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Symmetric (homonuclear) charge transfer between completely stripped projectiles and hydrogen-
like atoms is studied by means of the second-order Born approximation (CB2) with the correct
boundary conditions. Along the integration path, the transition amplitude Tgsz exhibits so-called
movable singularities, such as branch points and poles. A powerful method is presented which
demonstrates that these singularities are integrable, not only for the resulting cross sections, but
also for every individual matrix element. The resulting algorithm is very efficient, since the exact
differential cross sections of the CB2 method are readily obtained through only two-dimensional nu-
merical quadratures. The present theory is applied to symmetric resonant charge exchange in
H* +H(1s)—H(ls)+H™ collisions at several impact energies, and the results are found to be in sa-
tisfactory agreement with the experimental data of Martin et al. [Phys. Rev. A 23, 3357 (1981)] and
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Vogt et al. [Phys. Rev. Lett. 57, 2256 (1986)].

I. INTRODUCTION

After a long-standing controversy, it has recently been
shown! " !! that the first-order perturbation theories of
charge exchange are adequate for the total cross sections
at intermediate and moderately high impact energies.
This important conclusion holds true only if the correct
boundary conditions'>!3 of the three-body problem are
preserved, and provided that the incident energy is not
favorable for the Thomas double scattering. Except at
very high energies, where the double scattering of the
electron with each of the two Coulomb centers becomes
increasingly significant, the total cross sections are
predominantly determined by an extremely narrow cone
in the forward direction. A single-collision mechanism,
which represents the sole basis of the first-order theories,
proves sufficient for an adequate description of the angu-
lar distributions near the forward direction. Away from
a narrow forward cone, however, the first order (CB1) of
the perturbation Born series with the correct boundary
conditions ceases to yield accurate differential cross sec-
tions.> This is due to strong cancellation of the contribu-
tions which come from the two parts of the perturbation
potential with the opposite signs. As a result of this can-
cellation, an unphysical and experimentally unobserved
dip appears at intermediate scattering angles for any im-
pact energy.

Due to the above deficiency of the CB1 approach, it is
necessary to compute the differential cross sections
through at least the second order (CB2) of the perturba-
tion Born series with the correct boundary condi-
tions.!*~17 Indeed, as recently shown by Belki¢,'*! in
the case of the reaction HY +H(1s)—H(1s)+H™, the
dip is removed from the angular distributions of projec-
tiles at E =60 keV, by performing the exact numerical
computations within the CB2 approximation. These
findings have subsequently been confirmed by Decker and
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Eicher,'® who also extended the CB2 theory to the asym-
metric case. Naturally, the second-order theories become
indispensible for both the differential and total cross sec-
tions at sufficiently high energies for which the Thomas
double scattering dominates the single-collision mecha-
nism. For these reasons, it is of considerable importance
to devise a powerful and expedient method for exhaustive
exact numerical computations by means of the CB2 ap-
proximation. This is particularly demanding, in view of
the troublesome movable singularities in repeated in-
tegrals. Specifically, the branch-point singularities of the
free-particle Green’s function represent the major
difficulty for direct multiple numerical quadratures.!®~?!
Therefore, an alternative algorithm is sought, which
would successfully eliminate these singularities before the
transition amplitude of the CB2 approximation is subject-
ed to the numerical quadratures. Such a procedure is
devised and implemented in the present paper. Atomic
units will be used throughout unless otherwise stated.

II. THEORY

Charge exchange between completely stripped projec-
tiles and hydrogenlike atoms is customarily symbolized
as follows:

Zpt(Zy,e);—(Zp,e)+Zy, (2.1)

where Z (K =P,T) is the charge of the Kth nucleus and
k (k =i,f) is the usual triple of the quantum numbers,
i.e., k=n;lm;. In the present paper, we shall restrict
analysis to the symmetric (homonuclear) collisions of re-
action (2.1), in which case Zp=Z. Let us first introduce

the Fourier transform f(q) by
Fl@=@m 2 [dr f(r)expliqr) 2.2)

and define, for our later purpose, several important quan-
tities, such as the binding energy defect AE, as well as the
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reduced momentum transfers a and B, i.e.,

2
T P _ 1| “% . -
AE—*E[ —Ef, Ek—'—g Z (k——l,f, K——T,P)
(2.3a)
a=n+a,y, B=—n+B,9; nv=0 (2.3b)
v , AE v AE
=yt BTy T @.3¢)

Here v is the incident velocity and 7 is the transverse
momentum transfer,

nzn(cosqan,sinzpn,O) . (2.3d)

In the CB2 approximation,'*™!® the transition amplitude
for the symmetric case of reaction (2.1) is given by the
following eikonal expression:

TP =T3P +5 (2.4a)
=(@,|V/[®,)+S; (2.4b)
=( D, |V/|®,) +{( D/ |V;GLV/|D,), (240

where G, is the eikonal Green’s function for the three
noninteracting (free) particles,

1
E,-T+%V§T+(k,~+ivri)-v+ie

G, = , €0+ . (2.5

Quantities ®; and @, represent the usual unperturbed in-
itial and final channel states, which are given by the prod-
ucts of the plane waves for the relative motion of the
heavy particles and the discrete hydrogenlike wave func-
tions:

P, =g, (rp)explik; 1;) ,
(2.5b)
D =@ (rplexp(—ik, /),
where ryx is the relative vector of the electron with
respect to the Kth nucleus, k; and k are the initial and
final wave vectors. The relative vector of nucleus Zp
|

with Vg =V (rg), Wi =Wg(R),

1AV, Vp)=2m) [ [dpdqp 3(p—a)E LV (—q)Ve(p)pi(a+B)

1AV, Wp)=2m)° [ [dpda@ Hp—a)E; P (—a)Wp(—p)p(q+B+D) ,

I AW, Vp)=2m) [ [dpdq@ fp—a+QE, Wi —q)V(p)p,(q+B) ,
IAWr, Wp)=(27r)6f fdpdq@}(p—a-&-q)E;;WT(—q)WP(—p)@,—(q%—ﬁ—!—p) ,

where
—2lp—a+ql’*+€), €=Z—2qv—ie
Epa™ —2(lq+B+pl*+e}), e=Zi+2p-v—ie

and a2+(Zp/nf)2=ﬁ2+(ZT/ni )2.
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with respect to the center of mass of the system (Z,e);
is denoted by r;. An analogous vector r is introduced in
the exit channel of reaction (2.1) for relating the nucleus
Z 1 to the center of mass of the newly formed hydrogen-
like atom (Zp,e),. Perturbations V; and ¥ in the en-
trance and exit channel are defined by

V/=Vp(rp)—=Vp(R), V;=Vy(ry)—Vy(R), (2.5)

where Vg (r)=—2Zg/r, with R being the internuclear
distance.

We presently adopt the “prior” version of the transi-
tion amplitudes in Egs. (2.4a)—(2.4c). The same results,
however, would be obtained by using the “post” formula-
tion, since the CB2 approximation does not exhibit the
so-called “post-prior” discrepancy. The term TSB‘ in
Egs. (2.4a)-(2.4c) represents the contribution from the
first Born (CB1) method with the correct boundary condi-
tions! ™12
z 2
TSP = (21" -% g+ |22 | | x—ap,®

i

+ [dp g 2 p—a)Wp(—p)g;(p+B)

’

(2.6)

where @,(q) and @,(q) are, respectively, the initial- and
final-state hydrogenlike wave functions in momentum
space and Wy (q) is the Fourier transform of the poten-
tial:

ZK

2.7
R (2.7)
The remaining part S;, of the transition amplitude T3>

is seen from Egs. (2.4b) and (2.4¢) to contain four matrix
elements, i.e.,

Slletf(VT’VP)_‘_[Ilj(VT’WP)+Ilf(WT’VP)
L Wr, Wp)l,
with Vi =Vi(rg), Wg=Wg(R),

(2.8)

(2.9a)
(2.9b)
(2.9¢)
(2.9d)

(2.10a)
(2.10b)

