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The method of intertwining is used to construct transformations between one-dimensional
electric potentials or one-dimensional external scalar fields for which the Dirac equation is ex-
actly solvable. The transformations are analogous to the Darboux transformations between

Schrédinger potentials.

It is shown that a class of exactly solvable Dirac potentials corre-

sponds to soliton solutions of the modified Korteweg—deVries (MKdV) equation, just as certain
Schrédinger potentials are solitons of the Korteweg—deVries equation. It is also shown that the
intertwining transformations are related to Backlund transformations for MKdV. The structure
of the intertwining relations is shown to be described by an N = 4 superalgebra, generalizing
supersymmetric quantum mechanics to the Dirac case.

I. INTRODUCTION

In recent years, much attention has been focused on
exactly solvable problems in quantum mechanics. These
problems transcend the usual boundaries between dis-
ciplines, finding application in essentially all areas of
physics. It is a truism that one hears grumbled in gradu-
ate schools that everything soluble in physics is just the
harmonic oscillator in disguise. This may not be far from
the truth, though it might be more accurate to say that
everything soluble is just the free particle. The method
of intertwining! gives a unified approach to construct-
ing transformations between solvable problems, and one
finds that most (if not all) exactly solvable potentials can
be constructed by intertwining operator transformations.

Two operators Ly and L; are said to be intertwined
by an operator D if

LD = DLy,. (1)

If the eigenfunctions ¢o of Ly are known, then the inter-
twining relation gives the (unnormalized) eigenfunctions
of Ly as ¢1 = D¢g. The object of the method of inter-
twining is to construct the operator D, which performs
an intertwining between operators L of a given form.
The results of the application of intertwining to the
Schrodinger equation are well known, though they are
not generally recognized as such. For example, if one
makes the Ansatz that D is a first-order differential oper-
ator intertwining between two Hamiltonian operators of
potential form —82+V (z), one finds (see below) that D is
what is commonly known as a Darboux transformation.?
From this, one recovers the factorization method of In-
feld and Hull,®> which generalizes the notion of raising
and lowering operators to equations other than that of
the harmonic oscillator. One also finds supersymmetric
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quantum mechanics,* which is essentially the same thing
but in fancier language.

If one makes the Ansatz that D is an integral operator,
one finds equations familiar from the theory of inverse
scattering.® It is well known from inverse scattering that
the soliton solutions of the nonlinear Korteweg-deVries
(KdV) equation form a class of solvable Schrédinger po-
tentials. These soliton solutions can be constructed by
Darboux transformations as well as with the integral op-
erators of inverse scattering.5?

There has been a recent resurgence of interest in ex-
actly solvable Dirac equations with one-dimensional elec-
tric potential 8~10 A closely related problem, with impor-
tant application to solitons in conducting polymers, is the
solution of the Dirac equation in a one-dimensional exter-
nal scalar field.!!=13 This paper will give the intertwin-
ing construction of the exactly solvable Dirac potentials
in these two problems, emphasizing the parallels with re-
sults obtained by intertwining for Schrédinger potentials.

The equations considered here will be 2x2 matrix dif-
ferential equations in one variable z. They can be re-
garded as time-independent (1+1) Dirac equations or
as reductions from the four-dimensional Dirac equation.
These equations have the Ablowitz-Kaup-Newell-Segur
(AKNS) form of the Lax eigenvalue equation for the
modified Korteweg-deVries (MKdV) equation.!* This is
analogous to the observation that the time-independent
Schrodinger equation is the Lax eigenvalue equation for
KdV.

