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In this report, a follow-up to our earlier paper [Theodosiou, Manson, and Inokuti, Phys. Rev. A
34, 943 (1986)j on comprehensive calculations of various properties of all atomic ions in all stages of
ionization with nuclear charge Z 50, we investigate, within the Hartree-Slater approximation,
inner-shell properties including orbital binding energies, x-ray transition energies and rates, photo-
ionization cross sections, and expectation values of powers of electron radial coordinates.
Throughout we concentrate on enumerating general trends of the properties as functions of the nu-

clear charge Z and the total electron number N. The systematics thus found for highly stripped ions
(i.e., for ions in which Z —N is appreciable) are interpreted in terms of the outer-shell screening and
the hydrogenic shell structure in which complete shells occur at N = n (n + 1)(2n + 1)/3
=2, 10,28, 60, . . . , for principal quantum numbers n = 1,2, 3,4, . . . , respectively.

I. INTRODUCTION

The laboratory study of the properties of multicharged
positive atomic ions is demanding because of special con-
ditions such as the high temperatures necessary to pro-
duce these ions in quantity. Nevertheless, ions abound in
astrophysical and fusion plasma environments, among
others. To learn something of their properties, given the
scarcity of experimental results, theory is required.

In previous work' the asymptotic quantum defects
for ions with atomic number Z 50 were studied, giving
basic information about discrete excited states and low-
lying continuum states of atomic ions. Data were gen-
erated by using the Hartree-Slater central-field model
and were investigated by using each of three alternative
pictures: the isoelectronic, where the electron number X
is held constant; the isonuclear, where the atomic number
Z is held constant; and the isoionic, where the ionicity
Z —N or the order of the spectrum z =Z —N +1 is held
constant. Each of these pictures shows different aspects
of the systematics of the quantum defects.

In the present paper we focus our attention on the
inner-shell properties of these ions. The particular ques-
tion we address is, "How do inner-shell properties vary
with the removal of outer-shell electrons?" These inner-
shell properties are of intrinsic fundamental interest, and
they are also important as a basis for the production and
detection of multicharged ions in experiments on ion-
atom collisions.

The isonuclear picture is the logical one for study of
this question and is generally employed in this paper. Ex-
amples of the application of the other pictures are also
discussed in an effort to ascertain what further informa-
tion or insights they might provide. The properties stud-

ied include inner-shell binding energies, x-ray transition
energies and rates, inner-shell photoionization cross sec-
tions, and expectation values (r~), with q

= —3, —I,
+1, and +2.

The calculations were carried out for all positive atom-
ic ions (along with the neutrals for completeness) for
Z ~50 by using Hartree-Slater central-field wave func-
tions. The utility of these wave functions and other com-
ments about the method of calculation are discussed in

Sec. II. Section III presents our results, and the final sec-
tion contains a summary and concluding remarks.

II. BRIEF DESCRIPTION OF THEORY

The calculations of energies and matrix elements
presented in this work were performed by using Hartree-
Slater (HS) central-field wave functions. For a transi-
tion, the initial- and final-state wave functions were both
solutions to the Schrodinger equation with the same po-
tential, the HS potential for the initial state; no core re-
laxation was included in the calculation of transition ma-
trix elements. In other words, the HS functions were
used in this study because they are so amenable to large-
scale calculation. In addition, these HS wave functions
have been found to predict reasonably good results for
neutral atoms and for threshold phase shifts of ions. '

The HS formulation includes a central-field approxi-
mation to electron exchange effects; ' thus, multiplet
splitting and term dependence are omitted. Spin-orbit
and other fine-structure effects are also omitted. Thus,
our results represent the characteristics of a configuration
average. Further, no correlation or channel coupling is
included in our calculations. Nevertheless, none of the
above omissions is expected to affect materially the sys-
tematic trends of inner-shell behavior in atomic ions.
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III. RESULTS AND DISCUSSION

In atomic-collision studies, the various excitation and
ionization processes are often identified by observing the
produced x rays. When multicharged ions result, the
question arises as to what extent the x-ray energies and
intensities are influenced by the presence of outer-shell
vacancies. We thus consider x-ray transitions in which
inner shells are filled.