In the following, for the purpose of illustration, we shall outline the method of calculation of the resonant transition,
involving only the initial and final ground states, i.e., i = f =1s. In such a case, integrals (2.6) and (2.9a) and (2.9b) sim-

plify as follows:
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TP =64m(ZpZs ) | — N+ 2Z3) " HB+Z3) !~ fdpp“2(|p al*+z3H) U|p+BI*+z3)7 |, (2.11)
LAV, Ve)=—3UZpZ ) HZrZp) IV, Vp) (2.12a)
LAV, Wp)=+3UZpZy )" ZyZp)(Vi, Wp) , (2.12b)
LAW, Vp)=+32ZpZ )M Z1Zp) (W, V) , (2.120)
LAW, Wp)=—3UZpZ1 )" ZrZp)[(Wp,Wp) , (2.12d)
with Zy =Z and
LAV, Vp)= ff 9 ((lp—al?+Z3)(q+B1+2H)] 245, (2.13a)
I VT,WP)=ff—"2—}[(lp—a;2+z;)(|q+3+p|2+z% 1724, (2.13b)
pq
dpd -
1AWy, VP)=ff—u2q2 [(lp—a+ql?+Z3)|q+B*+23)1 724, , (2.13c)
IAWp, Wp)= ff—? [([p—a+ql>+Z3)(|q+B+pl*+23)]1724, ), (2.13d)
[
where 4, = E quently rewrite Eq. (2.13a) as follows:
The equahty ZP ZT is understood throughout, since
we are considering the symmetric version of reaction  I(Vp,Vp)= 3 ffdp dq[lq+Bl*g*+b?)
(2.1). In other words Egs. (2.11), (2.12a)—(2.12d), and
(2.13a)—(2.13d) do not apply to heteronuclear collisions X (p2+y? )Dp,q]*1 , (3.1)
(Zp#Zy) within the CB2 approximation. The only . _ _
reason for treating the labels Z, and Z; as if they were where a=Zp, b=Zy(a=b), and
different from each other is that the above formulas also  p —(|p+8+q|2+a2)?|p+q—V|?, (3.2a)
supply the transition amplitudes TJSl and JSZ of the q p+B+q P
first?»23- and second?'-order Jackson Schiff approxlma- y*=a’+2(q+B)-v—ie (Rey>0, e—0+). (3.2b)

tion. This is done by merely setting Zp=Z;=ZpZ, for
both the symmetric and asymmetric case of process (2.1).
Unlike the present theory, however, the Jackson-Schiff
approximation in any order of the perturbation expansion
exhibits the incorrect boundary conditions for Z, =Z or
Zp+Z, with the only exception concerning the H"-H
charge exchange. It is only in this latter case
(Zp=Zr=1) that the CBn and JSn (n=1,2,3,...)
methods are coincidently identical to each other. It is
now well estalished! ™!! that the JSI approximation is
inadequate, because of the incorrect boundary conditions
for every case but Z,=Z=1. Hence, pursuit using the
Jackson-Schiff-Born series is not justified. In particular,
we do not expect that the JS2 theory would yield quanti-
tatively acceptable results for any collision but H*-H
charge transfer. Nevertheless, it would be interesting to
see whether the difference between the JS2 and CB2 ap-
proximations is smaller than in the comparison of the JS1
with the CB1 model. The symmetric case (Zp=Z71)
of reaction (2.1) is particularly convenient for comparison
between the JS2 and CB2 methods, since the same pro-
gram can be used by appropriately specifying the param-
eter Zy as being equal to ZpZ or to Zg(K=P,T).

III. CALCULATION OF THE INTEGRAL I(Vy,Vp)

We shall first change variables in the integral I(Vy,Vp)
according to p'=p+q—a and q'=—q—f, and subse-

For a convenient representation of the quantity 1/D o,
we shall employ the following identity:

A—n'—lB—m—l
=it L [ a4+ T, ()
n'm:

which can readily be obtained from the integral form of
the Gauss hypergeometric function ,F (see ref. 24):

T(c)
Fila,b,c;1—x)= ————————F(a) T 3
X [ Tdr et 1+ (1 +x0) 7"
0
(3.4)
Hence,
Dyg=2[ "dred(lp+QPP+a%" (3.5)
where t,=1/(1+¢) and
Q=q+(B—vt)t,, A’=t3[a’t+a*(1+1)]. (3.6

Inserting (3.5) into Eq. (3.1) and carrying out the integra-

tion over p, we obtain
IV, Vp)= f0°°dt 13K, 3.7

with



4754

-1 ~2f(q)= L
FHo=— [dala+BI?f(@=— [dag(a), (3.8)
F@=(g*+b) LA '+ (y+A)AT2072], (3.92)
where

Q=Q0%+(y+A)*. (3.9b)

Here we made use of the following result for the two-
denominator Dalitz-Lewis integral:>* 26

—%fdp(p2+x2)_l(|p+Q|2+y2)_3
o
=4y3R) 1+ (x +p)2p* R,

where B =0Q2(x +y)%

Before we proceed to further integrations in (3.8), it is
very important to study the analytic properties of the
function g(q) in the q space. In particular, g(q) exhibits
branch-point singularities at those values of the variable
q for which the following equality is satisfied:

(3.10)

y?=0. (3.11)

Choosing v=(0,0,v) and taking the limit e—~0+, it fol-
lows from Eq. (3.11) that the branch-point singularity
occurs at

_ a2+2[5‘zv B (3.12)
qz - 2v = B . .
It can be easily shown that
U2_b2
= .1
Op 2y (3.13)

This singularity can be removed from g(q) by introduc-
ing a change of variable proposed by Wadehra, Shake-
shaft, and Macek?’ within the BK2 (BK denotes
Brinkman-Kramers) model:

_

%= +Qs (3.14)
which implies
vi=r|r|—ie, €e—>0+ . (3.15)

Care should be exercised with respect to change of the in-
tegration variable given by Eq. (3.14). Namely, consider-
ing an arbitrary definite integral J = dex u(x), it is con-
venient to perform the transformation y =¢(x). Then,
writing dy=¢'(x)dx, we shall have [’dxu(x)
=fidy u(p(y))/¢' (¢(y)), provided that ¢'(x) is con-
tinuous for each x €[a,b]. Here the primes denote the
first derivatives, the function ¢ is the inverse of ¢, i.e.,
x=¢(y), and 4=¢(a), B=g@(b). In the present case
g, =7l7|/(2v)+Qp=¢(7), so that ¢'(r)=7/v for 720
and ¢'(7)=—7/v for 7=0. Hence, ¢'(7) is continuous
everywhere on the 7 axis, including =0 and, therefore,
equating the integrals over the variables g, and 7 is
justified. However, before writing the integral over g, in
Eqg. (3.8) in terms of the new variable T, it is necessary to
appropriately split the interval g, €[ — o0, + o ], so that
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the two resulting integrals over 7 cover the regions 7 =0
and 7>0. Restating Eq. (3.14) as 7|7|=2v(q, —Qp), we
shall provisionally assume that Qgz=0, which corre-
sponds to v = Z;. Thus, we shall have 7=0 for g, Qg
and 720 for ¢q,2Qg  Therefore, the interval
q,€E[—o,+ow] should be split according to
4, E[—»,05]+q,€E[Qp,+]. In the former range
q,€[— »,Qp], we have 70, ie.,, 7=—1V 20(Qp—gq,),
so that ¢,€[—»,Q3]—>7E[—,0]. Similarly, the
second region g, €E[Qp, + ] corresponds to 720, i.e.,
T= +\/2v(qZ —Qp) and, therefore, ¢q,E[Qp, + ]
—7€E€[0,+ « ]. Finally, it remains to be demonstrated
that this analysis eliminates the branch-point singularity
(3.11) from g(q). This is accomplished provided that

0F#0, V7€E[—o,+x], VtE[0,+]. (3.16)
In order to prove (3.16), we shall separately consider two
cases, where 7<0 and 7= 0. The correct branch of the
square root of the complex number y is uniquely deter-
mined from the condition Rey >0, in the limit e—~0+.
Writing ¥ =+V/7|7| —i€ and subsequently developing the
square root in the power-series expansion in the limit
€—0++, we shall have

y=7Vsgn(7), sgn(r)= l—TI .

(3.17)

For convenience, the triple integral in Eq. (3.8) will be
carried out in the cylindrical coordinates, i.e., q=(q,,q, ),
where qp=(qp,¢). Hence, we obtain

X +iY, 7<0 (3.182)
2
— 2
2= 72y Tty ++aR 720 @.8b)
1))
where
X= T b (ty—0) D+ T AT a3, Y =
- 402 (tﬁ U) v tB, Y_Z’T'A 5 (3193)

a’+(b2+v2)e

.19
o (3.19b)

T=qp—17t0, tg=t,

It is easily verified that T?+[7*/(2v)—13]*+(7+A)*>0
(7=0), even when 7 and A are simultaneously equal to
zero. Further, one can readily show that the quantities X
and Y from Eq. (3.19a) are never simultaneously equal to
zero. Therefore, it follows from Egs. (3.18a) and (3.18b)
that Q40 VrE€[—,+ o], VtE[0,+ o ]. Hence, we
proved condition (3.16). Here we recall that the term
1/Q stems from the action of the free-particle propagator
G ¢, onto the set of plane waves for the relative motion of
heavy particles in an intermediate stage of collision. The
branch-point singularities of the quantity 1/ are typical
for the continuum-intermediate states, which become
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progressively important as the incident energy increases,
due to the dominant role of the ionization channel. Thus,
especially at high energies, these singularities become
very unwieldy for computation. The transformation
(3.14) is successful in removing the branch-point singular-
ities from the integral I(V,,V,). After this regulariza-
tion, the function F(¢) from Eq. (3.8) takes the following
form:

F(r) | F¢)
2A3 A?