It is well known that MKdV can be solved by inverse
scattering,!® and indeed Campbell and Bishop!? use in-
verse scattering to construct the kink and polaron so-
lutions for conducting polymers. However, just as the
soliton solutions of KdV can be constructed using differ-
ential operators, or Darboux transformations, so too can
the soliton solutions of MKdV. This will be derived by
the method of intertwining.
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II. INTERTWINING
OF SCHRODINGER POTENTIALS

For background and completeness, the treatment of
intertwining between solvable Schrédinger potentials will
be reviewed. Suppose that Hy = —82 + Vp and H; =
—02 4+ V; are Hamiltonian operators in one dimension
and that Hj is exactly solvable. (N.B. It is not necessary
that Hy be solvable for there to be intertwining. It does
increase the usefulness of having an intertwining.) H;
and Hj are said to be intertwined if there is an operator

D for which
H,D = DH,. (2

Given such a D, the (unnormalized) eigenfunctions ¢; of

H, are given in terms of the known eigenfunctions ¢¢ of
Hy by

¢1 = Dgo. (3)
The operator D has transformed one integrable problem
into another.

By proposing an Ansatz for D and solving the consis-
tency conditions obtained from the intertwining relation
(2) by equating like powers of derivatives, transforma-
tions between exactly solvable potentials are constructed.
The Ansatz that D is a first-order differential operator

leads to the consistency conditions
29, = I/1 - VO, (5)
-9'+9¢*=Vo+e, (6)

where c is a constant and the prime indicates differenti-
ation with respect to z.

Equation (6) is a Riccati equation which is linearized
by the substitution

_-¥
9= ") (7)
to give
—" + Voyp = —c. (8)

Thus % must be an eigenfunction of Hy. This is the first
important conclusion: every eigenfunction of Hy (with-
out regard to boundary conditions or normalizability)
generates a transformation to a new solvable Hamilto-
nian H; where the change in the potential is given by
(5). Such a first-order differential intertwining is known
as a Darboux transformation.?

Sometimes one reads that only nonvanishing eigen-
functions can be used to generate transformations. The
reason given is that otherwise singularities will be intro-
duced into the potential. While certainly true, this is not
cause for concern, and it can be important in practical
applications.!® There is absolutely no restriction on the
eigenfunctions used to generate intertwining transforma-
tions.
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As an example of intertwining, suppose Vj = 0, so that
Hy = —82. Taking

%o = coshkz )
as an eigenfunction of Hy, one finds

g = —k tanhkz (10)

and, therefore,

Vi = 2¢' = —2ksech®kz. (11)

This is one of the Péschl-Teller potentials.
The eigenfunctions of H; are obtained by applying
D—B—?—/g—-a — k tanhkz (12)
R
to the eigenfunctions of Hy. The eigenfunction ¥, that
generates the intertwining is annihilated by this transfor-
mation, so the eigenfunction ¢; of H; that corresponds
to it must be reconstructed separately. Since Hy is sec-
ond order, there are two independent eigenfunctions for
each eigenvalue. Given one, say 1o, the independent one
is

(13)

In this example, one finds ¢9 = sinh kz as one would
expect. The intertwining transformation generated by
1o applied to ¢ gives

_ (g _ %0\, - L
1= (6; t/«‘o) b= Yo’

¢o=¢o/1/)o_2d$-

(14)

Using this in (13) to get the independent solution 1y, one
finds
e /¢g dz. (15)

This is the eigenfunction of H; corresponding to .

Clearly, not all intertwinings have the simple form of
the Ansatz (4), but the intertwining procedure can be
iterated to give higher-order differential operators. One
can prove that every second-order differential intertwin-
ing operator can be factored into a product of first-order
intertwining operators. It is likely that this extends
to the statement that all finite-order differential inter-
twining operators can be factored as a product of first-
order differential intertwining operators. So, for many
purposes, it is sufficient to consider first-order opera-
tors. The case of intertwining with integral operators
is planned to be discussed in a separate publication.’

Adding (5) to (6), one obtains a third equation,

gd+9’=Vi+e (16)
From this, one infers that the adjoint of D,

intertwines in the other direction, taking solutions of H;
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to those of Hy
¢o = Di¢y. (18)

Furthermore, one sees that D and D' give a factoriza-
tion of Hy; and Hp

DD'=(8z + 9)(=0: + 9) = Hi +¢,
D'D=(-08,4+9)(0s+9g)= Ho+c.

