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We present the theory of a microscopic maser operating on a nondegenerate two-photon transi-
tion between two states of same parity. We start from a three-level Hamiltonian, and discuss both
the one-photon resonant cascade and the two-photon regime, when the intermediate state is far off
resonance. In the semiclassical limit, we derive rate equations for the field intensities and get the
corresponding steady-state values. The vacuum is stable in the two-photon regime but becomes un-
stable for zero detuning (a clear signature of a one-photon process). Solutions displaying true two-
photon operation (intermediate state unpopulated) even with zero detuning are displayed. Using
the full quantum density-matrix approach, we derive a master equation for the field and discuss
both operating regimes, showing that the spontaneous emission may turn the vacuum unstable in
the two-photon case. In the off-resonance two-photon regime, there is a strong correlation between
the fluctuations of the intensities of the two modes. We find a squeezing factor of 50% for the fluc-

tuations in the difference of intensities.

I. INTRODUCTION

Micromasers are quantum oscillators operating on a
Rydberg atomic transition (high principal quantum num-
bers), where the initially excited atoms interact with the
electromagnetic field while crossing a high-Q supercon-
ducting cavity. Very low thresholds may be attained,
down to at most one atom in the cavity at a time.!'™
These devices provide experimental tests of some very
fundamental models of quantum optics, and exhibit a
great variety of interesting quantum effects, like collapses
and revivals,® generation of sub-Poissonian states,! >
trapping states,”® spontaneous self-starting,’ and singular
starting times.

Furthermore, they have allowed the operation of the
first two-photon oscillator,? involving a degenerate two-
photon transition between two atomic levels of the same
parity. This device presents additional interesting
features, with respect to the one-photon micromaser,
which are connected to the starting up of the system.'®
Classically, the zero-field state is always stable, even if
one is above the oscillation threshold (an injected field is
thus required, in order for the system to build up the os-
cillation.) Quantum fluctuations may, however, render
this state metastable or even unstable, thus inducing the
system to start oscillating, without need of any triggering
field, in a time which, for micromasers, may be very
small.>>

Up to now, only the degenerate case has been analyzed,
both theoretically®® and experimentally.? For this
reason, one has missed one of the important features of
the two-photon process, namely, the correlation between
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the two photons emitted simultaneously into two
different modes. Such correlations have been studied in
optical parametric oscillators, where an important noise
reduction in the difference of intensities of the two modes
has been demonstrated.'!!?

In this paper, we extend the previous analysis*> to a
more general situation, where the two photons are emit-
ted into different modes of the cavity (nondegenerate
two-photon transition). We base our treatment on a full
three-level model, instead of a two-level effective Hamil-
tonian. In this way, conditions under which the
effective-Hamiltonian approach is valid can be precisely
stated. We show that, contrary to the laser case,!>!* the
three-level model does not introduce any substantial
correction, in the high-detuning region. On the other
hand, it allows one to go continuously from the two-
photon operating regime (corresponding to the high-
detuning limit—no population in the intermediate state)
to the one-photon resonant cascade process, in which the
intermediate state gets populated.

We consider thus a three-level atom (Fig. 1), with the
upper and lower levels having the same parity. We as-
sume that the atomic lifetimes are much larger than the
time of flight of the atoms through the cavity, ;.
Therefore, the atoms do not decay while crossing the cav-
ity. We also assume that the two cavity modes (frequen-
cies w; and w,) are coupled, respectively, to the upper
and lower transitions, so that we neglect the process in
which the two photons are emitted in reverse order (the
photon with frequency w, corresponding to the upper
transition). In Sec. II, we show that in order for this to
be true, one must have
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e II. THE ATOM-FIELD HAMILTONIAN:
w I TIME EVOLUTION OF THE PROBABILITY
i AMPLITUDES
A1, - - - We calculate in this section the probability amplitudes
w which describe the transitions between the three atomic
2 levels for the system depicted in Fig. 1. The correspond-

FIG. 1. Energy levels relevant to the nondegenerate two-
photon micromaser.

lw;—w,| >A,T, (1.1)

where T is the linewidth of the one-photon transition to
the intermediate state, and

A=w,—(E,—E;)/# (1.2)
is the detuning between the intermediate state |/ ) and the
energy reached after the emission of the first photon (see
Fig. 1). Equation (1.1) implies that the degenerate case
cannot be obtained as a limit of the present model. On
the other hand, we consider the general situation where A
can assume any value, including the case of zero detuning
(one-photon cascade maser regime). We pay special at-
tention, however, to the large detuning regime, in which
two-photon transitions without population transfer to the
state |i ) are expected (the intermediate state acts then as
a virtual state). In this case, we show rigorously that an
effective two-level Hamiltonian may be adopted.

In this two-photon regime, each atomic transition
creates simultaneously one photon in each mode, so that
one expects a strong quantum correlation between the
modes. We show indeed that the variance of the
difference of intensities of the two modes is well below the
classical lower bound (up to 50%), thus providing a clear
signature of that correlation.

This paper is organized in the following way. In Sec.
IT we write down the Hamiltonian for the atom-field sys-
tem and solve the resulting equations for the probability
amplitudes of the atom-field states. The corresponding
transition probabilities are then used to get the gain
terms in the field master equation. Adding the cavity
losses, we obtain the dynamical equations both in the
semiclassical approximation (Sec. III), where we neglect
the field fluctuations and the spontaneous emission, and
in the full quantum approach (Sec. IV), from which we
get some exact and numerical results concerning the field
statistical distribution. In the semiclassical approxima-
tion, we find a class of solutions for which the micro-
maser oscillates in the true two-photon regime, the inter-
mediate state remaining unpopulated, even with zero de-
tuning. In the quantum theory, we make a detailed
analysis of the stability of the zero-field state and of the
time-dependent behavior of the system, and we display
the quantum correlations between the two modes. A gen-
eral discussion of our results, as well as the concluding re-
marks, are presented in Sec. V.

ing Hamiltonian has the form

H:Hat+HF+Hint ’ (2.1
where

H,=E,le){e|+E]|i)i|+E/f)fl, (2.2)

HF=ﬁw1aTa1+ﬁw2aJ{a2 , (2.3)

and ai,a,T are the annihilation and creation operators for

mode i (i =1,2).

If we neglect the couplings of the upper and lower
atomic transitions with modes 2 (frequency w,) and 1
(frequency ,), respectively, we get for H,, in the
rotating-wave approximation

Hi =#Q a,le ) (il +#Q,0a,]i ) (f]

+#Qalli) (el +%Q alf) il , (2.4)

where
#0,,=—e|D|i)V #w, /2¢,V (2.5)
#Q, = —i|D|f )V fw,/ 26,V (2.6)

D is the dipole operator and V is the effective volume of
modes 1 and 2 (assumed to be the same for both modes).