A. Orbital binding energies

First, the orbital binding energies are studied. Figure 1

shows some of the data for 1s to 3d subshells in the
isoionic picture. To facilitate presentation of the data,
the vertical axis represents the binding energy in Ryd-
bergs multiplied by n /Z, where n is the principal quan-
tum number. Since Eh„d„,„;,=Z /n Ry is the binding
energy of an electron in the unscreened Coulomb field of
the nucleus, the vertical axis is therefore the binding en-

ergy scaled by the unscreened Coulomb value. If the
binding energy were scaled to the hydrogenic value that
accounts for the inner and outer screening as treated by
Bethe and Salpeter, all the curves would be Aatter and
would lie closer to unity.

The left panel in Fig. 1 refers to z =1, i.e., to neutral
atoms. The curve for the scaled 3s binding energy shows
a break at Z = 18 (Ar), i.e., at a rare-gas with closed-shell
structure, indicating that the structure is tighter than
that of the neighbors. In addition, similar breaks at
Z =24 (Cr) and 29 (Cu) occur because Cr with the half-
filled subshell 3d and Cu with the completely filled sub-
shell 3d' have more tightly bound structures than their
neighbors in the Periodic Table. This same effect also is
seen in the behavior of the quantum defect, as discussed
by Fano, Theodosiou, and Dehmer. The general rise in
the 3s scaled binding energy with Z is a consequence of
the increased effective charge seen by the 3s electrons
with increasing Z.

All of these trends in the 3s electrons are even more
clearly seen in the 3p electrons. For the 3d electrons, the
trends are also noticeable, but a new aspect is the down-
ward trend above Z =29, which occurs because the 3d

subshell in this region is the outer valence shell and fills
as Z increases. Indeed, the minimum of the 3d curve at
Z =29 is especially deep. Thi.s effect is also apparent in
the radial expectation values, (r~), which we shall dis-
cuss in Sec. III D.

The scaled 2s binding energy shows a minimum at
Z =10 (Ne) and thereafter gradually increases with Z.
Breaks at Z =18, 24, and 29 are still present but are
scarcely discernible in Fig. 1. This observation illustrates
the insularity of an inner shell from the outer-shell struc-
ture. The 2p binding energy behaves similarly.

The scaled 1s binding energy increases smoothly with
Z after the minimum at Z =2 (He). The general proximi-
ty of the 1s curve to unity indicates the validity of the hy-
drogenic approximation as treated by Bethe and Sal-
peter, especially with increasing Z.

For z =2, i.e., for singly ionized atoms, all the curves
show weaker variations with Z. The effect of the filling of
the 3d subshell is still noticeable in the binding energies
for the 3s, 3p, and 3d states. The scaled binding-energy
curves for the 2s and 2p subshells are smoother and have
milder slopes as functions of Z, apart from the minima at
Z =11, which correspond to N =10, i.e., the neonlike
structure. The smooth behavior is even more clear in the
1s scaled binding energy.

As z increases to 3, 5, and 10, all the valence-shell
effects disappear. However, a new aspect appears, i.e.,
minima or breaks at hydrogenic closed shells, as probably
first discussed by Goudsmit and Richards. These breaks
occur at

& =~ (n +1)(2n +1)/3=2, 10,28, 60,

respectively. By z = 10, the behavior of the binding ener-

gy is predominantly governed by the strong nuclear
Coulomb field.

Thus, we observe that the energy-level structure ap-
proaches the hydrogenic behavior as z/N becomes large.
Although this fact is generally known, it is not widely
appreciated that the approach is only asymptotic and is
neither rapid nor monotonic. This recognition is a point
of major significance that emerges throughout our study.
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FIG. 1. Orbital binding energies for the 1s, 2s, 2p, 3s, 3p, and 3d states plotted against the nuclear charge Z for fixed orders of
spectrum z =Z —N+1=1, 2, 3, 5, and 10. The vertical axis shows the binding energies E divided by the hydrogenic value Z /n Ry
corresponding to the bare nuclear charge Z. In each panel, curves correspond to the 1s, 2s, 2p, 3s, 3p, and 3d states, from top to bot-
tom.