(19)
(20)
This observation fundamentally links differential inter-
twining to the factorization method of Infeld and Hull.3

The link to supersymmetric quantum mechanics* is made
by defining the supercharge

Q:(gfg).

One finds that Q2 = 0 as required and that the super-
Hamiltonian is

H ={Q,Q"} = diag(H, + ¢, Ho + c).

The intertwining relation can be captured diagrammati-
cally as

(21)

(22)

Ho - Hy. (23)

The diagram may be read as beginning with an eigenfunc-
tion of Hy, action by D takes it into an eigenfunction of
H,. In this diagram, the adjoint operator would act in
the reverse direction. This diagrammatic structure will
be useful below in describing the structure of intertwining
for the Dirac equation.

From the perspective of the Korteweg—deVries equa-
tion, the condition (6) is the Miura transformation. It is
one of two equations defining the Backlund transforma-
tion from solutions of KdV to MKdV.!” The condition
(8) can be used to find the first of two equations defining
the auto-Backlund transformation between solutions of
KdV. The second equation of the Backlund transforma-
tion in each case carries information about how the time
dependence of the nonlinear solutions transform. This
time dependence does not enter the Schrodinger equa-
tion because the Schrédinger potential is a solution of
the KdV equation evaluated at a fixed parameter time
and is not sensitive to the time dependence of the nonlin-
ear equation. Similar correspondences between Backlund
transformations and intertwining will be found below for
MKdV and the two-dimensional Dirac equation.

III. MATRIX INTERTWINING
OF DIRAC POTENTIALS

The equation for a two-dimensional fermion in an ex-
ternal scalar field w(z) has the form

[(v* 0, + w(=z)]¥ = 0. (24)
Assuming that the fermion has energy k,
U = &(z)e™*, (25)
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and choosing the v matrices to be Pauli matrices, 7o =
o1, Y1 = i03, the equation takes the form of a time-
independent 2x2 matrix equation!!:12

(—i0'38x + 0'111))‘} = —k®. (26)

This is the AKNS form of the Lax eigenvalue equation
for the modified Korteweg—deVries equation!*

wy; — 6wlw, + wepe = 0.

(27)

(N.B. The time parameter 7 in this equation is not the
same as that in the time-dependent Dirac equation.)

The four-dimensional Dirac equation with one-
dimensional electric potential Ag(z) is

[iv# 8, — 7° Ao(z) + m]¥ = 0. (28)
Using the v matrix representation,
. _ 0 i02 i _ 0 o1
Yo = i0'2 0 y = o1 0 ’
(29)

(10 (0 o3
Y2 = 0—1 y Y3 = o3 0 )

Percoco and Villalbal® show that for a fermion of en-
ergy E, and transverse momenta p, and p,, the four-
dimensional equation reduces to the bispinor equation

(020, — 0'111)&) =—kd, (30)
where v = E — Ao(z), k? = p2 + p? + m?, and
im+py =
k— Dz e
_0—3~

¥ =

exp(i(pyy +p.z — Et)].  (31)

A similarity transformation makes this

(0’361- + alv)<I> =—kQ, (32)
where
o= :}_5(62 ¥ 05)d. (33)

This is the AKNS form of the Lax eigenvalue equation of
the MKdV equation!*

vr + 61}271:1: + Vgzr = 0.

(34)

Under the change of variables ¢ — iz, 7 — —ir, one
MKdV equation (34) becomes the other (27). Also, the
matrix equation (32) becomes (26). This means that it
is sufficient to consider intertwining of one of the ma-
trix equations: the results for the other will follow upon
changing z — iz.

A word of caution is in order. Intertwining works in
the complex domain. For physical reasons, one is inter-
ested only in real potentials in both Dirac equations. The
substitution £ — iz will not in general take real poten-
tials into real potentials, so one cannot simply make the
substitution in the physical potentials to change from one
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equation to the other. The substitution is made in the
intertwining formulas relating potentials, and then real
potentials are constructed.