H)= ) (3.20)

(2] =f° 2 2y—2
H; (t,T)—fO dq,9,(q,+b;)

with ¢'=¢—¢, and

a’+8,7
= —_ J
Cigy=n"+Thys Tg =" (3.24a)
1'2 2
Cop=t3n*+ tp+8; - +(A+785),
e (3.24b)
8j=18;,1+8;,
2
2= 2 L —0. -850~ §.=8, —
b}=11+b% 1,=Qp 51'2»’ 8,=8;,—8;, (3.24¢)

where j=1 for 7=<0 and j=2 for 720 in the case of the
integrals (3.22a) and (3.22b), respectively. After employ-
ing the usual fractal decomposition of the two denomina-
tors in Eq. (3.23), i.e.,

Bia,—Ba,
(B cosd’ N ay+ Byrcosd’)
— B, B,
= a1+ﬁ1005¢' a2+B2COS¢' ’ (324d)

we shall encounter a linear combination of the following
integrals (see Sec. V):

1 1 _ 1

27 ¢A—Bncos(¢—¢,,) V A?2—B*yp? ’
A*>B%p? . (3.24e)
Hence, we can write
(g,)—t0$247(a,)
(e, 7) Si5/4, iZe’ | (3.25a)
56 f el (g3 +b})(8g+1;)
w 12q )—tOoS“zﬁ(q
7¥(Z)t, =2 d IBJ [ j dp
Pun=2] daya, (g2 +b7)H8q2+1,)?
(g2 +Cp)8357(q,,)
P R DR
9, +tbj)(8q,+1;)
(3.25b)

1 p2m , -
—;fo d¢(qf,—2nqpcos¢ +Cig) 1(q,z,

4755
where
i7‘”(t)=%[i7‘1”(t)+f7(2”(t)] (3.21)
and
:7‘1“<z)=—fi’wdwﬂ‘l“(t,f)[a,,,+(A+ir)8,,2] , (3.22a)
57(2”(t)=+f0+wdTT?f(zl)(t,T)[Sl,1+(A+’r)51,2] , (3.22b)

with §; ; being the Kronecker § symbol, i.e., §, =1 if
I=1"and 8, ;=0 for /[7I'. Further, we have

—2tomg,cos¢’+Cop;) !, (3.23)
[
where § =tt,, and
1;=Cop;—10C1p; (3.26a)
2
=ty lto‘T(tH-t ™
2024 (v2—b2)t
+7|2D85—178; I )=t0t] )
(3.26b)
2 2 )2 2 2 2
‘Z"(t): b_j‘_l)_ t2+ a2+ b__ﬂ._ t+02>0,
2v 2v
(3.26¢)
Ret/>0, V7€[—w,+ ], VIE[0,»], (3.26d)
D=V'a’+T,t , (3.260)
T,=a*+a? Tz=p*+b* (T,=Tp), (3.260
S1p1(9,)=(q; +Cg)’— 477} , (3.26g)
$61(a,)=(q}+Cpp; ¥ —41377q . (3.26h)

The remaining one-dimensional integrals over g, in Egs.
(3.25a) and (3.25b) can also be analytically calculated by
using appropriate changes of variables. We shall first
make a fractal decomposition of the type

1 I U T D

(g2+b})(8q2+t;) Dg |gi+b} 8qp+1; ’
(3.27a)
where
Dy;=t;—8b} (3.27b)
=toDp; (3.27¢)
=to(—7%8;+278;D +a?), (3.27d)
ReDy; >0, VT€[—o,+ o], Vt€E[0,o]. (3.27e)

Higher-order  terms  (g2+b})"%8g2+¢t,)”" and
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(q,z) +bj2)_2(8q,2, +i; )2 are generated by repeating trans-
formation (3.27). In this way, several integrals are ob-
tained whose inegrands differ from the corresponding
functions in (3.25a) and (3.25b) only in that the product
(qf,—f—bjz) ’(qu-H) " is replaced by an appropriate

1
1
HMt,7)=——LG(b])— .,c‘l%”l( 7) ——~.,U1%”1
J DBj 7B J ng ] DBJ ]
52 t,8?
+—L%1 (¢ )= —— L% (¢)
2 18,8 2 2Bj,8\ )7
Dy, Dy,
and
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linear combtnatton of terms (q +b )T and
(8qp+b )=, where 1, I’, 1", and I'" are 1ntegers It is
in these 1ntegrals with the single binomial term (q A +b )
or (qu+b ) in the denominator that we set q =u or
8q> p —u, respectively. Hence, we can write

t,8
[0:2) Y 0,1) (1,2
2/51 1(b Déizﬂj’l(b")
]

(3.28a)

720, m=—L 02162~ 25 L0067~ 2 L9261+ 2 L5 >+—,c<1%j{g(r )+ -2 L924e))
Dﬂj DBJ Dﬁj DBj D/i/
2t,8? toChg; to8Chg;
_ L(O,_l) t)— L(O 2)( )_ L(l 1) ) /.,[:(1’-2)(1) )+ 7{ Bj .,C“ l)(b )
3 2Bj,8\%j 2Bj,8 28j,1 2Bj,1 ZBJ 1t 28j,1
T2 7{(2}3), 8 —*b—z‘“]—ﬂzbjl)a(tj) » (3.28b)
Bj Bj

where C,L,gj =Cyp; -bjz and

f du Rg 7 Vu), n21 (=1,2,3,...),

(3.29a)
Liggmp= [ "dutu )R ),
n>0, m>1, (3.29b)
Rypjx(0)=Gyp;  +Fyp u+u?, (3.30a)
Grpjx =(xCpg;)*
(3.30b)
Frpjx =x[—407(8) 1 +158; ,)+2C;p] .

The basic integral L(ko[',}}x (y) is calculated in the Ap-
pendix, with the result

LG0)= R —)
Glglgjzx +y +Rl:l§jz,x( -y )
Gy x+y — R (=)

XlIn (3.31a)

Higher-order terms from Eq. (3.29b) with n >0 and
m =2 can be obtained recursively, so that (see Prudnikov,
Bri¢kov, and Mari¢ev,?® Nos. 1.2.53/1 and 1.2.53.10)

L(koﬁ'?)x( ) RkB] x( y) '_leéjz’x_l

—Figj xLig ) (3.31b)

“LkBj x(y)“ RkBJ x( y) ey 3FkBj X“Lkﬁj x( )

— LGV () (3.31c)
Licgix D= =Ry (=9 Grgi 2 =L (»)

+Fipi xFHiBix ] (3.31d)
LY D) =Ryg} (=) | =Gl 2 —3F;p; . Lia}) (»)

=2 x| > (3.31e)
where Fyp: . =(Fyp; . —2y)/2 and (see Prudnikov,
Brig¢kov, and Maridev,?® No. 1.2.52/15)

2
H o= (3.32)

\/Gkﬁj,x(z‘/GkBj,x +FkB],X ) ’

The integral (3.31c) will be required in Secs. 4-6. This
completes the reduction of the integral I(V;,Vp) to the
two-dimensional numerical quadratures, i.e.,

IV, Ve)=I' WV, Vp) + IV, Vp) (3.33a)
I1'"(vy, V,,):—;f_wdfﬁ'{l(f) , (3.33b)
1 + oo
I(+) —_ 1 .
Vr,Vp)=+— [ " “drrtty(r) (3.330)

et |1 .
Hy(n)= [ "di-o | SeH )+ (A 8P, 7)

(3.33d)
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where .7{;-1)([,7') and 7{;2)(t,'r) are, respectively given by
Egs. (3.28a) and (3.28b).

There is yet another singularity in the function g(q),
namely, a pole at

q=—8, (3.34)
for which the Fourier transform V;(—q—pB)
=—Z;|lq+Bl72/(27?) is divergent. More precisely, this
singularity occurs only in the integral 1¢™( Vi, Vp), if the
equations q,=7 and 7=a are simultaneously satisfied:

lq,—nl*+73; (3.35a)
lq,—7?
2
2.2
Bl + —%U—L >0 (j=1, 7<0) (3.35b)
q+BI*=
lq,— 7l
2
2
+ ——“5-;“—72 >0 (j=2, 7>0). (3.350)

It is obvious from Eq. (3.35a) that, for any finite velocity,
the integral 1"V, Vp) is regular at q=—p, and the
computation can safely be carried out directly from Eq.
(3.33b). As to the integral I‘*)(V, Vp), however, regu-
larization will be accomplished by means of the Cauchy
“subtraction technique” (see, e.g., Sloan?):

(+) =1re _
IV, Vp) vfo dr7 |HT)+21( ﬁ)ln‘

where #£,(7) is given by Eq. (3.33d) and

Fl—p)= Tp+2a®
4a3T‘;3

r—a’ y—zf(—ﬂ)fwd*rrln
v v 0
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dq L@ _ [ o [@=1(=B)
Jaariygr=Jaa ™ g
+f(—B) [dq—— (3.36)

lq+BI* ’
where the new integrand [f(q)—f(—B)]lq+B| 7% is a
well-behaved function as q— —B. Inspection of the in-
tegral I1'*(V,Vp) will reveal that the function #,(r)
given by Eq. (3.43d) originates from the following expres-
sion:

_ 1 0 2 1'2 —
Hor)=— [ “da,q, [ d¢f[q,,,¢,Qﬁ+5 la+Bl72,

(3.37)
where f(q) is written as f(q,,¢,q,) with ¢q,=Qp
+72/(2v). We shall hereafter use the notation g% to ab-
breviate the vector q having the quantity Q,3+'rz/ (2v) as
the g, component:

,,,2
9*7=14,,¢,05F o~ (3.38)
Thus,
_1 e 2w, f(qPT)—f(—B)
Hyn=—[ da,q, [ d¢ g
+f(—=B)XX(B,T), (3.39)
where
1 © 2w 1
X =
T(B’T) m fO ququo d¢ Iqﬁ,T+B'2 ° (340)

Using the result (3.24¢) as well as formula 2.261 of Ref.
30 to perform the integrations in Eq. (3.40), we obtain

7‘2—02

, (3.41)

(3.42)

The integrand #,(7)— f(—B)In[(7*—a?)/v ]~ % in (3.41) is regular for each 7€ [0, + o ]. However, a serious loss of ac-
curacy at 7=a in the numerical computation of the first integral over 7 in Eq. (3.41) will occur if one proceeds by keep-
ing the original asymmetric interval 7€[0, + oo ]. This difficulty can easily be circumvented by splitting the interval
7E€[0, + oo ] into two parts according to 7€ [0, + o |=7€[0,2a ]+ 7E€[2a, + « ]. Then, employing formula 2.723/1 of
Ref. 30, we finally can write

1

+ o0
XT(B)+;fza dr ¥y (1) |, (3.43)

1, V,,)=% Hdrr | #y)+2f (~B)n n

P—a?
v

f

where e is the base of the natural logarithm
(e=2.7182818...). Both integrals over 7 in Eq. (3.43)
can now readily be carried out by using the standard nu-

with

2 ?—a?

(3.44a)

f(=B) [Fdrrin

XT(B)Z— [;

33/4a2

ev

—_ |4

S(—=B)n , (3.44b)

merical quadratures. In particular, the first integration
over 7 in Eq. (3.43) covering the symmetric interval
7€[0,2a ] around point 7=a, and possessing the function
F7T)—f(—B)n[(7*—a?)/v]~? as the integrand must
be performed by an even-order symmetric quadrature
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rule (e.g., Gauss-Legendre, see Ref. 29).

Thus, we have shown that the integral I(V,,¥,) can
be computed through two-dimensional numerical quadra-
tures. The result is given in Eq. (3.33a) as the sum of two
parts I'7(V;,Vp) and I'Y(V,Vp). The two singulari-
ties (3.11) and (3.34) are successfully removed from
both contributions provided that I'7(V;,V,) and
I'"(V,,Vp) are, respectively, computed from Egs.
(3.33b) and (3.43).

IV. CALCULATIONS OF THE INTEGRAL I(Vy,W5)

Considering the integral (2.9b), let us make the follow-
ing change of variables: p'=a—p——q, = —q— +p.
Thus, we can write

v, WP)=—;—3f [dpdqlla+allg®+a®?pD, 17",

4.1)
where
Dp,qz(|p+q_v’2+b2)2(|P+q—V|2+7’2) , (4.2a)
y?=b%+2(q+a)-v—ie (Rey>0, e>0+). (4.2b)

Using integral representation (3.3) for the term 1/D
which is a part of the integrand in Eq. (4.1), we obtain

p,q’

IV, Wp)= fowdt 1dF) (4.3)

where t,=1/(1+1t) and

=1 ~2p(q)=-L
F1)=— [dala+alf(@=—[dqz(a@), 4.4)
F@="25(g>+a) 2 [ dplpIp+ QP+ (45a)
m
=(g?+a®) LA +ATIOTY), (4.5b)
Q=02+A% Q=q—v, A’=(y*+b’t), (4.6)

The result (4.5b) for the function f(q) is obtained by
means of Eq. (3.10). The function g(q) defined in Eq.
(4.4) possesses a branch-point singularity at

y?=0, 4.7)
as well as a pole for
q=—a . (4.8)

The singularity (4.7) is removed by the following change
of variable:
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el

= +Q, , 4.9
%= Q. (4.9)
where
b +2a,v 242
=— = . 4.1
Qa 2v 2v (4.10)
This yields
yi=rlr|—ie, e—0+ , 4.11)
so that
5 2
2+ |Qu— - | +a?+ b2+ )6—ie, T<0
2v
o= (4.12a)
= i X
q;+ [Qa+;—v—v +(b*+1)t—ie, 720,

(4.12b)

where §=1tt,. Analogous to the preceding section, we
shall be considering the cylindrical coordinates of the
vector q. Further, the incident velocity vector v will
remain in the Z direction throughout the calculation of
each matrix element in both the CB1 and CB2 approxi-
mation. In the case of Eq. (4.12a), where 7<0, we see
that Q>0 in the limit e -0+, since a =Z, >0. Similar-
ly, it is immediately evident from Eq. (4.12b) that Q >0,
for =0 and t >0, as e—~0-+. In the particular case with
7=0=¢t, we employ the following relation:
Q,—v=—(a’+v?)/(2v), which reduces Eq. (4.12b) to
Q=qf,+(a2+v2)/(2v)>0. Hence, we can conclude
that, in the limit e —>0-+

0>0, Vr€E[—w,+ o], ViE[0,+x]. (4.13)

The rest of the calculation proceeds along the lines de-
scribed in Sec. III, with the final result

IV, Wo)=I" Ve, Wp)+ 1DV, W), (4.14a)
IV, W)= ——f _driHy(r (4.14b)
IV, Wp)= f “dr (1), (4.14¢)
9#,(1)= 2 HM )+ HE ) (4.14d)
Hfem(r)= [ “dt LT (4.14¢)
J 0 A;n J ’ .
= [ "dtud "2 (b} —8;r—ie) "
0
XH e, 1), (4.14f)
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1 1
(1) I (0,2)( ,2y (0,1)¢ 2
HDt,7)= Dj,Laj (a?) Djz.,caj (a?)

L o2
+F»2:£aj (Cj), (4.14g)
J
1 2
ﬂgz’(t,7)=EL;‘}”(a})wLE,L;%”(a})
J J
2 o024 L 0202
_—D_;ilaj (Cj)+'D—2,£aj (Cj), (4.14h)
J J
where b=Z (Z;=Zp) and
(n,m) = -
Lgm)= [ Tdutu+y)r
XR "V u), nz0, m=1  (4.15a)
R, j(u)=Gy+F u+tu’, (4.15b)
G,;=Cl%, F,=—4n+2C, , (4.15¢)
b2+8.7*
Cofj =W+ 70 Toj= = (4.15d)
Cl=r+a’+(b%2+72)5 , (4.15¢)
Ci=(r,—v )+ (b*+7)1, , (4.150
2
-
a}=1+a?, 7, =Qa— 8,5, 8;=8;,78;,, (4158
D;=a}—C}, A}=(b’t—8;m)ty—ie. (4.15h)

The integral (4.15a) is of the form (3.29b), i.e.,
Lﬁ{}’”‘)(y )Elﬁ'gﬂ’f(y ), so that we can also use the result
(3.31a)-(3.31e) for this section with the appropriate
specification of the parameters.

The auxiliary integral #;(7) given by Eq. (4.14d) is
more complicated than its counterpart (3.33d). This is
because of the acquired branch-point singularities of
(4.14d) coming from term A; in the denominator of the
integrand in Eq. (4.14¢) or (4.14f). However, these singu-

|
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larities are also integrable. To this end we first rewrite
the integral (4.14d) as follows:

H D) =IH )+ HFH () (j=1,2), (4.16)
with
X H 2, 7) 4.17)

where ¢ =72/b?%. Further, we calculate only the integral
ﬂy‘j] )(7), since

2

;_2_ _8-7{(](,'1)(7.)

HET)=3; .
J»J ’ J5J
at

; (4.18)

Requiring that Re(r —8;t—i€)!/?>0, we shall have, as
e—0+,

—i(ty—1)172,

+(t—ty)V?,

t=t, (4.19a)

(4.19b)

lim (z—t{—ie)/?= l
€e—0+

1>t .

