rela-
tion to mode-coupling theory and the /3 relaxation. )

We note that, while the a relaxation is not observed in
the glass state (since long-distance difFusion is
suppressed), the /3 relaxation persists and is responsible
for the slow approach of f (Q, r), seen in Fig. 5, to its
long-time asymptote f ( Q, ~ ) for (t z =0.565.

C. Comparison with a DI.S study of a microemulsion

Chen and co-workers ' reported a DLS study of
water-in-oil microemulsion droplets of radius R =5 nm
over a wide range of concentration. Because of the small
radius their measurements apply to the low-Q regime,
QR =0.1, whereas our experiments and most of the de-
tailed theory and computer simulation work were per-
formed at scattering vectors near the main peak in the
structure factor, QR =3.5. Their correlation data could
be fitted well by stretched exponentials. Both the param-
eter /3 and the first cumulant (or initial slope) I of the
correlation functions showed minima at a volume frac-
tion of about 0.65 which was identified as the glass transi-
tion concentration PG. We make the following remarks
about this work.

(i) The polydispersity of the droplets was stated to be
about 0.25 (which can be compared with 0.045 for our
particles). Thus crystallization was suppressed ' so that
direct comparison with observed phase behavior was not
possible.

(ii) At the small values of QR applying in this work this
degree of polydispersity gives rise to a strong incoherent
component in the measured correlation functions. For a
polydispersity of 0.25 and volume fraction of 0.5, the
theory of Ref. 32 predicts a relative incoherent amplitude
of about 0.6. The presence of both coherent and in-
coherent contributions will have a considerable effect on
the concentration dependence of I and the nonexponen-
tiality of the measured correlation functions. It is worth
noting that, in an earlier study of a microemulsion sys-
tem, a concentration dependence of I similar to that
found by Chen and co-workers up to Pz=0. 6 was ex-
plained entirely in terms of polydispersity (and a hard-
sphere model). In the simplest form of this theory f (Q, r)
is predicted to be the sum of two exponentials, the
coherent component, which describes collective motions,
and the incoherent component describing single-particle
motions; awhile the decay rate of the former is only
weakly dependent on concentration, that of the latter de-
creases rapidly with increasing concentration due to in-
creasingly effective caging. We point out that such a
function, with the inclusion of typical experimental noise,
can be fitted approximately by a stretched exponential
over a limited range of decay. In their second paper
Chen and co-workers argued that the observation of a
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roughly single-exponential decay at low concentrations
implied that polydispersity could not cause significant
nonexponentiality at high concentrations. This claim
overlooks the effect of incoherent scattering, described
above, which was established several years ago both ex-
perimentally and theoretically. (Note that in our exper-
iments incoherent scattering was negligible, or at least
small, for two reasons: the much smaller polydispersity
and the dominant coherent scattering at Q =Q .)

(iii) Chen and co-workers do not appear to have appre-
ciated fully the difficulties encountered in studying noner-
godic samples by DLS. In particular special measures
must be taken to obtain an ensemble average (see Sec.
IIB). As we have discussed in detail elsewhere, the
time-averaged intensity correlation function obtained in a
single measurement on a nonergodic sample is related to
the ensemble-averaged function by an equation
significantly more complicated than Eq. (2.5).

V. CONCLUDING REMARKS

This paper describes light-scattering studies of suspen-
sions of hard-sphere colloidal particles over a range of
concentrations which spans the glass transition. While
static structure is considered briefiy (Secs. III 8 and
IV A), emphasis is on the dynamics of the metastable
Quid and glassy states, described by intermediate scatter-
ing functions (or the correlation functions of the particle
density fiuctuations) f (Q, r). Qualitatively, the behavior
of f (Q, r) is consistent with that found in several theoret-
ical and simulation studies of glass-forming systems. In
addition, we have been able to make quantitative compar-
isons with some predictions of mode-coupling calcula-
tions of Bengtzelius and co-workers. Our main findings
follow.

(i) As in previous work, fiuid, crystalline, and glassy
states of the suspensions were observed directly. The GT
occurred at an effective hard-sphere volume fraction of
QG =0.56+0.005.

(ii) There is no marked structural change associated
with the GT. With increasing sample concentration, the
static structure factors exhibit only slight narrowing and
shifting of the peaks, consistent with the compression of
an amorphous arrangement of spheres.