The neglected couplings are proportional to a,le ) {i|
and a,|i){f|, which, in the interaction picture,
become expli(w;—w,—A)t]a,le){i| and exp[i(w,—w,
+A)t]a,li){f|. They are therefore nonresonant
and negligible compared to exp(—iAt)a,le){il,
exp(iAt)a,|i ) { f], if condition (1.1) holds. Neglecting
these terms corresponds to a generalized rotating-wave
approximation, where besides the usual condition involv-
ing the transition linewidth I', one has a new one con-
cerning the detuning A. This hypothesis simplifies the
solution of the problem, since then triplets |e,N|,N,),
li,N,+1,N,), |f,N,+1,N,+1) corresponding to
different values of N; or N, become decoupled. Conse-
quently, the Schrodinger equation needs to be solved only
within this three-dimensional space.

A general state in this space can be written as

lY(¢))=a(N,,N,,t)|le,N;,N,)
+b(N,+1,N,,t)|i,N,+1,N,)

+c(N,+1L,N,+L,)|f,N,+1,N,+1) . (2.7)
In the interaction picture, the Schrodinger equation is

iﬁJb—agg =H.l¢) (2.8)
where
ﬁint:ﬁﬂeie_iAtalfe><iI
+7Q, e Ma, i) (f|+H.c. 2.9)

From (2.7), (2.8), and (2.9), we get then the following
equations for the probability amplitudes:
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ida(N|,N,,t)/3t=Q,b(N,+1,N,,t VN, +1e %,
iab(Nl+1’N2’t)/at=ﬂifc(N1+1’Nz+lyt)\/N2+leiAt"‘Qe,»a(Nl,Nz,t)\/Nl-l-leiAt ,
iac(Nl+1,N2+1,z)/at=gifb(N1+1,N2’,)\/N2+1e—im_
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(2.10a)
(2.10b)
(2.10c)

These equations are solved by Laplace transform techniques, following the method of Ref. 14. The detailed solution is
presented in Appendix A. The final result for b(N,+1,N,,?) and ¢(N;+1,N,+1,¢), with the initial conditions

a(0)=1,b(0)=c(0)=0,is

Q. VN, +19,,V N, +1{[cosQt + (iA /2Q)sinQt Je ~/4/2— 1}

¢(Ny+1,N,+1,1)=

b(N,+1,N,,t)=—i(Q,/QV N, +1e"4%inQs ,
where
Q=[Q%(N, +1)+Q%}(N,+1)+A%/4]'/2
The corresponding transition probabilities are
QLN +1)QF(N,+1)
[Q%(N, +D+Q2 (N, +1D]?

le(N;+1,N,+1,8)|*=

QLN +1)

[b(N,+1,N,,t)|*= o2 sin?Qz .

The quantity |b|%(|c|?) is the probability for finding the
atom in the state |i ) (|f)), assuming it was in the excited
state |e) in ¢t =0, while the field was in the Fock state
|IN,)>®|N,). These probabilities behave very differently
in two opposite limits.

(a) Zero detuning: A=0. In this case, |b|? is propor-
tional to sin?Q¢, while |c|?> becomes proportional to
sin*(Q¢ /2), meaning that for t <<Q ™!, |b|?>>>|c|?, which
is not surprising; before it reaches |f ), the atom has to
evolve through the intermediate state |i ) in a time of the
order of the Rabi period 27Q 1.

(b) Large detuning:

Q%L(N, + 1)+ Q% (N, +1)
A>> A .

(2.16)

In this case,

|b(N,+1,N,+1,0)|>=0(Q%(N,+1)/A*)—0,

Q2—(A/2)?

) (2.11)
(2.12)
(2.13)

{cos’Qt +(A/2Q)%in?Qt +1
2[cosQt cos(Ar/2)+(A/2Q)sinQe sin(Ar/2)]} ,  (2.14)
(2.15)

[
lc(N,+1,N,+1,1)]?
2Q% (N +1)0Q3(N,+1)

1—cosQ,., t..),
IO, A DN, F D O

(2.17)
where
Q%(N,+1)+0}(N,+1)

is the two-photon Rabi frequency, with the well-known
typical properties of a two-photon process:*> propor-
tional to the intensities, inversely proportional to the de-
tuning A. It is quite similar to the two-photon degenerate
Rabi frequency and may be more easily derived by using
the techniques of Ref. 4. In fact, in this limit, the inter-
mediate state participates only virtually, and it can be
taken into account by perturbation theory (see Fig. 2),
since then the coupling within the degenerate doublet
{le,N\,Ny),|f,N,+1,N,+1)} is much more impor-
tant. In the dressed-atom approach, the dressed states
and energies are the eigenvectors and eigenvalues of the
2 X2 matrix

(2.18)

while
J
—Q%(N,+1) —Q,V'N,+1Q,V'N,+1
A A
—Q,V'N,+109,,V/'N,+1 — Q3 (N, +1)
A A

The diagonal elements of the matrix are the Stark shifts
of the states |e) and |f); we see that this effect may be
much more important here than in the degenerate case.
Even if Q,=Q,,, it may produce a large effective detun-

f

ing if N,5*N,, thus lowering the transition probability
when the intensities are different. Indeed, for Q,=Q,;,
we may write the transition probability in the following
form:
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Lo, N, Lf, N+l,N+ 1)

li,N‘o I,N:)

FIG. 2. Energy diagram of the noninteracting atom-field sys-
tem.

le]>=[1—(N,—N,)*/(N,+N,+2)?]

Xsin?[ Q% (N, +N,+2)t /2A], (2.19)

which displays the out-of-resonance reduction of the
Rabi nutation amplitude.

The transition probabilities calculated in this section
will now be used to develop both the semiclassical and
the quantum theory of the nondegenerate two-photon mi-
cromaser.

III. SEMICLASSICAL THEORY

We develop in this section the semiclassical theory of
the nondegenerate two-photon micromaser. In Fig. 3, we
display the basic parameters of this device: ¢, is the
average time interval between consecutive excited atoms
entering the cavity, ¢, is, as mentioned before, the time
of flight of the atoms through the cavity, and 7, ; Zcay,
are the cavity damping times for modes 1 and 2. We as-
sume that 7, > ¢;,, so that in the average only one atom
at most interacts with the field at any time (micromaser
condition). The average gain G in each mode is given by
the product of the average atomic rate (7 1) by the aver-
age transition probability:

G(mode 1)=t;'(|b|>*+]c|?),
G(mode 2)=t_'(lc|?) ,

where the average ( ) is taken over the field density-
matrix operator.
Each photon in the lower mode is emitted together

Vtclt

|
| 1
| |
L———-» l-—.—
T
I

v tint

FIG. 3. Sketch of the micromaser setup.
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with an upper-mode photon, but the converse is not gen-
erally true. Therefore, as we see above, the gain for the
upper mode is larger than the gain for the lower one, ex-
cept in the situations where the atoms never leave the
cavity in the intermediate state. The most important ex-
ception is associated with the large-detuning limit, where
the intermediate state is out of resonance [Eq. (2.16)].
However, even in the resonant case there are some few
regimes of oscillation where the gains are equal. We il-
lustrate this effect when we discuss the zero-detuning case
(A=0), which follows the large-detuning limit discussion.
We analyze therefore two opposite limits.
(a) Large detuning:

AS>[QL(N; +D+QF(N, +1)]/A .