This implies
(k, 1) té —Jj'
b =i [ Tde g (1g— 1) 2H @)
o S N —
+ft, dt ™72 (e —15) "V 2H e, 7) |
0

(4.20)

The first and the second terms in Eq. (4.20) belong to a
class of so-called improper integrals. They can easily be
regularized by making a change of variable t’>=¢{—t in
the first and ¢t'?>=t—t{ in the second integral of Eq.
(4.20). Hence, the regularized form of 7{(1’,‘]’-}) reads as fol-
lows:

Vg .,
bFH () =2i fO Cde(th— ) (1 +ty—12) 3 PHE (e —12,7)

+2f0°°dt(:;)+t2)(1+zg+t2)—3+f'/27{‘lk’(zg+t2,r> )

4.21)

Using Egs. (4.18) and (4.21), together with the following relation (Ref. 28, No. 2.1.2/11),

9 s — o5 _ O o [Sg, 0
o ] W T =68 5= fxs) oo + [Cdyofxoy) s

(4.22)

we can readily calculate the quantity 7{(1’,‘}-'3 (7). The final result is

’

’\/t ’ —_ ’ ’
b%?{‘l{g”(r):ifo Car[22—th+ (1415 —t2) T PHE 1y — 12, 1)+t — 1)1+t — 1) T 2HE (1 — 12, 7)]

+ fowdt[2(2~t6—tz)(1+t{,+t2)“5/27{‘1")(t(')+t2,r)+4(t{)+t2)(1+t{)+t2)_3/27{‘1’”'(t{)+12,7)] ,

where

. 2
HY 4,7V =(T,/D;) | = LGP @} = LG Na)+
J J

2

Dz,cg‘;e“(c})—%,agjs”(c})

(4.23)

(4.24a)
J



4760 DZEVAD BELKIC 43

2y £(0.2) o1 6 o 0,2) 2y 2 £(0,3) 2
H7(t,7)=(T;/D;) D] Lo (aj) Dj.,L (a ) Dera’ (Cj) DJ.L (C;)— Dji"j (C) |, (4.24b)
[

with and

T;=(b>+8,7)t] . (4.25) t5=58,(t5£1?) . (4.28)
Thus, inserting the results (4.20) and (4.23) into Eq. L o . .
(4.16), we obtain the following expression for (), The case with j =2 (7=0) is investigated in an analogous
which is free from branch-point singularities: manner, but without splitting the original integration

_ limit 1 E€[0, ] in Eq. (4.17). Hence, changing the in-

Vi B - tegration variable in Eq. (4.17) according to t'?=t-+t}

b#H \(T)=2i fo dt (t»TH‘zfo dr #{ (1,7), and using Egs. (4.18), (4.22), and (4.27), we obtain the
quantity ##,(7) in the following form of the regular in-

where (4.26) tegral, i.e., without the branch-point singularities, as
e—>0+:
T
+ J g4(2)( £
Hit,7)= (1+t )5/2]{ (2;7,7) bH, (T f dt?{z t,7) . (4.29)
2—1;" (1
+—-—‘5/27{ ( T) Substituting the regularized integrals (4.26) and (4.29)
2b* (1+t into Eqgs. (4.14b) and (4.14c¢), respectively, we are in a po-
sition to consider the only remaining singularity (4.8),
t»i ar ) which is due to divergence of Fourier transform
b (1+t )3/27{ tv’ ™ (j=12), @427  W,(—q—a). Since we have
lq+al*=|q,+nl*+72; (4.30)
2 _b2__7_2 ’ .
g, t 7+ |———— | >0 (j=1, r=0) 4.31a)
- p24r |
|qp+n\2+ B 20 (j=2,720), (4.31b)
it follows that only the integral I'* (¥, Wp) is singular at q= —a. Hence, repeating the same “subtraction” pro-
cedure as in Sec. I1I, we arrive at
(+) T—b® 1 phe
I (VT,WP)—; Pdrr | HyT)+2f(— Xp(a)+~v~f2b drr#y(7) |, (4.32)
[
where #,(7) is given by Eq. (4.29) and V. CALCULATION OF THE INTEGRAL I(Wr,Vp)
2 3/4p2 Setti — d —p in Eq. (2.13c), we shall
Xpla)=— |2 | f(—ayn380 433 oonE P aand dm TR m R v
v ev
Ts+2b2 dpdq L)
(—a)=——— . 4.34)  I(Wp,Vp)= HP’B‘ +b ]
4 46T rvo=Jf p*q’
24 42)]72p "}
Subsequent numerical quadratures in Eq. (4.32) should be X(lpta+ql*+a By >
carried out in the same manner as in Eq. (3.43). The in- (5.1)

tegral I'")(V;, W,), however, is obtained directly from
Egs. (4.14b) and (4.26). where
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%Bp’q= |p+a+q]2+(a2+2p-v—ie)
T

=lpta+ql’+E;} . (5.2)

In the case under study, which encompasses the sym-
metric collision (Zp=Zr) and the resonance transition
(i=f=1s), we have a =b, so that

El=€l=b*+2p-v—ie (5.3a)
and

a=n—1iv, B=—n—1iv (5.3b)
This implies, for a =b,

I(Wp, Vp)=IP%V, W), (5.4)
where I%B(V,, Wp) is given by Eq. (2.13b), i.e.,

I1BV , Wo)=1(Vy, W) . (5.5)

Since n-v=0 the integral I(V;, Wp) is invariant to the
transformation a<>f, if substituting +% by —u leaves
I(Vy, Wp) unaltered. The only place where the signs +
in front of 1 intervene in the calculation of I(V, W) is
in the integration over ¢ in the cylindrical coordinates
q=(q,¢). The integral in question appearing in
I(Vy,Wp) is of the following type:

1

J(n)=
(= 2T ¢ A— 2q n
1 1

= . 5.6

Yy ¢ A—Bncos(¢—4¢,) 5.6

where B=2q,. Changing the integration variable ¢ ac-

cording to exp(id)
plane, we can write:

id)n

=z and passing to the complex z-

_ | =4V 42—B%W? is,
Zi = B e’ ",

If A?>B%p% it follows that |z;/<1 and |z,|>1, in
which case contour C is a closed counterclockwise sem-
icircle of unit radius around the origin in the upper half
of the complex z plane. Applying the Cauchy theorem of
residuum, we shall have

1
J(n)=—————. (5.9)
(7’ ‘/AZ_BZ’TIZ

(5.8)

Carrying out the same procedure to the integral

21r
fo A+2q17
1 27 1
= d
0 ¢ A+Bncos(¢—¢,)

2
we obtain the rhs of Eq. (5.9) for J(
A?> B?5?, so that

(5.10)

—mn), provided that

J(—n)=J(q) . (5.11)
This result implies
1BV W )=TB(V, W) . (5.12)

Hence, comparing Egs. (5.4) and (5.12) with each other,
we conclude that, for i = f =15,

LW, Vo) =I1(Vy, Wp) . (5.13)

This is expected because of the complete symmetry of the
problem under study.

e 1 VI. CALCULATION OF THE INTEGRAL I(W , Wp)
J(n)= -f , (5.7)
Byi (z =z (z —2z,) . . . . .
Changing the integration variable (2.9d) according to
where p=a—p— —q, 9 =—q— +p, we can write
J
1 24 2\2,2 -1
1w, Wp)=— [ [dpddlla+allp+al+a>7p’D, ] 6.1)
[
where F (1) qu]q+a|"2 (LATSQ; 1+ 1A730;2
D, =(ptq—v]*+b>XIp+q—vl’+y?), (6.2a)
IATIQT
yi=b2+2q+a)v—ie (Rey>0, e>0+).  (6.2b) AT, (64b)
i 1 d - 3y — -
Using the fractional decomposition of the two constitu- QU )(t)Z;f—‘zl|q+a| (LAPQ A0,
ents in 1/D ,, together with the integral representation Yq
(3.3), we obtain (6.4¢)
Wy, Wp)= [ “dt 330, (63 with 5=1t, and
where t,=1/(1+1), Q,=Q>+A%, (6.4d)
=68F (1) — 9N (1) + 9P(¢) (6.4a) Q=q—v8, y,=b2—y? (6.4¢)
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AL ={v’t+[a’+ (b8, +v?8; )t ](1+1)}1] . (6.4f)

Here the integrals over p are carried out by means of Eq.
(3.10), as well as with the help of the following result:

#fdp(p2+x2)ﬂl(|p+Q|2+y2) 4
=(8p>R) 1+ (3x +2y )(12p*R2) ™!
+(x +y)*3y3R3)!

where #=Q?+(x +y)?. The function F(¢) given by Eq.
(6.4a) possesses branch-point singularities at

(6.5)

y?= (6.6)
which is removed by the substitution
_ 77l
e (6.7a)
where
b2H2a,v 242
Q=" 5 T (6.70)
In this way, quantity ¥ acquires the form
yi=r1|r|—ie, €e—0+ . (6.8)
Letting e—~0-+, we arrive at
9+ Q. ————uaa ] +D}, <0 (6.9a)
Qj’=
g5+ [Q +—-—v68 ] +D?, 720  (6.9b)
where j'=1,2 and
Di=Al=vt3+(a*+b%t)ty>0, (6.10a)
D2=a?>0. (6.10b)

Hence, the substitution (6.7a) removes branch-point
singularity (6.6), since

Q;>0, j'=1,2, VT€[—,+w], VIE[0,+].
(6.11)
Thus,
I(Wp, Wp)=I'" W, Wp)+I' (W, Wp) , (6.12a)
Wy, W,,)=~%f_° dre# (), (6.12b)
Iy, WP)=+%f0+wdT'r?{2('r) , (6.12¢)

>

Hy(n= [ “dt 3H,(6,7)+ (1) D (r)+ G(r) I 7)

(6.12d)
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1
H(t,7)=6 =L(Ol) —,L
AL I‘AS (Ci+ [;A7 i)
2
4 03) 2
‘_F A L, (C )
1 LOI(cZ})_——l—SLOZ)(C )
2r2Ad oA
(6.12¢)
9.(r)= L(OI)(C )’ 6.12
T 21“2 o
s 1
gj(T)=F’£Ez(}2)(CJZZ) , (6.12g)
J
(m)( = [ % "
57]» (T)“fo dt C;n (6.12h)
Cjzjy=(Tj~086j’,1)2+A%8j’,1+a28j'72>0 s (6.121)
—72 2__; r j
D,=b+8,7—ic, Tf:Q“—SfE; , (612j)
Cr=v’t+(a>—8;7t)(1+1)—i€, 8,=8;,—8,,
(6.12k)

The function L([Z-"")(y) is given by Eq. (4.15a), together
with the accompanying quantities defined in Egs. (4.15b),
(4.15c), and (4.15d). Since the equality C;=0 [see Eq.
(6.12b)] can be satisfied within the integration limits
t,|7| €[0, + « ], we encounter the so-called improper in-
tegrals in Eq. (6.12h). Considering first the case j=1
(i.e., 7<0), we write

Cl=—7Xt—t,)(t—t,)—ie, (6.13a)

where ¢, and ¢, are the roots of the equation C? =0, i.e.,
1

L= 5 1WA Hal =[P +a? =P +4a’r) 2
T

(6.13b)
Here t; <0 and t2 >0 for any 7€ [ — «,0]. Therefore,

T3r)y=— JO(7) (6.14a)

_381‘

o 1
JO(r)= dt .
T fo (t—1t, )3 2(t,—t—ie)'/?