(iii) The intermediate scattering functions show initial,
fairly rapid, decays associated with local particle
motions, and slower decays at longer times, associated
with larger-scale excursions. While the rates of the initial
decays depend only weakly on concentration, those of the
slower decays are strongly concentration dependent. In
particular, as the GT is approached the time constants of
the slow decays diverge, signaling structural arrest, the
partial freezing in of number density fluctuations.

(iv) The amplitudes f (Q, ~) of the components frozen
in at the GT are in quantitative agreement with those
predicted by mode-coupling calculations on hard spheres,
for values of Q smaller than, equal to, and larger than the
position Q of the primary peak in the static structure
factor (see Fig. 4).

(v) In order to compare quantitatively the dynamic
properties of suspensions and atomic fluids a time scaling,

based on the long-time single-particle diffusion in each
system, was proposed. With the use of this time scaling
reasonable agreement was found between the intermedi-
ate scattering functions measured on suspensions and
those calculated from mode-coupling theory for
Lennard-Jones atoms.

(vi) In these systems of essentially identical spheres we
find that the intermediate scattering functions at long
times can be fitted by weakly stretched exponentials
(/3= 0.9). It is possible that the strongly stretched-
exponential relaxations of f (Q, w) found in other systems
(such as polymers and mixed ionic glasses ) may be a
consequence of their complexity.

(vii) We have noted qualitative indications of a
significant P process occurring on a time scale intermedi-
ate between those associated with the microscopic
motions and the large-scale a relaxation. A detailed
analysis of our data in terms of mode-coupling predic-
tions of the P relaxation is presented in the following pa-
per 20

In this paper, when discussing the functional forms of
the intermediate scattering functions f (Q, ~), we have
concentrated on the quite extensive measurements made
at the main peaks, Q =Q, of the static structure factors.
Mode-coupling theories also make specific predictions
concerning the Q dependence of the various relaxation
processes. A preliminary analysis of the limited data
taken at other values of scattering vector shows reason-
able agreement with theory for sample E, Pz=0. 542
[data shown in Fig. 3(a)]. However, the long-time relaxa-
tion of f (Q, ~) for sample C', Pz =0.494, at Q =0.63Q
(data not shown here) was found to be significantly slower
than that predicted. It is possible that at this value of Q,
where S(Q) is quite small (see Fig. I), there is an in-
coherent contribution to the scattering, arising from the
particles polydispersity. As discussed in Sec. IV C, this
contribution can cause a slow decay of the measured in-
termediate scattering function. We are currently investi-
gating this possibility as part of more complete study of
the colloidal glass transition.

We conclude with some remarks about the glass transi-
tion concentration PG. For molecular systems the prop-
erties of the metastable liquid and glassy states are usual-
ly studied as functions of temperature. However, it
seems that the important parameter which controls the
GT is the density, rather than the temperature, of the
system. Changing temperature is mainly a convenient
way to change the density at constant pressure. Thus one
can associate a conventional glass transition temperature
with the density (or particle concentration) PG.

Traditionally the temperature TG of the glass transi-
tion of molecular systems is defined as that at which the
shear viscosity of the supercooled liquid reaches about
10' poise. On heating a molecular glass from below TG
a calorimetric anomaly (a peak in the heat capacity) is
typically found at about the same temperature. Unfor-
tunately, it is difficult to apply these criteria to colloidal
systems. First, because of the large structural relaxation
times ~D, it is difficult to measure their zero-shear viscosi-
ties; colloidal suspensions exhibit strong shear thinning at
shear rates comparable to ~D '. Reliable zero-shear
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viscosities have been reported only at suspension concen-
trations up to not much more than the freezing concen-
tration. Second, because of the small number densities,
the (excess) heat capacities are immeasurably small.
Thus here we have used the observed suppression of
homogeneously nucleated crystallization as the macro-
scopic indication of the glass transition.

For atomic systems the characteristic critical behavior
of the microscopic dynamics, which leads to nonergodici-
ty, is predicted by mode-coupling theories to occur at a
temperature Tc) TG (or concentration Pc(PG). It is

interesting that, in the colloidal suspensions, we find the

onset of nonergodicity and the suppression of crystalliza-
tion occurring at almost the same concentrations, i.e.,
P& =PG =0.56 (see Sec. IV A); for this reason we have
not, in this paper, distinguished between PG and Pc.
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