The two-photon probability is given by (2.17). Then
G(mode 1)=G(mode 2)
20%(N+1)Q%(N,+1)

[QZ(N,+1D)+OQ%(N, +1)]?

1
tat

X(1=cosQy,ty) (3.1)

In the semiclassical approximation, we neglect the spon-
taneous emission terms and the width of the photon num-
ber probability distribution (given by the diagonal ele-
ments of the field density matrix in the Fock-state repre-
sentation). We expect these to be good approximations in
the limit of large average photon numbers (N,) and
(N, ), which as we shall see corresponds to the limit

tcavl /tat’tcavz /tat >> 1 *

In order to simplify the calculations, we assume that
Q.= ‘Qif =g .

The results for Q,,7Q,, are qualitatively the same, and
are discussed in Appendix B. From Eq. (3.1), we get, in
this limit,

1 4N1N2

—_— (3.2)
tat (Nl +N2 )2

G= sin’[g %N, +N,)t; /2471,

where N, and N, are the mean photon numbers.
Assuming now that the cavity dissipation and the

atomic gain are completely independent processes, which

should be true if 7, <<t_, , we get the following rate

equations for the photon numbers in the two modes:

dﬁl _ 1 4N1N2
dt tat (Nl +N2 )2
s 2 2R - Nl
Xsin“[g4(N|+N,)t;, /2A]— , (3.3a)
cavl
dﬁz 1 4N1N2
dt  t, (N,+N,)?
20 2R == NZ
Xsin?[g4( N +N,)t,, /2A]— (3.3b)

cavy
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Following Ref. 5, we define the renormalized mean pho-
ton numbers:

ny :Nltat/tcavl? nZZZVZtat/tcav1 ’

so that
dn 4n.n n
- 2 sina(n,+ny)———,  (.4a)
dt tcavl (n1+n2) tcavl
dn 4n.n n
2 1 172 2sinzoz(nl-i—nz)—— 2 R (3.4b)
dt tcavl (n1+n2) tcavz
where
. gztinttcav1 (3 5)
a= 247, . .

The steady-state solutions are obtained by setting

dn,/dt=dn,/dt=0. Since the gains for the two modes

are equal, the steady-state values must obey the relation
ny ny

t t

cavl cav2

) (3.6)

implying that the steady-state values of n; are given by
the roots of
- 4tcavltcav2 .2
n,=————"—>sin’ |an,
+t

(z.,, +1t

cavl C8V2 ) (3 7)

)2
cav cav;

( tcavl 2

This equation may be solved graphically, as sketched in
Fig. 4. The graphical analysis may also provide informa-
tion about the stability of the steady-state solutions when
niand n, are related by Eq. (3.6). It does not assure,
however, the global stability in the two-dimensional
n; Xn, plane. In order to check this point, we linearize
the coupled equations (3.4) around the steady-state
values. The detailed procedure is discussed in Appendix
B, in the general situation where Q,7#Q;,. The main
conclusion is that points which are stable under condition
(3.6) remain so when that relation is violated. In particu-
lar, the zero-field point is always stable, as in the degen-
erate case. The system becomes therefore bistable, im-
mediately above threshold. For sufficiently low dissipa-
tion, other stable points may appear. As shown in Ap-
pendix B, the approach to steady state may be oscillatory
when tcavﬁ‘&t This will happen when the slope of the

gain curve at the steady-state point is in an interval with
a width (£, —Zcay, )2/2tca‘,1 Lcav,» Which increases as

cav 1

cavz

|t

—t
cav, cav, |

teay T2

cavl cavz

-1,

(3.8)

that is, when the two damping times become quite
different from each other. The oscillations are typically
strongly damped, except in the limit given by Eq. (3.8).
The semiclassical analysis yields the threshold condi-
tion: it is given by the first nonzero solution of Eq. (3.7),
as shown in Fig. 4(a). We notice that when the damping
times are very different [as in Eq. (3.8)], it becomes more
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difficult to reach the threshold, since the amplitude of the
gain term may be written as [see Eq. (3.7)]

4t t (to,y —toy )?

cav 1 cav2 cavl cav2

(t.,, +t

)2
cav, cav,

2
(tcavl +tcav2 )

This result can be easily interpreted in terms of the effect
discussed at the end of Sec. II: in the limit given by Eq.
(3.8), the steady-state mean photon numbers become very
different, as shown by Eq. (3.6), so that the Stark shift in-
duces a large effective detuning, thus lowering the atomic
gain.

)
%)
O
—J
\
Z
<
O
1 P
(b) .
P
» -
(%3] -
e} P
—J s
\ e
=z r -7
= .
S .7
0 &
0 N 1
1
[9p]
1%
e}
—
~
=z
<C
%}

FIG. 4. Semiclassical model of the nondegenerate two-
photon micromaser in the large-detuning limit: gain and loss
contributions to 7, vs ;, where 7, is the normalized photon
number in the upper mode. The loss term is proportional to 7,
(dashed line). The three curves correspond to Leav, =2tcav2, and

to (a) a=1,03; (b) a=w/3; (c) a=2m/3. Stable operation
points are shown by circles. The system is at the threshold of
oscillation in curve (a). (c) displays three stable operation points
for a larger value of the normalized pump a.
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Even if Leav, = Leav,s the threshold is higher than in the

degenerate case. In this case, the threshold may be es-
timated by noticing, from Eq. (3.6), that we must have
equal intensities in the two modes (n;=n,=n), and by
setting n =1 and the Rabi angle gztimtcavln /At,, equal to
/2, where the gain is maximum, so that

1 TA

— ~ (3.9)
2g%

t .
at |threshold int tcavl

which is two times larger than the value for the degen-
erate case.*> A similar discrepancy has been found for
the two-photon laser;"® there is no paradox here, since,
due to condition (1.1), one cannot go continuously from
our model to the one corresponding to the degenerate mi-
cromaser.

When Q,,7Q;,, the results are very similar (Appendix
B). The only difference is that the condition for the oscil-
lation regime is now

4

where ¢, (¢ _) is the largest (smallest) damping time and

Q,> (Q, ) the corresponding coupling (2, =Q,,
< cavl

Q;f).