(6.14b)

Splitting the interval from O to « into two subintervals
[0,2,] and [?,, + « ], we shall have, in the limit e >0+,

f dt(t—1,)73 (1, —

+lft2 dt(t—t) 732t —1,)" 172

JO 1 )-172

(6.15)
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Introducing a change of variable t,—¢=1¢'? in the first
and t —t,=t' 2 in the second integral of Eq. (6.15), we ob-

tain
172
t
JO(r)=2 ——2—] Y , (6.16)
t Vs,
where
+4a??, w,=v:+a?—7 (6.17a)
Hence,
3 @
Fr)=2 |2ir+ =t /51. (6.17b)

The improper integral J{"() can also be calculated in a
closed form by first setting t'=1/(1+1t), in which case

)= [ar o (6.18)
0
where
s vi'(1—¢t)+at' —r2(1—t")—ie , (6.18b)
vX ey —t' )t —t)—ie), (6.18¢)
t;/2=%[(v2+a2+72)i1/_5_;] , (6.19)
&1=*+a’+77)—4>r
=[(v—72+a?][(v+7)?+a?]>0 (6.19a)
t1>1, t5€[0,1) (6.19b)

Using Eq. (6.18c) and taking the limit e—~0+, we can
write

j(l)( —¢ )—1/2

l — —1/2
. fa’zt(t )"Vt

+f dr't'(ty—t') V2t —1) 12

(6.20)

Making a change of variable such as t">=t}—¢’ in the
first and ¢">=¢'—t} in the second integral of Eq. (6.19),
together with the help of formulas 2.271/3 and 2.271/4
of Ref. 30, we obtain

JWV(r)= 1 —l—zw’l(i InD +arcsinD *)
v|v
—-——‘\/(tl—l )|, (6.21)
where

_ ViV V1—1}
2 2 2 Brey 2
o)=v?+a’+7, D= ————(_')1/4 , D'= A(wl)l/“
(6.22)
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Both quantities J*)(7) and J{"(7), given by Egs. (6.17b)
and (6.21), respectively, are well-behaved functions for
any 7€[— »,0]. Finally, we shall perform a similar
analysis for j =2 (7=0) and analytically calculate the in-
tegral 7y"(7) for m =1 and 3. Letting e—0+, it follows
that

I n=% [ dre—1) T 62)
where
?1/22513‘[“(02+02+72)i\/52]; 7, <0, 7,<0,
(6.24)
By,=(v +a’+ 7)1 —4a*
=[v?+(a—7)?][v2+(a+7)*]>0 (6.25)

Setting z2=t—%, into the integral (6.23) and using for-
mula 2.275/9 of Ref. 28, we shall have

2 — )2
Iy =p @ =T) -2

— [vi+(a+7)*]7!
aw,

(6.26)

In the case of the integral 7(21)( 7), we first introduce a
change of variable such as7'=1/(1+1¢), so that

7(1)(7.)__]‘ @ -, (6.27a)
@z
where

EP=vH"(1—2")+a2 ' +72(1—7") (6.27b)
=02F =T (Ey—1), (6.27¢)

Tn= 212[(a2+v2—72)¢\/5'2] 7150, 753>1,

v
(6.27d)
@y=(a’+vi—7)+4?>0. (6.27¢)

Lastly, we set z2=7, into Eq. (6.27a) and subsequently
employ formulas 2.271/4 and 1.625/5 of Ref. 30 to ob-
tain

5(21’(7)=%arccosb—’2 , (6.28a)
where
=, l)2 A~ ’ 1/2 Aryi1/2
D,= :{[12( DIV [—T (=T D] .
\/wz
(6.28b)

It is immediately clear from Egs. (6.26) and (6.28a) that
the quantities J5°’(7) and J5'(7) are regular, i.e., well-
behaved functions for any 7€ [0, + o ]. This calculation
completes the elimination of all the branch-point singu-
larities from the function #,(7) for any 7€[— o0, + ],
where the constituents 7;-3)(7) and J(7) are given by

Egs. (6.17b), (6.21), (6.26), and (6.28a). ~
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Finally, the only remaining singularity of the integral  I't(W,, Wp)
I(Wy, Wp)is a pole at
1 2 —b?
== [Tdrr |Hyn)+2f(—a)
vfo 77 |H T)+2f(—a)ln . H
qg=—a, (6.29)
) + (Xpla)+ = [ Tdr ety | (6.30)
which originates from divergence of Wp(—q—a). Be- v Tk
tween the two constituent parts I'” Wy, Wp) and  where #,(7) is given by Eq. (6.12d),
I'"A\Wr,Wp) of I(Wp,Wp), only I'"(Wr,Wp) 42 33/4p2
possesses a pole at q= —a [ see Egs. (4.31a) and (4.31b)]. Xpla)=— |— [f(—a)n , (6.31)
This singularity is removed in the same manner as in the v ev
preceeding sections, with the final result and
J
1 -
fl—a)==; [dp[pIp—al>+a®([p+BI2+b>?]"", (6.32a)
T
3 b 4b%—v? v 3 1 v 2b
(—a)=—F |—5 ———F—arctan— |+ —arctan—— — ———————
4 T} | 4v? 83 26 | 2T |v° 26 v(v’+4b%)
24 .2
+— 32 —+ 3201’ 2+” =, (6.32b)
2bTp(v"+4b%)  4b°Ta(v"+4b7)
f
where T is given in (3.26f). Here we emphasize that the J€[2arctan(C), Prr] . (7.2)

numerical quadratures in Eq. (6.30) should be performed
in the same manner as in Eq. (3.53).

Before ending this section and for reasons of complete-
ness, we shall give the matrix element required in the cal-
culation of the CB1 transition amplitude (2.11). For this
purpose, the necessary three-denominator Dalitz-Lewis
integral?*~2% is of the type (6.32b), and reads as follows:

D=L [dplpIp—al?+a>(|p+B+b27]""
T

_ 1 | b 4=’ v
T3 | v? 23 2b
2 |1 ap 226
ng v3 2b p¥v%+4b?)
2

e, (6.33)
bTp(v2+4b?)>

where Eq. (3.26f) is used.

VII. NUMERICAL RESULTS

In the numerical computations of integrals whose
range is xe[@,ﬁoo ], where C is a finite constant and

=+ or —, we find it highly convenient to introduce the
following change of variable:

t=tan (7.1)

Such a ‘“tangential grid” transforms the former semi-
infinite integrals into the quadratures over the finite
range, because

Since the constant C is allowed to take the value zero, we
see that all the semi-infinite integrals from the previous
sections can be subjected to change of variable (7.1). By
so doing, we shall have only integrals over a finite range
for which the variable-order Gauss-Legendre code will be
employed.

Further, we encounter certain integrals whose lower
and upper limits are finite from the very beginning [see
Eqgs. (4.23) and (4.26)]. These integrals will also be com-
puted by using the Gauss-Legendre rule. Finally, we
have the integrals over the symmetric finite intervals,
which are left after the ‘“subtraction technique” [see Eqgs.
(3.54), (4.32), and (6.30)]. In this case, we use an even-
order Gauss-Legendre quadrature rule which is sym-
metric about the singularity at r=~a or 7~b situated in
the middle of the integration interval.?®

The results of the computation of the differential cross
sections for the symmetric resonant charge exchange

H*+H(1s)—>H(1s)+H" , (7.3)
are shown in Figs. 1-4. The present technique of obtain-
ing the data of the CB2 theory automatically provides the
corresponding results of the BK2 method, which includes
only the contribution from matrix element I, Vr,Vp).
For completeness, we also quote the cross section of the
first-order CB1 and BK 1 approximations.