4690 MANSON, THEODOSIOU, AND INOKUTI 43

B. X-ray transition energies and rates

%'e now focus on x-ray transition energies, which are
given to a good approximation by the difFerences between
the orbital binding energies invo1ved. To see the

inhuence of outer-shell electrons and vacancies, it is ap-
propriate to examine data in the isonuclear picture, as il-
lustrated in Fig. 2. The left panels refer to Kr (Z =36)
and the right panels to Sn (Z =50). For both elements,
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FICx. 2. Isonuclear picture for properties relevant to x-ray transitions for Z =36 (Kr) and 50 (Sn). Top panels: Orbital binding en-
ergies for the 1s, 2s, 2p, 3s, 3p, and 3d states, plotted against the ionicity Z —X. The breaks in the slope of the curves indicate hydro-
genic closed-shell structures, N =10 and 28. Middle panels: X-ray energies for the transitions 1s-2p, 2s-3p, 2p-3d, and 2p-3s, plotted
against the ionicity. Bottom panels: Dipole matrix elements for the same transitions.
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all the inner-shell orbital binding energies are a monoton-
ically increasing function of the ionicity Z —X, as seen in
the top panels of Fig. 2, which show the steadily decreas-
ing inAuence of outer-shell screening. The binding ener-

gy for the 1s orbital, for instance, shows a slope discon-
tinuity at Z —N =26 for Z =36 and at Z —%=40 for
Z =50, both instances corresponding to % =10, i.e., a
full L shell.

The x-ray transition energies are shown in the middle
panels of Fig. 2. The transition energies for 3p-2s and
3s-2p, for instance, remain virtually constant upon re-
moval of outer-shell electrons for 0 & Z —X ~ 8 at
Z =36, and for O~Z —N~22 at Z =36. The energies
show a clear slope discontinuity at N =28, at which value
the hydrogenic M shell (ls 2s 2p 3s 3p63d' ) is com-
plete. The 2p-1s transition energy stays virtually constant
upon removal of outer-shell electrons and begins to in-
crease suddenly at X (10, where the L-shell structure
(ls 2s 2p ) begins to be affected. The trends described
above were universally observed for all of the atomic ions
we studied. A preliminary report' of the present work
includes data on Rb (Z =37), showing the same trend.

In summary, the x-ray transition energy stays virtually
constant so long as both the initial state and the final
state belong to truly inner shells, because the outer-shell
screening equally influences the binding energies of all
the inner shells. This is readily apparent from the Gauss
law of electrostatics. However, when the initial state has
an open-shell structure (more precisely, when an open
shell is the hydrogenic structure for highly stripped ions),
a slope discontinuity occurs. Thereafter, the transition
energy steadily increases as a function of z, since removal
of electrons then affects the inner screening and increases
the effective charge seen by the remaining electrons.
These observations are consistent with experimental data
on x-ray spectra as reported in Refs. 11—13, for instance,

and as reviewed in Refs. 14—16.
A very recent experiment' that investigated the bind-

ing energies of 2s, 3s, and 4s electrons in ions of Kr
admirably confirms our results. According to the discus-
sion of the previous two paragraphs, the difference be-
tween the 2s and 3s binding energies should remain essen-
tially constant while electrons are removed from the
n =4 shell but should change at Kr +, where an n =3
electron is removed.

A comparison of our theoretical numbers with experi-
mental results' (Table I) shows differences in binding en-
ergy between successive stages of ionization. A number
of points emerge clearly from this table. First, the
changes in binding energy of the 2s and 3s subshells
remain essentially the same, i.e., the difference between 2s
and 3s binding energies remains constant as outer-shell
electrons are removed, both in the experiment and in our
calculations. Second, these 2s-3s binding-energy
differences change abruptly at Kr + as the n =3 shell is
affected, both in the experiment and in our calculation.
Next, the 4s binding energy changes differently than the
2s or 3s from the start, because n =4 electrons are re-
moved from the start. Thus, the experimental results of
Ref. 17 are clearly in complete harmony with our predic-
tions.

In addition, Table I shows that our calculated results
are in excellent agreement with both experimental results
and with a calculation that includes relativistic effects. '

Thus, we have good reason to believe that our calculated
results should not only predict qualitative trends but be
quantitatively accurate as well.

The rate of an x-ray transition is principally related to
the transition energy and the dipole matrix elements be-
tween the initial state and the final state involved. The
dipole matrix elements, shown in the bottom panels of
Fig. 2, show the behavior similar to that of the transition

TABLE I. Changes in the binding energies of the 2s, 3s, and 4s electrons in the Kr isonuclear sequence upon successive removal of
outermost electrons. The energies are measured in eV.