Q,

CaV2
(b) Zero detuning: A=0. As in the large-detuning
case, the semiclassical rate equations contain the cavity
loss terms—which are the same as before—and the
atomic gain for each mode, given by Egs. (2.14) and
(2.15). When

Q,=Q;,=g,
the transition probabilities e —i and e — f are given, re-

spectively, by

—_— — A_f Fr— . —
|b(N1’N2’tint))2=ﬁ_i‘l—NSinzg‘/Nl +N2’im ’

1 2
(3.10)
N v 4NN \/ﬁ + Nt
IC(NI’Nz,tim)lzz — 1_2 Zsin4g 1 2tint ’
(N1+N2) 2
(3.11)

and then the semiclassical equations are

d 1 1 Nl 2 —_—
——=— | =———sin%gV'N, +N,¢;,
t tat N1+N2 1 2%int
4NN, sin4g\/ﬁl+ﬁztim
(N,+N,)? 2

- , (3.12)

sz 1 4N1N2

dt tat (Nl +N2)2

in4g\/ﬁl+ﬁztim _ N,
2 t

CaV2

Xs

(3.13)

As in the laser case,'* we have in general a different

threshold condition for each mode. Unless Leav, >>1

cavl7
the threshold for the lower mode will be obviously
higher. Therefore, the lower mode steady-state intensity
N, will be zero near the threshold of the upper mode,
where Eq. (3.12) gets

N

dﬁl 1 . = 1
= Lt Wy

at cavy

(3.14)

which is exactly the semiclassical one-photon-micromaser
equation.® Since the |i )<>|f) transition is semiclassical-
ly frozen below the threshold of oscillation of the lower
mode, our system behaves as the usual one-photon micro-
maser for low pump parameters.

In particular, the threshold for the upper mode is given
by?
1/2

>1. (3.15)

tcavl
t

at

9Egtint

The threshold for the lower mode is obtained in Appen-
dix D when the cavity damping times are equal,

t t t

= = ,
cavl cavz cav

which is assumed from now on. We prove that a steady-
state oscillations in the lower mode (N,70) is reached
only for

0>mw/2 .

Besides, we show in Appendix C that the one-mode
solution

— ICBV —
_ . 2
N,= ; sin g\/Nltim ,

at

N,=0

(3.16a)

(3.16b)

becomes unstable above this threshold. As in the one-
photon micromaser, we have a continuous ‘““‘phase transi-
tion” here: N, grows up continuously from the zero
value at threshold. However, the behavior for larger
values of the pump 6 is quite unusual, because the one-
mode solution given by Egs. (3.16) gets stable again if
—7/25gt; ([ N)V*+2nw<mw/2, n€Z (3.17)

nt

for some integral value of n (see Appendix C), where the
superscript S stands for steady state. In Fig. 5 we show a
one-mode solution at the point where it is getting stable
again for the first time. It corresponds, from Eq. (3.17),
to a Rabi angle given by

3

g‘/—f\f—ltim=7, (3.18)
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GAIN/LOSS

5
VN,
FIG. 5. Semiclassical model of the micromaser with zero de-
tuning (A=0): gain (solid line) and loss (dashed line) contribu-
tions to N, vs V'N, when there is no oscillation in the lower
mode. N, is the mean number of photons in the upper mode.
The parameters are t,, /t, =100, gt;,,=37/20, so that
60=3m/2. One can see two stable solutions of the one-photon
micromaser rate equation [Eq. (3.14)]. The point shown by a
circle corresponds to a stable operation point of the two-photon
micromaser, whereas the one shown by a square corresponds to
an unstable one-mode steady-state solution of the two-photon
micromaser rate equations [Egs. (3.12) and (3.13)]. Note that

the vacuum is always unstable above the threshold of the upper
mode.

and, from Eq. (3.16a), to an intensity given by

AT tcav
Nl = )

tat

(3.19)

which is the maximum possible value. From Egs. (3.15),
(3.18), and (3.19), the pump is, in this case,

37
2

Meanwhile, the other solution of Eq. (3.16a) for this
pump value (shown in Fig. 5) does not get stable, for it
corresponds to a smaller value of the Rabi angle (in the
second quadrant).

More generally, we have a stable one-mode solution
when the pump parameter 6 is found in the intervals

9:

—159+2nﬂ5§, nEZ . (3.20)

2

When 6 < /2, this solution is the only one: we are below
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the lower mode threshold.
As we increase the pump 6, a new stable one-mode
solution shows up at the critical points

0=3w/2,7mw/2,. ..
given by the maximum allowed intensity
Nl =tcav/tat .

However, the oscillation in the lower mode will not cease
at these points. In order to operate the micromaser with
N, =0 when 0 satisfies Eq. (3.20) one must start from an
operating point inside the basin of attraction of the stable
solution given by Eq. (3.16). We summarize these results
in Table I, showing the many different operation regimes
as 0 varies.

From Egs. (3.12) and (3.13) —with 7., =1cay, —We €€

that

N3>N5 ,
and that the equality holds if and only if

g(NS+N3HV%, ,=nm, n€Z, (3.21)
with

— — teav .

NS =N3 =" sin'nw/2)=t,, /t, (3.22)

t

at

if n is odd. If_ n is even, we get just the trivial (and unsta-
ble) solution N, =N, =0.
We have therefore
0

n odd , (3.23)

=nmT

ﬁ b
as the condition for having an equal number of photons
in the two modes at steady state. In this case, the atom is
never found in the intermediate state when leaving the
cavity, so that a genuine two-photon process takes place,
even though the intermediate state is exactly tuned to res-
onance.

In order to get a better physical insight into this situa-
tion, we plot in Fig. 6 the transition probabilities for the
e<>i and e«>f Rabi precessions [Egs. (3.10) and (3.11), re-
spectively] as functions of the Rabi precession angle

0 (N3, N3 =g(NS+N3)"t,., .

We normalize the two amplitudes of oscillation to one.
The odd n values in Eq. (3.21) correspond to the situation

TABLE I. Semiclassical model of the micromaser with zero detuning: summary of the results for
the threshold of oscillation and the stability of the vacuum field. 6 is the generalized pump defined by

Eq. (3.15).

6 0 1 7w/2 37/2 Sw/2 Tm/2
Upper below above threshold

mode threshold n;=0 unstable

Lower below above threshold

mode threshold n,=0 unstable | n,=0 stable | n,=0 unstable |
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FIG. 6. Semiclassical model in the zero-detuning case: Rabi
precessions for the e<»i (solid line) and e« f (dashed line) tran-
sitions as a function of the Rabi angle 8z(N,N,). Note that
the maximum values of the e<«sf precession correspond to a
zero e<>i transition probability.

where the e<>i Rabi vector makes a net complete revolu-
tion (zero transition probability) while the e<»f Rabi vec-
tor just flips down (maximum transition probability).

In Appendix E we show that the steady state given by
Eq. (3.22) is stable: we can achieve a ‘“‘two-photon”
operation regime even with zero detuning. This is a new
and interesting possibility in two-photon micromaser
physics, since in this case the condition of large detuning
is relaxed, opening the possibility of oscillation with a
larger number of photons [see Eq. (2.16)].

These results depend very strongly on the monokinetic
character of the atomic beam. In the limit of a broad ve-
locity distribution, the micromaser becomes identical to a
two-photon nondegenerate laser. Then, the upper mode
intensity is always larger than the lower one, and there
exist at most two stable operating points.'*
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The analysis made in this section has allowed the dis-
cussion of some of the interesting features of the nondeg-
nerate two-photon micromaser: we have evaluated the
oscillation threshold in many different situations, and we
have shown that the system may become multistable.
The operating points can be obtained graphically, as
sketched in Fig. 4. The zero-field point, according to this
semiclassical analysis, is always stable in the large-
detuning limit, but becomes unstable for zero detuning.
Of course, for low photon numbers, quantum effects
should play an important role. They will be discussed in
the next section in the large-detuning limit. In a forth-
coming paper, we plan to discuss the quantum theory in
the resonant case.