There is a common pattern seen in Figs. 1-4, when
comparing these theories. Irrespective of incident ener-
gies, the CB1 approximation always exhibits an unphysi-
cal dip, which is due to cancellation of the contributions
from potentials Vp(rp) and Wp(R). Such an experimen-
tally unobserved dip is absent from the angular distribu-
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tions obtained in the CB2 method, at those impact ener-
gies for which second-order term VfGJ; V; becomes im-
portant. The presence of the dip in the first-order term
T 3" is, nevertheless, strongly felt in the differential cross
section d “®20 /d Q, through a clear change of the slope of
the corresponding curves at 100 and 125 keV. In the dip
area of the CB1 approximation at 60 keV, however, data
d“B2g /d Q) exhibit a pronounced minimum. This is ex-

pected, since the role of propagator VfGJ; V;, which par-
tially allows for continuum intermediate states, becomes
less important with decreasing incident energy. Such an
expectation is based upon the well-known evidence about
the relative significance of charge exchange and ioniza-
tion or excitation channels. Namely, the two latter chan-
nels are dominated by charge exchange at lower energies,
and the pattern is just reversed in the high-energy region.
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FIG. 1. Differential cross sections (do /dQ). ,, for charge exchange H" +H(1s)—H(Z)+H™, as a function of the scattering an-
gle 6. ., at 60 keV laboratory energy of the incident proton. Displayed theoretical results for the formation of atomic hydrogen in
any state (2) are obtained through multiplication of the ground-state capture cross section by the Oppenheimer scaling factor (1.202).

Theory (present exact numerical computations): BK1, —. —- —. ,BK2, — — —,CBl,. . .

tin et al. (Ref. 31).
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FIG. 2. Differential cross sections (do /d{}). . for charge
exchange (7.3) as a function of the scattering angle 6, at 100
keV laboratory energy of the incident proton. Only the transi-
tion 1s—1s is considered without allowance for the excited
states of atomic hydrogen. All the cross sections are the
theoretical results of the present exact numerical computations:
BKl1l, — —-—. ; BK2, — — —; CBl, —+~—--—; and CB2,

Hence, at lower energies, any failure of the CB1 method,
e.g., the dip in the angular distributions, should be
corrected by inclusion of discrete intermediate states of
the electron in the Coulomb fields of the projectile and
target nucleus. In this regard, the recently introduced
method of Belki¢ and Taylor!® is promising, since it vari-
ationally unifies the CB2 theory with an L 2-expansion
method in terms of the Sturmian basis-set wave functions
centered at both Coulomb centers. Naturally, a second-
order perturbative approach, such as the CB2 method, is
not expected to be fully adequate for charge exchange at
energies as low as 60 keV. Nevertheless, this energy is in-
cluded in the analysis, with the purpose of empirically as-
sessing a low-energy limit of the validity of the CB2
theory. At still lower energies, such as 25 keV, we have
verified that, in a narrow angular region around the dip,
the CB1 and CB2 approximations yield nearly the same
differential cross sections which, however, cannot be ac-
cepted, due to their unphysically vanishing values.

As for comparisons with the experimental data of Mar-
tin et al.,! it can be seen from Figs. 1 and 3 that the CB2
method is reasonably successful at 60 and 125 keV.
Good agreement between the CB2 theory and the mea-
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surement in these cases is appealing, since the latter data
relate to capture into all final bound states (Zp,e)s.
Theoretical results are obtained by explicitly including
only ls— 1s transition, whereas capture to any state is
only roughly provided through multiplication of the
cross sections by the well-known Oppenheimer n ;3 scal-
ing factor given by the Riemann § function §(3)=1.202.
Limitation of such a procedure is obvious, since applica-
tion of this well-known scaling rule is justified provided
that the incident energy and/or principal quantum num-
ber n, is sufficiently high. Furthermore, the Oppenhei-
mer law is originally established in the BK1 approxima-
tion for the rotal cross sections, which are determined by
integration over all the scattering angles. It seems hardly
possible that differential cross sections, however, which
exhibit structures, would support any linear scaling
throughout the scattering angle region of interest. As re-
cently demonstrated by Belkié, Saini, and Taylor® in the
CB1 approximation, many excited states are required by
explicit computations to fill in the dip, away from which,
however, the cross section 1.202d B! /d Q would suffice.
Nevertheless, a smaller number of excited states seems to
be necessary in the CB2 method, since the dip is already
removed by the contribution from second-order term
(®,|V,Gq,V;|®;). Despite these limitations concerning
comparisons in Figs. 1 and 3, the CB2 approximation can
be considered as satisfactory at these relatively low im-
pact energies for application of perturbative treatments.
Equally important, however, is the conclusion which
emerges from this analysis, that there is a distinct im-
provement in description of charge exchange, by going
from the first (CB1)- to the second (CB2)-order perturba-
tion theory.

The situation is just the opposite in the case of the oth-
er two models under study, i.e., the first (BK1)- and
second (BK2)-order approximations, which do not obey
the correct boundary conditions. Namely, it is observed
in Figs. 1-3, that the results of the BK2 model largely
overestimate the findings of the BK1 method throughout
the angular interval under consideration. For example,
we have obtained at 100 keV, that doP¥?/dQ
>doB¥l/dQ by a factor ranging from 3.6 (6=0.0°) to
15.2 (6=2.0°). At 1000 keV (not shown), this factor is
still considerable, reaching values of 1.55 and 11.6 at
6=0.0° and 0. 1°, respectively. As documented in Figs. 1
and 3, both the BK1 and BK2 models are in profound
disagreement with the experimental data of Martin et
al3!' Contrary to expectation, the BK2 method is even
worse than the BK1 approach. Namely, from the physi-
cal point of view, the second-order BK2 approximation
should be more adequate than its first-order counterpart
(BK1), due to inclusion of intermediate-state propagator
VrGd Vp. The fact that this is not so indicates a disre-
gard of certain principles, which are more fundamental
than the inclusion of higher-order terms in the perturba-
tion Born series. Specifically, this problem concerns the
correct boundary conditions, which are the essential and
distinct features of any scattering event, in comparison to
purely bound-state problems (e.g., search of binding ener-
gies of an isolated atom, etc.) These conditions refer to a
proper definition of perturbing potentials at infinitely
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large distances between the scattering particles. Here it
is evidently wrong to introduce purely Coulombic poten-
tials Vp(rp), Vy(ry) for the perturbation interactions,
and associate them respectively with unperturbed chan-
nel states ®;, P, in which the plane waves describe the
relative motion of heavy aggregates. This is precisely the
case in the BK2 model, whose flagrant inadequacy has
previously been attributed merely to the use of the free-
particle Green’s function G,. The CB2 theory, however,
provides a convincing counterexample, which also em-
ploys G, and yields reliable results. Hence, the failure
of the BK2 approximation is not in the adoption of the
free-particle Green’s function, but rather in the violation
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of the correct boundary conditions.

In first-order theories, the electron scatters only once,
and that single encounter occurs at either of the two
Coulomb centers Zp or Z, depending upon the choice of
the “post” or “prior” transition amplitude. However, it
has been recognized for a long time,*? that in contrast to
excitation, ionization or electron loss, charge exchange
(2.1) represents a genuine three-body problem. Thus,
more refined treatments are required, which would ac-
knowledge the fact that the electron moves in the field of
two Coulomb centers. Assuming that the ratio of the
projectile to the electron velocity is very large, Thomas>?
developed a purely classical method, in which the three-
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FIG. 4. Differential cross sections (do /dQ),,;, for charge ex-
change H" +H(1s)—H(3Z)+H™, as a function of the scatter-
ing angle 6,,, at 5000 keV laboratory energy of the incident pro-
ton. Displayed theoretical results for the formation of atomic
hydrogen in any state () are obtained through multiplication
of the ground-state capture cross section by the Oppenheimer
scaling factor (1.202). Theory (present exact numerical compu-
tations): BK1 —.—.—.; BK2, — — —; CBl —--—--— and
CB2, . Experiment: O, Vogt et al. (Ref. 35). Theoretical
data are not folded over the experimental beam profile.

body collision is split into two successive binary en-
counters. First the electron, which is initially at rest,
suffers a close scattering from projectile Zp, and after be-
ing deflected through nearly 60° with respect to the in-
cident direction, moves toward Z, with velocity =v.
Subsequently deflected by another =~60°, the electron ex-
hibits through elastic scattering on its parent nucleus Z .
After this sequence of two classical scattering events, pro-
jectile and electron escape the field of the target nucleus
and continue to propagate in nearly parallel directions,
with approximately the same velocity v. Such a cir-
cumstance is favorable to the capture of the electron by
projectile Zp, and action of the attractive potential
Vp(rp) becomes sufficient for formation of the bound
state (Zp,e). Kinematics of this so-called Thomas dou-
ble classical scattering is determined by the conservation
laws of energy and momentum. As a net result, the pro-
jectile itself is deflected through an eikonal, critical Tho-
mas angle 8, =(1/mp)V'3/2, where m, is the projectile
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mass. In the particular case of proton impact, 8, reaches
the value =~0.472 mrad in the laboratory frame.