To emphasize the connection to the MKdV equation
(34), the Dirac equation in an electric potential will be
considered first. Let

My = 030, + o1v0. (35)

An operator D intertwines My with M; with potential
v, when

M, D = DMs,. (36)
Make the Ansatz for D
_ (@10 +91 010y + h
b= ( b20; + hy  a30; + g2 ) ) (37)

Imposing the matrix intertwining relation (36), and
equating like numbers of derivatives, one finds the equa-
tions

by =0 =b,,

a; =0 = aj,

91 + viha = vohy,

2h; 4+ vias = vpay, (38)

ki + v1g2 = vgay + vog1,

viay = 2hy + voas,

v1g1 — by = vgas + voga,

vihi — g5 = vohs
(where the prime indicates differentiation with respect
to ). Setting a; = 1 is a choice of normalization. Tak-

ing az = 1 as well simplifies the equations considerably,
giving

hy = —hs,
(39)
g1 = g2,
and, dropping the subscripts on h and g,
2h = VY9 — V1, (40)
9" = (vo +v1)h, (41)
h' = vh+ (vo — v1)g. (42)
Thus D has the form
_(Oz+g h
D_.( + a,+g)- (43)
If one had taken a; = —1 instead, one would find the
form
D=(%+9 h (44)
h —0,—g)’
where
2h = v + v, (45)
9" = (vo — v1)h, (46)

B = v+ (vo + v1)g. (47)
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The effect has been to change the sign of »;. This is
explained by noting that D = ¢3D and, therefore,

7\4—0 = 03M0(73 = 0‘361- — 0101. (48)

Other choices of as do not appear to give anything new.
To solve the intertwining consistency conditions, it is
convenient to define

G+ =g+ ’Lh,
(49)

G_ =g —ih.
Straightforward manipulation gives the equations

2G', = v}y + v — v} — v2, (50)

2G". = —ivy + v + ivh — v, (51)
and

G% — G? = —iv) — iv}. (52)
A fourth equation

G3 + G% = —v? — v} + 2c, (53)

where c is a constant, is also found, but the computation
is more subtle, so it will be given.

First, note that by subtracting the derivative of (40)
from (42) one has

—h' = v} + (vo — v1)g. (54)
Elinﬂnatiﬂg vo from this using (40) gives

—(v1 + h) = 2gh. (55)
Eliminating vo from (41) and multiplying by g gives

99" = 2gh(vi + h), (56)
and one finds

9 =—(vi+h)?+c. (57)
Repeating this, eliminating v; from (41) and (42), gives

9% = —(vo — k)% + co. (58)
Averaging these, one has

¢t = b= —fof — fod 4+ 2T (59)

but this is just (G% + G2)/2, giving (53).
The consistency conditions in terms of G4 and G_ can
be rearranged into

=G, + G = —ivg—vi +e,
~G_ +G% =ivh —vi+c,
Gy + G = —iv] — vl +¢,
G_.+G? =iv) —vi4e

(60)

These are Riccati equations analogous to (6) and (16)
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in the Schrédinger case. The analogy is closer than one
might expect. Applying a similarity transformation to
return to the original equation (30) of Percoco and Vil-
lalba, one has

MO = 0'28_‘,; — 01%9. (61)

The eigenfunctions ® of My are rotated to

@"‘ —-\/—_(0‘2—{—0'3)@ (62)

The intertwining operator is also transformed by the sim-
ilarity transformation and simply becomes

-l - az + G+ 0
D_( A ax+G_). (63)
Squaring Mo, one has
~ 8% + vy + v 0
2 __ T 0 0
Mo = ( 0 02—+ ) (6%

Since the intertwining relation holds for the squared op-
erators
M2D = DM}, (65)

one sees that the intertwining consistency conditions are
necessarily those for Schrodinger Hamiltonian operators.