IV. QUANTUM THEORY

A. Master equation

It has been shown®> !® that the master equation for the
field density operator p has a simpler form when the in-
coming excited atoms have a Poissonian distribution of
the arrival times— besides, this is the most common ex-
perimental situation. We also assume that, with
t.ay >>tine, gain and dissipation are independent process-

es, since they act on very different time scales. Then, fol-
lowing Refs. 3—-5 and 17, we may write

dp _d
_d€__d§ atomic+Lp ’
gain
where
Lp= 3 21 (zaipaiT_aiTaip—paiTai)
i=1,2 “tcay;

is the usual term associated with cavity dissipation at
zero temperature.

In the Fock-state representation, the gain terms are
given by

1
a =’t‘_f —[1=a(Ny, Ny, tip)a* (M, My, tin ) lon, vysm M,
at

ZPNINZ;MIMZ atomic
gain

T (N, Ny tig ) (M, M, Ly, PN~ 1Ny~ M, —1,M, 1

+b (N, Ny, tin )b * (M, M, tin PN 1,8, m, 1,1, ) >

where

PN v, = NN pIM M)

and a,b, and c are the coefficients defined by Egs. (2.11)~(2.13) and (A4). The diagonal elements py v,y v, cOnstitute

the photon-number probability distribution:
PN NN N, =y N, z0.

From Eq. (4.1), the master equation for HNINZ is
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Iy y,= ——tl—{[|buv1 1, N, i) 2 1€ (N 1N, + 1,235y

at

=B (N, Ny, 1) My —y n, = e (N, No, t30)PTly —y y, 1}

N,+1

—II
" N +1N,
cavl

+
t t

cavl CaV2

N N
- HN1N2+

Although it is not possible to find a simple analytical
form for the steady-state solution of Eq. (4.2), one may
still get some useful results from this equation. Thus, we
will analyze the phenomenon of spontaneous self-starting
in Sec. IV B, while in Sec. IV C we obtain analytical re-
sults concerning the fluctuations in the difference of in-
tensities of the two modes. In Sec. IVD we discuss the
numerical solution of Eq. (4.2).

B. Spontaneous self-starting

As seen in Sec. III, in the two-photon micromaser the
vacuum is classically stable in the limit of large detuning,
meaning that it would be necessary for a triggering field
in order to start maser action, even if one is above the os-
cillation threshold. Of course, in the low-intensity re-
gion, the classical approximation should be a poor one,
and one expects quantum effects to play an important
role. Indeed, as we will show in Sec. IV D, fluctuations
associated with spontaneous emission render the vacuum
state metastable, so that the maser actually starts oscillat-
ing after some time, even without a triggering field.
Furthermore, as we show here, the vacuum may even be-
come unstable, above a critical value of the pumping, im-
plying a very fast start of the oscillation in a time of the
order of t,,. In analogy with the degenerate case,” we
say that the vacuum becomes unstable when the steady-
state photon-number probability distribution ceases to
have a local maximum at the origin (N;=N,=0). One
must have therefore Iy, <II,, or Il at steady state.

The precise conditions for this to happen may be found
from the master equation (4.2), with N, =N, =0:

flg= — == [15(1,0, 101>+ e (1,1, 200121 Mgg

at

I I
04, o 4.3)
t t

cavl cav2

For simplicity, we analyze this equation in the case of
equal damping times, Leav, =teav, = Lcavs equal couplings,
Q,,=Q,,=g, and in the limit of large detuning. In this
limit, the master equation becomes symmetric upon inter-
change of N, and N,, and the steady-state probability

distribution satisfies

03 v, =X w, 4.4)
so that the instability condition becomes
5o M =115, , (4.5)

where the superscript S stands as before for ‘“steady-

5081
N,+1
My ny+1 - (4.2)
cavz
[
state.” From Egs. (4.3) and (4.5), we get
1 2
—[156(1,0,£;,,) 12+ |c(1,1,£,,)]?]> , (4.6)
at cav

which has a simple physical interpretation: the vacuum
becomes unstable when the total rate of spontaneous
emission into the two modes, represented by the left-hand
side of Eq. (4.6), gets larger than the total dissipation
rate.

Typical experimental values? imply a small two-photon
spontaneous emission Rabi angle g2t;,, /A <<1, so that
Eq. (4.6) may be approximated by

?1— (4(g /A sin2(At, /2)

at

2

+(g2t,, /AP+0[(g2t,,, /A)*]} > .7

cav

Furthermore, since typically gt; =10, the first term on
the left-hand side of Eq. (4.7)—which comes from the
one-photon correction to the two-photon transition—is
approximately 10~ 2 smaller than the second term. Thus,
from (3.5), we finally get the condition

o> Ll 4.8)

2 tat

for the vacuum to become unstable (spontaneous self-
starting). Equation (4.8) has a form similar to the one for
the degenerate micromaser, except for the fact that the
pumping should be approximately two times larger here,
as in the comparison between the thresholds in the degen-
erate and nondegenerate cases of Sec. III. When the con-
dition of large gt;, is not met, the first term on the left-
hand side of Eq. (4.7), associated with the one-photon
cascade process, can, in principle, change the stability of
the origin. Then, larger values of @ would be necessary in
order to reach the threshold condition.

Finally, we note that the real (quantum) threshold of
the system is somewhere in between the classical condi-
tion (3.9) and the instability threshold [Eq. (4.8)]. As the
pumping decreases from the limit value given by Eq. (4.8)
in the direction of the quantum threshold, the self-
starting time grows exponentially with ¢, /¢, (cf. Ref.
5). The vacuum becomes stable as t,, /t,,— %, which
corresponds to the semiclassical limit.