Change
in ionic
charge'

0~1
1~2
2~3
3~4
4~5
5~6
6~7
7~8
8~9
9~10

10~11
11~12
12~13

Expt. '

14.4(3)
15.9(2)
17.3( 1)
18.7( 1)
20.2( 1)
21.4( 1)
22.2(2)
45.1(2)
45.9(3)
51.3(3)
59.4(6)
54.0( 18)

2s
Chen'

15.0
15.8
17.3
18.7
19.8
21.6
22.6
45.2
47.9
49.0
54.2
53.1

Present

12.9
14.6
15.8
17.3
18.2
19.4
21.5
22.7
45.1

47.7
50.1

52.4
54.8

Expt. '

14.8(8)
16.4(4)
16.9(1)
17.9( 1)
19.2( 1)
20.1( 1)
20.2(3)
38.0(3)
37.6(5)
37.3{10)

3s
Chen'

14.5
15.6
16.8
18.1
18.7
20.5
20.9
38.1

39.2
39.3

Present

12.8
14.3
15.6
16.8
17.9
18.8
20.8
21.8
37.9
39.4
40.8
42. 1

43.3

Expt. b

13.0(12)
14.3{9)
14.2(5)
14.6(3)
16.1(3)
16.5(4)

4s
Chen'

11.6
12.4
13.3
13.6
14.4
17.9

Present

11.4
12.5
13.3
14.1
14.7
15.5
17.0

Each line in the column represents the successive removal of an electron in outermost shells. For instance, "1~2"means the
change from Kr'+ to Kr +.
Measurements by Decman and Stoep (Ref. 17).

'Calculations by Chen as cited by Decman and StoefB (Ref. 17). The numbers in parentheses represent uncertainties in the last digits.
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energy insofar as they remain virtually constant as long
as both initial and final states are inner shells. When
inner-shell electrons are removed, the dipole matrix ele-
ments may increase rapidly. This increase in the matrix
element as the inner screening is increased occurs because
the effective charge increases so that the outermost sub-
shell becomes more compact, giving greater overlap and,
thus, a larger matrix element. Thus we understand the
major trends of the matrix element. (As an exception, the
broad weak maximum of the 2p-3s matrix element in Kr
ions is not easily interpreted. )

C. Pbotoionization cross sections

0.8

0.6

0.2
+20

+21

Ample work has been presented elsewhere to document
the systematics of the behavior of the photoionization
cross section of inner shells ' for completeness, howev-
er, we present our results for the 2p and 3s subshells in
the Zn isonuclear sequence in Figs. 3(a) and 3(b), respec-
tively. Although calculations were performed for each
stage of ionization, the cross section for 2p photoioniza-
tion remains on the same curve from the neutral atom to
Zn +; only at higher stages of ionization, as the 2p sub-
shell is affected, is there a change. Similarly, for the 3s
subshell the change occurs at Zn +, where a third elec-
tron is removed, showing that it is the shell (i.e., the prin-
cipal quantum number) that is important. As electrons
from the same shell as the photoelectron are removed,
the cross section per electron steadily increases. This in-
crease occurs because removing electrons from the same
shell obviously decreases the screening, thereby increas-
ing the effective charge seen by the photoelectron. Since
the cross section near threshold increases with Z, such an
increase is observed.

The matrix element for an inner-shell ionization re-
ceives contributions entirely from the inner region owing
to the extent of the inner-shell wave function. Even
though the normalization of the final continuum wave
function is determined by the potential at large r, re-
moval of outer electrons still has no substantial effect on
the continuum wave function in the inner region. Fur-
thermore, this phenomenon also appears in more ad-
vanced theoretical treatments, e.g., relativistic random-
phase approximation (RRPA).

D. Expectation values of powers of r

The expectation values of powers of the electron radial
coordinate r~ are sensitive to changes of the atomic po-
tential in the small-r (q & 0) and large-r (q )0) regions to
which an orbital extends. Thus, changes in the atomic
potential, e.g. , by stripping outer electrons, will be no-
ticed for some powers of q (q )0) and not noticed for
others (q &0). At the same time, the various powers of r
are directly related to specific and diverse physical prop-
erties of ions and atoms, and refiect the dependence on
changes in the atomic potential due to changes in the
outer shell's degree of occupation by electrons. The fol-
lowing examples of powers of r are examined here in
more detail.