A diagram expressing the full intertwining structure
can be drawn. Let

M¢ = diag(KF, K7),
(66)
M? = diag(K;, K7).
The (non-Hermitian) Hamiltonians on the diagonal of
Mo are themselves related by intertwining, and My is
composed of the intertwining operators

- 0 —idh—w)_[ 0 Do
M°“(ia,-1;o 0 )—(Dg o)' (67)

The eigenvalue condition My® = —kd is simply the two
equations (3) and (18). Note that the adjoint D} is found
by integration by parts and does not include a complex
conjugation. Similarly, M; is composed of the intertwin-
ing operators that relate the diagonal elements of M 2,

r_ 0 —iax—vl _ 0 D1
Ml_(iaw—vl 0 )‘(D{ 0)‘ (68)

The intertwining matrix can be written
D = diag(d; + Gy,8, + G_) = diag(Dy,D_).  (69)
Then, the following diagram expresses the structure of
the intertwining;:
K§ 2% K
12 1o (70)
Ky 2= KT
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The adjoint operators act in the reverse direction.
One also observes that

DD' = —M2+cI (71)
and
D'D = —M} +cl, (72)

where I is the 2x2 identity matrix. This is the manifes-
tation of factorization in the Dirac case.

Requiring that the diagram (70) commute gives the
consistency relations,

D;D_ = Dy Dy (73)
and
DoD! = DY D;. (74)

Using the Ansdtze for Dy and D_ and equating like pow-
ers of derivatives in these equations, one finds equations
that are equivalent to (40)—(42). This means that the di-
agram carries the same information as the original matrix
intertwining relation (36).

Solving the consistency conditions proceeds as in the
Schrédinger case. First, the Riccati equations based on
vo are converted to linear form by the substitutions

G+ = $11 (75)
and
G- _JZ'? : (76)

One finds that (51 and 52 are the components of a spinor
eigenfunction of M0 However, not every eigenfunction
of M2 can be used. It is necessary that the M2 truly be
the square of an M;. Since the diagram (70) is equiva-
lent to the intertwining relation (36), it is clear that the
components of the spinor eigenfunction must be related
by the intertwining that factors M¢.

It is sufficient that ¢; and ¢, be the components of
a spinor eigenfunction of M. This is not a necessary
condition, however, because the intertwining needs to go
only in one direction: if one of the components happens
to be the generator of the intertwining, it will be annihi-
lated, while the other component will intertwine to give
it. The result is that the spinor is not an eigenfunction
of My, but the components are linked by intertwining,.
This condition takes the form

1 ( 0 )
M, =k 77
(¢2 b2 (")
The spinor may be termed a “partial eigenfunction.”
From
1
h=— - G-
5:(G+ = G-), (78)

one has
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($2/41)
b2/$1
Using the similarity transformation, this can be written
in terms of the ratio I' = ¢, /¢, of the components of the
corresponding spinor eigenfunction of M? as
.
T1+r

This gives the transformation between potentials

1
h= o (79)

(80)

vy = vg + 2(arctanl')’.

(81)

This is the analog of (5). It may be used to find the first
of the two equations defining the auto-Backlund trans-
formation between solutions of the modified Korteweg—
deVries equation.!®

To find the analog of (6), we must express v in terms of
I'. This is possible because the components of the spinor
® generating the intertwining are themselves related by
intertwining. In the case that this spinor is an eigenfunc-
tion, the similarity-transformed matrix equation

Mo® = —k® (82)
can be solved as two simultaneous equations for vg in
terms of I' = ¢1/¢2. One finds
I + 2kT

1412 °

This is the analog of the Ricatti equation (6). Using this
in (42), g is found to be

2kT?

Vg = —

(83)

=—k+ —-. 4
g tirTe (84)
The intertwining operator takes the final form
2kT? -I’
Oz — k+ 5 5
D = F’l +T , ;—:FQkI‘z (85)
14712 ‘ 14712

This agrees with a result given by Flaschka and
McLaughlin!® in a discussion of Backlund transforma-
tions.