C. Quantum fluctuations

As we noted in the introduction, the nondegenerate mi-
cromaser is a very interesting system in the limit of large
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detuning because the gain process feeds the field intensi-
ties of both modes without introducing noise in their
difference. More precisely, we start from the master
equation (4.2) in the limit

J

P. A. MAIA NETO, L. DAVIDOVICH, AND J. M. RAIMOND

A*>>Q% N, Q4N, ,

where the “one-photon” contribution bb* goes to zero
(see Sec. IT). Then we get

Iy v, =—GWN+LN,+ DIy x +G (N, NIy 1y

N, 2 (Nl+1)nN1+l,N2 (N2+1)HN1,N2+1
t Y2 g 172 t t
cav] cavz cavl cav2
where
G(N,Ny)=c (N, Ny tin )e* (N1, Ny, i) /15
is the two-photon gain rate. From Eq. (4.9), we get
i(Nl_N2>=“ 2 (Nl_Nz)G(N1+1,N2+1)HN]N2+ 2 (Nl_NZ)G(NI’NZ)HN]—I,NZ—X
dt NlNZ NlNZ
N, N, (N, +1) (N,+1)
T 2NNy | = |+ NN, N+, Ty oy
Nl N2 cav, cav, cav, cav,
and
"%((Nl—Nz)2>=— 2 (Nl"Nz)ZG(Nl‘*“l:Nz"‘l)HN,NZ"' 2 (Nl——NZ)ZG(NI’NZ)HN'—I,NZvI
NINZ NlNZ
) N, N, (N,+1) (N,+1)
+ X (Ny—=N,)* | — t—+t— HNINZ — Uy 4w, _t——an,N2+1
Nl N2 cav, cav, cav, cav,
[
In both equations the gain terms cancel out, and then (N,+N,)
((N,=N})=——F7F". (4.13)
d (N> (Ny) 2
—(N;—N,)=————+—"—, (4.10) .
dt cav, cav, On the other hand, for a classical field distribution, we

which is hardly a surprising result. On the other hand,

(N}) N (N,)
t t

cav,
_ Z(Nl(Nl_Nz))
t

cavl
2{N,(N,—N,))
+ 2[1 2

cav,

d
—d_t<(Nl_N2)2>:

cavz

, (4.11)

which shows that all the noise in the difference of intensi-
ties comes from cavity dissipation, which removes pho-
tons from the beams randomly, acting independently for
each mode.
From now on, we explore the particular case
t =t (4.12)

cav, tcavz cav

which exhibits in a simple way the nonclassical features
of the nondegenerate micromaser. At steady state, we get
from Egs. (4.10)-(4.12)

(N;)=(N,)

and

must have!®
((N;=N,)*)—(N,—N,)2>(N,+N,) .

Therefore, we have a squeezing factor of 50% for the in-
tracavity field. The important point here is that this re-
sult is explicitly independent of the gain process, so that
we have a general result that applies equally well to all
kinds of two-photon nondegenerate oscillators, as for in-
stance the two-photon laser. Violations of classical ine-
qualities were also sought by Zubairy for a two-photon
laser far above threshold.!® For the correlation functions
considered by him, only small effects could be found. We
see now that the squeezing in the difference of intensities
may reach 50%, at steady state, either above or below the
threshold.

D. Numerical results

Since we cannot obtain a simple analytical expression
for the steady-state density operator (because of the
higher dimensionality of the problem), the numerical ap-
proach becomes indispensable. We present here the time
evolution of the diagonal elements of the density operator
in three different regimes: (i) below the threshold of oscil-
lation, (ii) above the threshold of oscillation, but below
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the self-starting threshold, and (iii) above the self-starting
threshold. We use numerical values typical of the degen-
erate micromaser.*

t =0.4 ms ,

=t
cav, cav,

Q,=7.3X10°s"",

Q,=7.5X10°s"", (4.14)
A _39x100571,
2T

i =2.5X107°%s .
Then

Q% Q%

A2’ A?
and since the larger values of N;, N, are at least of the
order of ¢, /t,,, we have, for typical values of ¢,

~10773,

N,,N,s100,

Qgi = lef = —3

A&Z [Vl,_QKE_ZVé :S 10 .

Therefore, we are in the large-detuning limit, and the
master equation is (4.9) with Leav, = Leav, The different re-

gimes are defined by the different values of the pumping
tl
(i) t;'=10° s~!. From Eq. (3.9) we see that we are

above the classical threshold, since

T2 7xi0ts,
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FIG. 7. Steady-state photon distribution in the limit of large
detuning below the threshold of oscillation. The graph corre-
sponds to a=1,1 and t,,= 10" s [see Egs. (3.5) and (4.14)].
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but Fig. 7 shows that we have no oscillation: the steady
state is concentrated around the origin. We conclude
that the real threshold condition is higher than the classi-
cal one.

(ii) £ ;' =10%s~!. Then t,, >>t,, which seems to con-
tradict our basic hypothesis of one-atom interaction.
However, since the dynamics depends on ¢, only through
teay/ta [see Eq. (4.2)], we can associated with this case a
larger ¢ ,, and a smaller ¢!, with

teay /1 =400

fixed, and t,, R t;,,. Of course, the time scale of the evolu-
tion would be completely changed.

Figure 8 shows the time evolution of the field probabil-
ity distribution. We see that the starting time is finite,
and of the order of 5¢_,,, which means that the vacuum
state is metastable. Figure 9 shows the steady state from
different angles. The symmetry N,«>N, is particularly
evident in Fig. 9(b).

From Fig. 8, one sees that the variance {(N;—N,))?
starts to increase at t =~¢_,,. Before that time, dissipation
does not affect the field very much and the distribution is
very concentrated around N;=N,. At tXt,,, dissipa-
tion becomes important, and the fluctuation grows up,
confirming our previous discussion about the role of dissi-
pation, which randomly removes photons from both
modes. In order to clarify this point, we plot in Fig. 10
the variance ((N,—N,)?) against time. The sudden in-
crease of the fluctuations at t=¢_, becomes quite ap-
parent.

Finally, we note that the steady-state averages
(N,;),{N,) are in good agreement with the classical
ones, which are the roots of [cf. Egs. (3.6) and (3.7), with
Loy =t and the values given by Eq. (4.14)]

cav, = Leav,>
(N,;)={(N,)=400sin*(5.6 X 10"%(N,)),
given by
(N,)=(N,)=50.

(iii) ¢,;' =3X10° s™!. Figure 11 displays the distribu-
tion at t =1 ms (not yet the steady state), showing the
quantum counterpart of the classical multistability. As
the pumping rate goes up, the distribution is gradually re-
moved from the first classical stable state, reminiscent of
the one shown in Fig. 9, and peaks around the next classi-
cal solution: this is a diffusion process well known from
the quantum theory of the degenerate micromaser. Now,
the starting time is less than 7_,,: the vacuum state be-
comes unstable. Indeed, the inequality (4.8) predicts that
this would happen when

1 1.4X10%s71 .

at

Therefore, we see that the numerical results in both re-
gimes II and III agree well with our analytical work.
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V. CONCLUSION

The main novelty of the nondegenerate two-photon mi-
cromaser, with respect to the degenerate one, is the
strong correlation between the two modes, which may
produce a 50% squeezing in the difference of intensities
at steady state. Furthermore, the numerical integration
of the master equation shows that, for small times
(t <<t ), the variance of the difference of intensities
may be even smaller.

The semiclassical analysis led, on the other hand, to
some other new features of the nondegenerate device,
which are related to the threshold conditions for the two
modes. Our treatment is based on a three-level model,
and allows one to go continuously from the situation
where the intermediate state is highly detuned to the res-
onant case. We have shown that, even in this case, it is

still possible to have a genuine two-photon transition: for
some values of the photon numbers, the intermediate
state remains unpopulated.