Double scattering is also incorporated into the second-
order quantum-mechanical CB2 approximation. In par-
ticular, the term I V5, Vp)=(®/|V,Gq,Vp|®;) de-
scribes the electron capture process in terms of two col-
lisions mediated through the free-particle Green’s func-
tion G4, as well as the Coulomb potentials V(ry) and
Vp(rp). In the limit of very high impact velocities
(v>>1), the term I ,f( Vr,Vp) also exhibits a peak at a
critical angle 6,. Thomas double scattering, as the most
prominent feature of high-energy charge exchange, has
first been observed in measurements with proton impact
on H, and He targets (Horsdal-Pedersen, Cocke, and
Stockli**). More recently, Vogt et al.>® provided the ex-
perimental data on differential cross sections for electron
capture by protons from atomic hydrogen. These latter
findings exhibit a clear structure around 6,,,=0.45 mrad,
which is close to the Thomas critical value 6,=0.472
mrad. This position of the experimentally observed Tho-
mas peak at 5 MeV is seen in Fig. 4 to coincide with the
prediction of the CB2 theory. On the other hand, the
BK2 model displays only a shoulder around 8,. Agree-
ment between the magnitude of the cross sections in the
CB2 method and the measurement is excellent, for
scattering angles 6=0.0-0.3 mrad. Around 6., howev-
er, the results d“P?/d Q) underestimate the experimental
data. Here the situation could eventually improve by ex-
plicitly taking into account excited states and/or higher-
order terms of the Born series. Experimental data exhibit
a minimum around 6=0.28 mrad. The same structure,
at nearly equal angle, is also obtained in the CB2 method,
due to interference of the first- and second-order terms
TSBI and S in Eq. (2.4a). This interference is also re-
sponsible for a considerable reduction of d “®>/dQ in the
forward direction, as compared to the sole contribution
from the CB1 approximation. Comparison in Fig. 4 be-
tween the CB2 and BK2 methods reveals that the addi-
tional second-order terms of the former theory, i.e.,
LAV, Wp), 1AWy, Vp), and I;dWrp,Wp) are also of
considerable importance even at this high-impact energy
(5 MeV). It should be emphasized that the results of
Vogt et al.*’ relate to capture into any state and this is, as
already discussed, only roughly accounted for by display-
ing the corresponding theoretical results through
1.202d o /d Q. Furthermore, the theoretical data shown
in Fig. 4 are not folded with the experimental angular
resolution.

VIII. CONCLUSION

We have studied the symmetric (homonuclear) charge
exchange in fast collisions of completly stripped projec-
tiles with hydrogenlike atoms. The second-order Born
(CB2) approximation, in terms of free-particle Green’s
function G, with the correct boundary conditions is
employed and particular attention is paid to analytic
properties of the quantum-mechanical transition ampli-
tude T3P2. Two typical singularities are encountered in
the T matrix. These are the branch-point singularities
coming from the spectrum of the three-particle resolvent
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G, and poles due to the Coulomb potential in momen-
tum space. They both render the numerical computation
tremendously difficult at high incident energies. Because
TEP? is initially defined through multidimensional in-
tegrals, the usefulness of the CB2 theory critically de-
pends upon the regularization of the transition ampli-
tude. The singularities are present throughout the com-
putation, since they move from the innermost to the
outermost integration axis. Nevertheless, by using an ap-
propriate change of variable, together with the Cauchy
“subtraction technique,” it is shown that both of the
singularities are integrable. In other words, these are
only apparent singularities, which do not cause any diver-
gence of the resulting transition amplitudes. The above
twofold regularization, which simultaneously deals with
branch points and poles, is carried out separately for each
of the four matrix elements occurring in T$52. As a re-
sult, we obtain the transition amplitude of the CB2 ap-
proximation in terms of tfwo-dimensional integrals over
completely smooth functions. Certain parts of the matrix
elements can even be reduced to one-dimensional in-
tegrals (see Sec. VI). Such a procedure is encoded into an
algorithm, which is extremely expedient since small size
samples of quadrature points suffice to obtain exact nu-
merical results for the cross sections. The present
analysis is illustrated in the case of the 1s — ls transition;
however, no difficulties exist in extending the method to
excited states. Such a generalization is particularly im-
portant for reliable comparisons with experimental data
and will be reported shortly.

Nevertheless, as a preliminary test, we have used
differential cross sections for capture into the ground
state, in order to roughly assess the theory’s validity for
H™ —H(1s) collision. In this case, the results of the BK2
model, also employing G, but with the incorrect bound-
ary conditions, exhibit a flagrant inadequacy below 3
MeV, since they are even worse than the data of the first-
order BK1 approximation, which itself largely overesti-
mates measurements. In previous studies,” this failure
has erroneously been attributed merely to the use of the
free-particle Green’s function. A counterexample is
given by the CB2 theory also in terms of G, in which
case, however, systematic and good agreement is found
with the experimental data at 60, 125, and 5000 keV.
Furthermore, we have obtained an essential improvement
by going from the first (CB1) to the second (CB2) order in
the perturbation Born series with the proper boundary
conditions.

APPENDIX

Here we consider the following integral:

1
L=|d s Al
f u(u-l—y)\/R(u) “ab
where
R(u)=G+Fu +u?. (A2)

We shall make the Euler substitution, i.e.,

VR(u)=z—u , (A3)

which implies

L=2f dzm , (A%)
where

r=ry—G . (AS5)
Writing the denominator in (A4) in the form

2242z +T=(z—2z,)z—2z,), (A6)
where

z1,=—yEVR(—y), (A7)
we obtain
R VR RS | e

(A8)

In the main text, we encounter the integral of type (A1),
ie.,

1

L= [ “du —, (A9)
fine1=, (1 +3)V Riggy (1)

with
Ripjx()=Gpj x +Fipj xu+u?, (A10)

where the coefficients Gg; , and Fyg; , are defined in Eq.
(3.30b). It is now readily verified, from Eq. (A8) that

1
\/Rkﬁj,x( —y)
V' Gigjxty +V Ry (=)
V' Grgjxty—V Ry (=)

(A1)

LYY, ()=

XlIn

’

which is the result quoted in Eq. (3.31a).
In the above calculation of integral (A1), it is assumed
that

R(u)z0 (A12)

for all u belonging to a given interval. Consequently, in
the Euler substitution (A3), we must also have

z—uz=0. (A13)

Clearly, these relations need to be verified in the case of
the integral (A11). We first observe that the calculation
of the integrals (2.9a2)—(2.9d) is to be made by provisional-
ly assuming that y >0. By the argument of analytical
continuation, the obtained results can be shown to be val-
id for y arbitrary (real or complex), provided that
Rey >0. Hence, we are justified to let y>—7|7| —ie€ at
the very end of the analysis. In this way, we shall be
operating with real parameters Gyg; , and Fyg; ., while
proving the required inequalities of type (A12) and (A13)
in the case of the integral (A11). Thus,
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Grgjx = (xCrp; 220, (A14)
since x =0 and

CkBj,xzﬂz(sk,1+f(2)8k,z)+Dkﬁj,x z0, (A15)
where [see Egs. (3.24a)—(3.24c¢)]

2 2
Dy =817 + 8k [tﬁ+8j5 +(A+y)?|>0.
(A16)

We first consider the equation R kBj,x(u)ZO, whose roots
are given by

—Fkﬁj,xiiUkBj,x

Uyp= 2 » (A17)
where
Ugj,x =4x (841 +158;2)Dygj x 1 (A18)

It is well known that, if the roots x,,, of the equation
ax?+bx +c=0 are complex numbers, then the sign of
trinom ax?+bx +c is the same as the sign of coefficient
a. Since this is precisely the case in Eq. (A17), we con-
clude that

Rypjx(u)Z0, VYu€[0,+ o] (Q.E.D.). (A19)

In the case of the integral (A9), transformation (A3)
maps the original interval u#€[0,+ ] into
zE€[xCygj 5> T o ]. Hence, the new integration variable z
is positive, and it will be convenient, for the purpose of
proving inequality (A13), to write
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z2=xCyg; « *rrgjx» YVZE[XxCprgj, T+ o], (A20)

where ryp; =0 (here an explicit expression of the
remainder rg; . is not required). It follows from Eq.

(A3) that
22— Gyy;

u= ————ka’xf";_’; , (A21)

so that
Ry pi ((2)

z—u= }*’ﬁx—k—zz_ . (A22)
Analogous to inequality (A 19), it can be shown that

Rypi (2)20, VzE€[xCyp; ., +o]. (A23)
Hence, we see that inequality

z—uz0, Vz€[xCypj ,,+ o] (A24)
will be satisfied if

Fipjx 12220, Vz€[xCrp;,, Tt 0] . (A25)
At z=xCg; , we found from Eq. (A22) that

z—u=xCg; . 20. Explicit calculation shows, using

(A16) that

FkBj,x +2z =4X'DkBj,x +2rkBj,x >0 ’
VzE[xCypj s, T 0] . (A26)

since ryg; » Z0. This proves inequality (A24). A similar
analysis is valid for the integral LLS?”( y) which is en-
countered in Eq. (4.15a).
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