In the case that & is a partial eigenfunction, a similar-
ity transformation of (77) with (o2 + 03)/\/5 gives

¢1> k < b1+ iga )
M, == . . 86
o(0)=3 (5, (86)
This can be solved for vg
_ T+ kT 4+ (k/2)(1 = r?)

Vo = — 1+ FZ ) (87)

which, in turn, leads to
—k kT2 4+ ikT
¢=5 i (88)

To illustrate the use of the intertwining operator, it is
useful to consider an example. Suppose vop = 0. Equation
(83) can be solved for T,
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For simplicity, take ¢ = 0. Using (81), one finds
vy = —2k sech2kz. (90)

This can be checked to be a one-soliton solution of the
MKdV equation (34) at parameter time 7 = 0.

Alternatively, one could start from a spinor eigenfunc-
tion of MZ. Choosing ¢, = coshkz+isinhkz as an eigen-
function of 92, the second component is found from the
eigenfunction condition My® = —kP,

b2 = %laxél = coshkz — isinhkz. (91)

From
zr 71
v1=——2h=l('ﬁl—'~'2‘)a (92)
t\¢$1 ¢
one finds
v, = 2ksech2kz. (93)

An important conclusion follows from this second ex-
ample: if one constructs new potentials by starting from
eigenfunctions of the Schrédinger Hamiltonian opera-
tors in Mé’, one must consider complex as well as real
eigenfunctions. This is a new feature compared to the
Schrédinger case. There, only real eigenfunctions needed
to be considered because an intertwining based on a com-
plex eigenfunction would produce a complex potential.
Here, a complex Schrodinger potential may correspond
to a real electric potential in the Dirac equation.

IV. DIRAC EQUATION
IN AN EXTERNAL SCALAR FIELD

The two-dimensional Dirac operator for a fermion in
an external scalar field has the form

(94)

Lo = —i030; + oqwo.

The intertwining relation is L1 D = DLgy. As mentioned
above, the change of variables ¢ — iz, will convert the
intertwining formulas above to those for the present case.
Making this change, one finds

Lo = —i038, — oywg = ( lgg I())O ) (95)
and
B (TN e va)
= diag(H{, HY). (96)

Dividing out an overall factor of —i, the intertwining op-
erator D takes the form

Ho(0+Fr 0 _(Dy O
= 0 &+F )=\ 0 D_)°

where F; and F_ satisfy the Riccati equations

(97)



4608

—Fi + F? =wy+ w +c,
—F' + F? = —wl 4+ w? + ¢,

98
Fi + F? =w| +wi +c, (%8)
Fi+F3:——w'1+wf+c.
Observe that
DDt =L +cI {99)
and
D'D=1L2+cI. (100)

Again, this is how factorization makes its appearance in
the Dirac case. The same diagram as above describes the
structure of the intertwining

D
i 25 gy

TP 1 (101)
Hy 2= Hy
And, again one has the consistency relations
DyD_ =Dy Dy (102)
|
—ik — 2kT + ¢kI'? ~I
0 + 2 1+72
_ 214 12) 1+T
D= / . TN
r 5 —tk — 2k + kI
14712 ’ 2(1 +T?)
while the original potential is given by
3 al ; 12
wo = — il + kT + (ik/2)(1 —I'?) (108)

1412 ’

and the new potential is given by (106).