In order to analyze the building up of the maser oscil-
lation, one needs to take into account the quantum fluc-
tuations. Starting from a three-level model, we get a
master equation valid for any detuning. Therefore, it is
possible to understand exactly how the two-photon tran-
sition regime is attained when the detuning is much
larger than the two-photon Rabi frequency. We get the
same result we would obtain through the effective two-
level Hamiltonian approach of Refs. 4 and 5, which takes
into account the Stark shifts of the upper and lower lev-
els. This is in contrast with some recent results in the
literature, showing that for two-photon Iasers the
effective Hamiltonian approach fails even in the region
of large detunings.!>»!* Due to spontaneous decay, the in-

Tl
i

FIG. 8. Time evolution of the photon number distribution in the limit of large detuning above the threshold of oscillation. The
parameters are a=11 and z,,=10"%s. At ¢ =0, the distribution is centered at the origin. We show the distribution at (a) t =0.25¢,,,
(b) t =0.75t,y, (c) t=1.5¢,,, and (d) t =5¢,,. Note that the distribution broadens for ¢ > ¢,,, as we expected.
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—

N,

N

FIG. 9. Steady-state photon number distribution in the limit
of large detuning above the threshold of oscillation, with the
same parameters of Fig. 8. In (a), one sees the graph from the

same angle of Fig. 8, whereas in (b) we plot the curve of NN,

constant in the N; X N, plane, showing the N,<>N, symmetry.

35
(\‘/\
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0]
0.0 2.5
TIME
FIG. 10. Initial time evolution of the variance of the

difference of intensities {(N;—N,)?). Time is expressed in
units of z.,. All the parameters are equal to those of Figs. 8
and 9. Note that the fluctuations begin to grow up for ¢ 2 ¢, .
For t — 0, as expected, (N, —N,)*) —({N, )+ (N, ))/2=42.

FIG. 11. Photon distribution in the limit of large detuning
well above the threshold of oscillation, displaying the quantum
counterpart of the classical multistability. The graph corre-
sponds to ¢ =2.5¢t.,,, with a=33. 1,,=1X107°s. The system
is not yet in the steady state.

termediate level enlarges the laser linewidth by a factor of
2.

In our model, however, there is no spontaneous decay
of the atomic levels. Then, the condition of small decay
rate compared to the two-photon Rabi frequency—
which, as the large detuning condition, should be
satisfied in order to eliminate the intermediate level —
holds automatically here. (We are grateful to Dr. S. Y.
Zhu for discussions regarding this point.) Nevertheless,
there remains the question: To what extent does the
zero-decay approximation correspond to the real experi-
mental conditions? Concerning this point, we note that
in the degenerate micromaser experiment? the atomic lev-
els had very large lifetimes, the one associated with the
intermediate level being the largest one. Therefore, we
can expect the consequences of the nonzero decays to be
unimportant.

To conclude we should mention that the 50% squeez-
ing [Eq. (4.14)] is a quite general result, valid whenever
there is a true two-photon gain process—where the relay
levels are not populated. A general discussion of this
point is planned to be published elsewhere.

APPENDIX A: THE THREE-LEVEL- ATOM PROBLEM

We solve the Schrodinger equation

iﬁg%tL)zﬁintl¢) ’
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where

H, =#Q,e “a,le)

X (i +#%Q, e"a,]i Y f ) +H.c. (A1)

for the three-level atom interacting with two modes of
the electromagnetic field. The state |/) can be written as

iia(Nl,Nz,t)=Qe,.b(Nl+1,N2,m/N1+1e*“>‘ ,

at

3 _
i BNy +1,N,1)=0

i%c(N1+1,Nz+1,t)=Q

The Laplace transforms of these equations, with the ini-

tial conditions @ (0)=1, b (0)=c (0)=0 are
i[za(z)—1]=Q,V'N,+1b(z +iA) ,
izb(2)=Q;V/'N, +1e(z —iA)+ QN + la(z —iA) ,

ize(z)=Q ,-f\/Nz-f-lb(z +iA) .

Solving for the Laplace transformed amplitudes @, b, and
C, we get

a=1_ Q%L(N,+1) ’
‘ zz+—l§—iﬂ z+£2é+iﬂ
b(z)= —iQ, VN, +1 i (A3)
z-—izé—iﬂ z—izA—+iQ
(2= —Q, VN, +1Q,V'N,+1 ’
z z+%‘~—iﬂy z+£§A—+iQ
where

Q=(Q%(N, + D+ Q% (N, +1)+A2/4)! /2

The inverse Laplace transforms of Egs. (A3) yield, finally,
Egs. (2.11) and (2.12), as well as the corresponding equa-
tion for a (N, N,,t), which should of course satisfy

la(N{,N,,t)|>?=1—|b(N,+1,N,,t)|?

_|C(NI+I’N2+1’t)|2

APPENDIX B: STABILITY ANALYSIS
IN THE SEMICLASSICAL THEORY

We consider here the semiclassical theory in the more
general situation in which Q,7Q,,. We write the semi-
classical equations for the new variables

i ¢(Ny+1L,N,+ 1,0V N, +1e'8+Q,a(N,,N,, 1)V N, +1e™
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|¢) :a(Nl,Nz,t)'e,Nl,N2>
+b(N{+1,N,,t)|li,N,+1,N,)
+c(N,+1,N,+1,)|f,N,+1,N,+1) ,

so that Eq. (A1) yields

(A2)

b (N +1,N,, 1)/ Ny+1e 80

[

2
Nl el at _ NZQiftat

1= ¢ ’ 27 ¢ »

cavl cavl
and we define

tcavl tint
t

A ’

at

so that the equations corresponding to (3.3) are written in
the following way:

a6 _ &
dt oy
1
Qz §1§2
+ —cosB(&,+&,)],
(§1+§2)2[ sB(§,+6,)]
(B1)
a6 _ &
dt ey
2
Q% 2
G 2 286 s )]

feav, (£1+6,)
The steady-state values £; and £5 must obey the relation
[cf. Eq. (3.6)]
g _ &8
Qrzftcavz

= (B2)

[4] CaV

We linearize now Egs. (B1) around &3, £5. We set
§i=El+eMAg), §,=&+eMAL,,

and we expand Eq. (B1) in a Taylor series, neglecting
quadratic terms in A&, and A&,. We thus get a homo-
geneous system of linear equations in A§; and A&, which

has nontrivial solutions only if A satisfies
A*+bA+c=0 (B3)

where



43 THEORY OF THE NONDEGENERATE TWO-PHOTON MICROMASER

. ha B
‘()ezzitca\vl +'Q‘12ftcav2 '
(B4)
c= —1.__.( 1—f,
tcavltcavz

and f’ is the slope of the gain function [restricted by con-
dition (B2)] at the steady-state value.