( r ) gives the average size of an electron's probability
density (i.e. , the size of the electron cloud); (r ) is pro-
portional to the atomic electric quadrupole moment and
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FIG. 3. Photoionization cross section per electron of the 2p
[panel (a)] and 3s [panel (b)] subshells for the full Zn (Z =30)
isonuclear sequence. The vertical lines indicate the thresholds
for the given stage of ionization, z —1.

is proportional to the diamagnetic susceptibility and ap-
proximately to the total inelastic-scattering cross sec-
tion; ' ( r ' ) is proportional to the energy of the
electron s interaction with the nucleus, but it is also an
appropriate index of the total energy, especially with in-
creasing atomic number Z; and (r ) is proportional to
the spin-orbit interaction effect on the electronic energy.

In the pure hydrogenic case, i.e., when only one elec-
tron is present, all of these expectation values are known
exactly and are given analytically ' (for the orbitals for
which they have a finite or meaningful value). Their
significance in the nonhydrogenic cases arises because
their departure from the corresponding hydrogenic value
is a direct consequence of the electron-electron interac-
tions. Thus, a more meaningful graphic representation of
most of these quantities shows them relative to their
respective hydrogenic values. ' A systematic study of
these reduced values of (r~) thus yields an excellent
description of the systematic behavior of at least some of
the electron-electron interactions as they are affected by
changes in the atomic or ionic potential.

Figure 4 shows the renormalized expectation values of
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(r~), q =+1, +2, —1, and —3 for the n =1, 2, and 3
orbitals in the isonuclear case. The hydrogenic values
were calculated for a charge equal to the bare-nucleus
value Z. The order of the curves is 1s, 2s, 2p, 3s, 3p, and
3d, from the bottom of graphs for positive q, and inverse-
ly for negative q. The ns orbitals have infinite (r ) and
are not shown in the graph. Figure 4 shows that the ( r )
and ( r ) of the inner shells (n = 1 and 2) are practically
unchanged while the electrons from the n =4 and 3 shells
(in that order) are being stripped off, but that the n =2
orbitals contract suddenly and significantly when the
n =2 shell is opened and the inner screening is reduced.
This behavior occurs because the 1s, 2s, and 2p orbitals in
these ions are very close to the nucleus. On the other
hand, the orbitals 3s, 3p, and 3d are successively more

physically extended and are very significantly afFected by
changes in the outermost shells, because these changes
reduce their inner screening and make them more com-
pact.

The rather surprising result is the small but perceptible
variation of (r ') and (r ) for 2s and 2p from about
z =10 to 20. Since these powers emphasize the portions
of the wave functions near the origin, one would expect
that they should have the least possible change with
outer-shell stripping. Instead, as soon as the 3d subshell
is opened, a noticeable efFect on 2s and 2p is taking place,
more so than for the positive powers of r, which em-
phasize the outer region. Because the full nuclear charge
Z rather than the effective charge Z,z is used to calculate
the hydrogenic values, the changes in slope cannot be at-
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FICx. 4. The expectation values of (r~), with q = —3, —1, 1, 2, for the Zn (Z =30) isonuclear sequence. The vertical axis
represents (r') divided by the hydrogenic value corresponding to the bare charge Z.
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tributed to choices of Z,~. This behavior indicates that
(r ') and (r ) are very sensitive to very slight
changes of electron density near the nucleus, while ( r )
and ( r ) appear to be far less sensitive to small changes
in inner screening.

IV. FINAL REMARKS

Inner-shell properties of atomic ions, including binding
energies, x-ray transition energies and rates, photoioniza-
tion cross sections, and expectation values of various
electron radial coordinates, have been studied with Kr
and Sn as examples. A major result is that all of these
properties (except binding energies) remain essentially
constant along an isonuclear sequence when outer elec-
trons are removed. This was explained by using Gauss's
law, which shows that a spherical distribution of charge
exerts no forces inside the distribution but changes the
potential by a constant. Thus, even though inner-shell
binding energies change considerably along a series, their
diff'erences (x-ray transition energies) remain constant.
Some very small variations are, however, seen in (r ')
and (r ), much more than in (r) and (r ). We have
not fully explained the origin of this observation.

It was also found that when inner shells become outer

shells, i.e., when electrons with the same principal quan-
tum number as the electron being considered are re-
moved, the properties change. This change decreases the
inner screening, increases binding energies, and makes
the remaining electron wave functions more compact,
thus affecting all of the inner-shell properties as de-
scribed.

Finally, a framework has been given for the evaluation
and interpolation of inner-shell properties of atomic ions.
As experimental data are accumulated, study of the
isonuclear sequences will be the most useful means of
both checking the data and deriving the physical infor-
mation concerning the interplay between nuclear and
noncentral forces.
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