The form (96) of L2 shows that there is a correspon-
dence between factorizable Schrédinger potential prob-
lems and two-dimensional Dirac equations in an external
scalar field. This has been remarked before by Cooper,
Khare, Musto, and Wipf,!3 and the correspondence can
be used to produce exactly solvable potentials for the
Dirac equation. Given a solvable Schrédinger equation
with potential, any eigenfunction ¥ can be used to give
a factorization

024+ Vo—c= (——8, - %) (ax - %) . (109)

where c is the eigenvalue of 4. Using the intertwining be-
tween Schrédinger Hamiltonians generated by this eigen-
function
/
Do = 0y — e
the partner Hamiltonian can be found. The pair form
the diagonal entries of LZ.
Factorization of the Schrédinger equation requires that

(110)

ARLEN ANDERSON 43

and
DoD! = DL D;. (103)

In the no-tilde basis, the intertwining operator can be
expressed in terms of the ratio of components ' = ¢; /¢o

of the spinor eigenfunction Lo® = —k® generating the
transformation,
2ikI? -
— ik -
b | % * 1T 1412
r’ P ik + 2ikI?
1+ I2 ‘ 14 T2
(104)
In terms of T, the original potential is
i — 2kT
The new potential is
wy = wg — 2¢(arctanl’)’. (106)

In the case that the intertwining is generated by a par-
tial eigenfunction (77), one has

(107)

the eigenvalue be shifted, so the eigenvalues of L2 are
E — ¢. This makes the eigenvalues of io equal to
+(E — ¢)!/?. The known eigenfunctions of the initial
Schrédinger equation give one component of the spinor
eigenfunction of Ly and application of the intertwining
operator £(E — ¢)~/2D to them gives the other. The
resulting potential in the Dirac equation is wg = ¥’ /4.

This approach is convenient when one has a collection
of solvable Schrodinger equations, as one has, for exam-
ple, in the soliton solutions of the KdV equation. From
the intertwining of Schrédinger potentials, it was found
that one of the consistency conditions was the Miura
transformation, which relates solutions of KdV to solu-
tions of MKdV. Given a KdV soliton, solving this Riccati
equation gives an MKdV soliton, which is then an exactly
solvable Dirac potential.

For example, the trivial Hamiltonian H] = —82 + k?
has the solution coshkz, which generates the intertwining
operator D = J; — k tanhkz. Since w; = —k tanhkz

solves the Riccati equation (6), it is a soliton solution
of MKdV at parameter time 7 = 0 and also an exactly
soluble Dirac potential. The partner Hamiltonian oper-
ator is easily shown to be Hi" = —82 — 2k? sech®kz + k2.
Starting from the solutions of H, the intertwining op-
erator D; gives those of Hi". Together these are (up
to a normalization factor) the components of the spinor
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eigenfunctions of I~/1 with the potential w;.

This potential can be also be constructed by intertwin-
ing from f}g with wo = —k. This is a case where ® is a
partial eigenfunction of Ly. Choosing the spinor

& — <coshklc:c> ’
—ekT

it is easy to see that (77) is satisfied. Performing the
similarity transformation to ®, one finds

(111)

14 2ie?e

T i+ 24 de 2k
Using (108), one verifies that wg = —k. From (106), one
finds

(112)

wy = —k tanhkz. (113)

Alternatively, one can derive w; by starting with wg =
—k and solving the Riccati equation (108) for I'.

V. SUPERSYMMETRY ALGEBRA
FOR DIRAC INTERTWINING

Just as the structure of intertwining for Schrodinger
potentials can be represented by a supersymmetry al-
gebra, so can the structure of transformations between
Dirac potentials captured in the diagram (101). The
algebra given here will be that for the case of an ex-
ternal scalar field. The same algebra holds for the case
of an electric potential with the qualification that the
adjoint does not include complex conjugation. Without
this qualification, the Hamiltonians appearing in Sec. III
would not be self-adjoint, and the intertwining operators
acting in opposite directions would not be related by the
adjoint.

There are four fundamental intertwining operators Dy,
D,, D4, and D_ involved rather than the single one in
the Schrodinger case. This signfies that the algebra will
be N = 4. The basic requirements behind the algebra are
that the supersymmetry generators be nilpotent and that
the intertwining relations and intertwining consistency
conditions (102) and (103) be reproduced.