If both roots of Eq. (B3) are negative, or have negative
real parts, the steady-state values are stable. From Eqgs.
(B4), one trivially concludes that the stability can be dis-
cussed by the simple analysis of the gain-dissipation
graphic restricted to condition (B2), as shown in Fig. 4.
When the roots of (B3) are complex, we have an oscillato-
ry approach to steady state. From Egs. (B3) and (B4),
this happens when

2

2 2
bi—dc= ety
Qgitcavl +ngftcav2
X[f?*4+(K —4)f'—(K —4)] <0, (BS)
where
4( Qgitcavl +Q?ftcav2 )2
K=oyt : (B6)
(Qei +‘Q’if) tcavltcavz

The inequality (B5) can be satisfied for some value of f’
only if

K >4,

which, from Eq. (B6), is equivalent to the pair of condi-
tions

tcavlitcavz
and
Q 4
N S .
Q, t,

where ¢, (¢ _) is the largest (smallest) damping time and

Q, (@, ) the corresponding coupling time (2, =Q,,
> < cavl

Q,  =Q).

cav.
2

APPENDIX C: STABILITY
OF THE SEMICLASSICAL SOLUTIONS
WITH N, =0 AND ZERO DETUNING

Here we discuss the stability of the ‘“one-mode”
steady-state solutions

J— t v —
Nl: tca Sir12(g\/]vltint) »

at

_ (1
N,=0

of Egs. (3.12) and (3.13). As in the large-detuning case,
we change to the variables
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N =12
ni—tcav/tat, o )
Then Egs. (3.12) and (3.13) may be written as follows:
dn, ny, —_—
ar = mmnze\/l’ll +n,
4nn, 0 ——
— —sin*>V'n,+n,—n, , (C2)
(n,+n,)? 2 e
dn 4n.,n 6v'n,+n
22 sint 2 —n,, (C3)
dt (n,+n,) 2

where 0 is the “pump parameter,” defined in Eq. (3.15).
From Eq. (C1) we get for the one-mode steady-state in-
tensity 7

79 =sin0(79)!/2 . (C4)

From now on, we follow the procedure of Appendix B,
linearizing Egs. (C2) and (C3) around the point (79,0),
given by Eq. (C4). We define the parameter A through

n,=n"+e*An,, n,=e™An, . (C5)

Expanding Egs. (C2) and (C3) up to first order in An, and
An,, we get a system of linear equations that has non-
trivial solutions for the following values of A:

————sin20(79)'*— 1, (C6)
n

xz=tg2§(ﬁ?)“2—1 . )

Since we are only considering solutions of Eq. (C4) which
correspond to stable one-photon micromaser stationary
states, the A, eigenvalue is always negative:

A <0. (C8)

If A, is also negative, the one-mode solution is stable, oth-
erwise it is unstable. Thus, from (C7), we arrive at the
desired result: the one-mode solution is stable if and only
if the Rabi angle is in the first or fourth quadrants:

—7 /220w +2kn<w/2; KEZ . (C9)

APPENDIX D: SEMICLASSICAL THRESHOLD
OF OSCILLATION FOR THE LOWER MODE,
WITH ZERO DETUNING

Here we obtain the threshold of oscillation for the
lower mode, when A=0. In Appendix C we saw that the
one-mode solution (N, =0) becomes unstable when

0>m/2, (D1)

although it gets stable again for larger values of 6.
Therefore, the critical value of 6 fixing the threshold 8, is

at best equal to 7/2. Now we prove that there is no
steady-state solution of Eqgs. (3.12) and (3.13) with N,70
when

0=<w/2,
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so that the critical value is
0.=m/2 .

First, we demonstrate two useful inequalities. Since
each atom can emit at best one photon in the average, we
get

P S
tcav tat
and then
N.
n=——-—<1, i=1,2. (D2)
tcav/tat

From Egs. (3.12) and (3.13) we get the equations for the
steady-state intensities 7, and 7,:

ny —_—
n, —nzzf—smzel/ﬁl‘l‘ﬁz ,
n,+n,

(D3)

4ﬁ1ﬁ2 46
f,=————sin*>V'7, +7, .
2@ m,2 20 T

(D4)

If 77,70, we get from Eq. (D4)

.40 T

40 S

’71+’72_4sm 2\/n1+n2 s)
i i+, ’

and from Egs. (D3) and (D5)
, 0V 7+, _

2 ny—n,

g >1.

Therefore, we find that the Rabi angle
0R 26’\/’71 +ﬁ2 :g\/ﬁl +N2tint
must lie in the second or third quadrants:

§<9R+2kﬂ<37”, kez (D6)
when N,7#0 (compare with the result in Appendix C
about the stability of N, =0). Rewriting again Eq. (D4),

we get, if 77,70,

(7, +7, )2=4ﬁ1sin4§\/ﬁ1 +7, . (D7)

We look for a solution of Eq. (D7) with 6 < /2 compati-
ble with the above inequalities. In particular, we want

<1, (D8)
0V'n tn,>m/2 . (D9)
Equation (D9) implies that
Vi, tn,>1. (D10)

In Fig. 12 we plot the functions

f(\/n1+n2)=(\/n1+n2)4

and

P. A. MAIA NETO, L. DAVIDOVICH, AND J. M. RAIMOND 43
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0 \/m+n !

FIG. 12. Semiclassical model of the micromaser with zero
detuning: threshold of oscillation of the lower mode. We plot
the functions f(V'n,+n,;)=(n,+n,)* (solid line) and
g(V'n,+n,)=4n,5inY60/2V'n,+n,) (dashed line), where n,
and n, are the normalized mean intensities of the upper and
lower modes, respectively, and 6 is the pump parameter, defined
by Eq. (3.15). 6=1.52 and n,=1. Note that there is no inter-
section for V'n,+n,> 1, fixing the threshold at 6=m/2 (see
text).

g(V'n,+n,)=4n,sin* g\/nl +n,

>

with 8 <1 /2. The roots of Eq. (D7) correspond to the in-
tersections of the curves shown in Fig. 12. We see that if
n, =1 [Eq. (D8)], the unique interaction occurs at a value
of v/n,+n, less than unity, violating Eq. (D10), because

4

g(1)=4nsin <1=£(1)

and due to the much stronger increasing of the function
f. Therefore, there is no solution of Eq. (D7) which
simultaneously satisfies the inequalities (D8) and (D9)
when 6 < /2, thus demonstrating our result.

APPENDIX E: PROOF OF THE STABILITY
OF THE SEMICLASSICAL STATE
WITH N, =N,, ZERO DETUNING

Here we show that the steady state with intensities
given by

N1:N2=tcav/tat ’ (E1)

at 9=n'rr/\/§, n odd, is stable. Following the same pro-
cedure of Appendixes B and C, we use the usual renor-
malized variables

Ni

n; ’
! tcav /tat

i=1,2 (E2)

and linearize the zero-detuning equations (C2) and (C3)
around the point

AY=mnd=1. (E3)
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We define the small deviations An, and An, through the
equations

ny=1+e*An,, n,=1+eMAn, . (E4)

Since the gain is stationary under small deviations from
the steady state given by Eq. (E3), we get very simple
equations for An; and An,—where the unique contribu-
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tion comes from the cavity dissipation—when we expand
Egs. (C2) and (C3) around the point given by Eq. (E3):

AAn,=—An,, AAn,=—An, ,

and thus A=—1, implying the stability of the steady
state.
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