A 4x4 matrix representation of the algebra can be con-
structed. Using the notation that e;; is 1 in the ¢, jth
entry of the matrix and zero everywhere else, the inter-
twining operators can be assigned to matrix locations as
612D0, 634D1, 631D+, and 642D_. (The adjoint oper-
ators are placed in the matrix adjoint locations.) Four
supersymmetry generators @,; can be defined in terms
of these as

Qoo = 102 ® (e31 Dy + eq2D_),
Qio=01® (e31 Dy —eazD_),
(114)
Qo1 =02 ® (e12Do — e3sDy),
Q11 =01 ® (e12Do + e34Dy),

where the Pauli matrices are tensored on so that all of the
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Q’s will satisfy anticommutation relations. Two super-
Hamiltonians will appear in the algebra,

M1 = 1@diag(HS ,Hy ,H ,HT) (115)
and

Ho = 03 ® diag(—H, Hy , Hf ,—HT), (116)
and two central charges

c1 = 1 ® diag(e, ¢, ¢, ¢), (117)

co = o3 ® diag(—c,c,c,—c), (118)

where ¢ is the constant shift appearing in (99) and (100).
The superalgebra is then given by

{Qai:Qﬁj} = Oa (119)
[Qai, Hj] =0, (120)
and
{Qai,Q;aj} - 6aﬁ6ij7"1 + (_1)j(1 - 60,5)61']'7{0
+6;06;0[0a16p1¢1 + (1 — 8ap)co]. (121)

(Note that the adjoint does not affect the indices of the
supersymmetry generators.)

VI. CONCLUSIONS

Applying the method of intertwining to 2x2 ma-
trix differential operators, transformations between one-
dimensional Dirac potentials have been derived. One-
dimensional electric potentials and one-dimensional ex-
ternal scalar fields in which the Dirac equation is ex-
actly solvable may be constructed by starting from an
electric potential or external scalar field with known so-
lution. In particular, one may begin from the free-field
case. The intertwining transformations are generated by
spinor eigenfunctions of the initial solvable problem or by
certain special spinors which are partly eigenfunctions.

These intertwining transformations are analogous to
the Darboux transformations between Schrédinger po-
tentials. Darboux transformations are closely related to
Backlund transformations for the KdV equation and may
be used to construct KdV solitons. The intertwining
transformations constructed here for the Dirac equation
bear a similar relation to Backlund transformations for
the MKdV equation, and they may be used to construct
MKdYV solitons.

Though not discussed here, it is well known?° that se-
quential application of Darboux transformations in the
Schrédinger case can be used to construct potentials
with any desired collection of bound states. The same
is true for the Dirac potentials. The bound-state ener-
gles that are added correspond to the eigenvalues of the
eigenfunctions in the initial potential used in construct-
ing the transformations. This may be useful in applica-
tions where the spectrum is known experimentally, but
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the Dirac potential is not known.

In the Schrodinger case, Darboux transformations may
be understood in terms of the factorization they give
of the intertwined Hamiltonian operators. In the Dirac
case, in an appropriate basis, the square of the Dirac op-
erator takes the form of a diagonal matrix composed of
two Hamiltonian operators, and the Dirac operator itself
is a factorization of them. The intertwining operator and
its adjoint provide a second factorization of the square of
each of the intertwined Dirac operators, shifted by a con-
stant.

The structure of the intertwining relations in the
Schrodinger case is described by an N = 1 supersymme-
try. It has been shown here that an N = 4 superalgebra
describes the structure of the intertwining relations for
the Dirac case. At present this is only a formal observa-
tion, but perhaps it can be used to give further insight
into the intertwining.

ARLEN ANDERSON 43

Elsewhere intertwining has been successfully used to
construct exactly solvable potentials for the Schrodinger
equation in two dimensions,! and contact was made with
a class of potentials known to be soluble in higher di-
mensions. The present work encourages the hope that
intertwining can also be used to solve the Dirac equation
with higher-dimensional potentials.
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