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Selective reflection from an atomic vapor in a pump-probe scheme
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We evaluate the emission into a dielectric induced by the dipole polarization of an atomic vapor,
in the case where two light beams are incident on the dielectric-vapor interface. These beams are a
weak signal beam and a pump beam. Effects of spatial dispersion, arising from deexcitation of the
vapor particles at collisions with the interface, are accounted for. The reflected radiation contains
sub-Doppler structures arising from combinations of the effects of velocity-dependent transient be-
havior and the nonlinear response of the vapor. We express the modification of the signal-field
reflection due to the pump field in terms of an effective susceptibility of the signal field. This suscep-
tibility explicitly depends on the incidence angles and the frequencies of both beams. We present
explicit simplified expressions for this effective susceptibility, valid in special cases. We also give

some numerical results.

I. INTRODUCTION

The reflection of light from the interface between a
dielectric and a vapor originates in a layer with a thick-
ness of a few wavelengths. This allows us to use
reflection spectroscopy as a probe of the properties of the
boundary layer. It is known that the transient behavior
of the atoms leaving the wall can give rise to a sub-
Doppler structure in the reflection coefficient.!™® This
structure arises from the stepwise discontinuity in the ve-
locity dependence of the internal state. This effect has
been studied for near-normal incidence,”? for large-angle
incidence in the region of total internal reflection,” and
for large-density vapors, where frustrated total internal
reflection may arise.’

A more sensitive probing of the velocity dependence of
the internal state may be expected in the case of a pump-
probe scheme in selective reflection.® This situation cor-
responds to the case where two nearly resonant light
beams are incident on the interface. The reflection prop-
erties of one of the beams will then be modified by the
presence of the other one. A typical feature of selective
reflection spectroscopy as compared with absorption
spectroscopy is that this modification is expected to be
appreciable even when the two incident beams are not
parallel or antiparallel, provided that their crossing coin-
cides with the interface.

In a previous paper,’ we have evaluated the reflectivity
of a single incident beam with arbitrary intensity and ar-
bitrary incidence angle. In the present paper, we consid-
er the modification of the internal reflection of a weak
signal field, due to the presence of a pump field. Both
fields are incident on the interface between a dielectric
with a real refractive index n and an atomic vapor. We
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derive explicit expressions for the dipole polarization of
the vapor to first order in the signal field, as modified by
the pump field. This dipole polarization, in turn, deter-
mines the contribution of the vapor to the beams
reflected back into the dielectric. We explicitly study
these reflected signals both for nearly normal incidence,
and for incidence near the critical angle for total internal
reflection.

The broadening of the absorptive and the dispersive
nonlinear response of a medium as a result of the atomic
motion and relaxation is a crucial feature in the theory of
gas lasers.'®!! In the present paper, the relaxation effect
of the surface of the dielectric is explicitly included.
Furthermore, it is known that at an interface between a
dielectric and a nonlinear medium the reflectivity can
switch between a state of total internal reflection and a
state of transmission.!>!3 This effect requires an optically
dense medium, and therefore it does not arise in the case
of weak absorption considered here.

II. OPTICAL BLOCH EQUATIONS

We consider a vapor of two-state atoms'* with ground
state |g ) and excited state |e ). This vapor fills the half-
space with z >0, and the xy plane is the interface be-
tween the vapor and a dielectric with the refractive index
n. The vapor is driven by a pump field with frequency
®,, and a weak signal field with frequency ;. Both fields
correspond to a beam incident on the interface from the
dielectric, and refracted into the vapor, as sketched in
Fig. 1. Both incident plane waves have the same plane of
incidence, which is taken as the xz plane.

The state of the atomic vapor is described by a local
density matrix p(r,v,?), with r a point in space, and v the
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FIG. 1. Geometry of the interface between the dielectric
(z <0), the vapor (z >0), and the two incident beams. The in-
terface is the xy plane, and all wave vectors fall in the xz plane.

velocity of atoms passing that point at time z. We neglect

velocity-changing collisions between atoms. Then the
density matrix obeys the Liouville equation:
Dpz*-é[H,p]—Fp, 2.1)
with
_ 0
D=—+v'V. (2.2)

at

The diagonal elements of the Hamiltonian H are the en-
ergies E, and E, of the free atoms, and the off-diagonal
elements,

H,=—p,E(r,1), H,=H}

X, (2.3)

represent the interaction with the external radiation field,
which has E, as its positive-frequency part. The term
I'p describes spontaneous decay; its diagonal elements are
Apee» — Ap,., and the off-diagonal terms are (4 /2)p,,,
(A4/2)pg,. We assume that the atoms move in an exter-
nal field that would exist in the half-space with z >0 in
vacuum. This is justified when the effective refractive in-
dex of the vapor deviates little from unity, unless the an-
gles of incidence are very close to the critical angle.

A. Transmission

When both incidence angles 6, and 6, are less than the
critical angle 6., defined by n sinf,=1, the pump field
and the signal field are refracted into the vapor, where
they propagate with wave vectors k, and k. In order to
eliminate the rapid oscillations imposed by the pump
field, we introduce a new density matrix o, with off-
diagonal elements defined by

ik r—iew t
Peg =0 g€ P L
—ik rtio t
pge:Ugee i d ’
and with no change in the diagonal elements. From (2.1)
we obtain the evolution equation:

(2.4)

iQ,
Daeez 2 (Uge_aeg)
i, o
5 (e—zq~r+15t0.ge_etq«r—zﬁta,eg)_Ao,ee
=—Do
gg (2.5)
A . l
Do,=— 7—1Ap Ueg+—~2—£-(ogg—aee)
iQ

S, —iqr+idt, _
e ' (Oge =0 ),

where (1, and Q; are the Rabi frequencies, and

A, =w,~wy—k, v, A= —wo—k, v,
are the Doppler-shifted detunings from resonance for the
pump and signal field. Furthermore, we introduced

3=k, —k;, 6=0w,~o, .

B. Total reflection

In the oppposite case, when both angles of incidence
are larger than the critical angle 6., the x components of
the wave vectors k,, and k,, are larger than w,/c and
w; /¢, and the z components k,, =ik,, and k,, =ik, be-
come imaginary. The fields

E,=2Re(E, e »" %%,
X —K_zZ (26)

E,=2Re(E, )" "

are evanescent waves.
Rabi frequencies

We introduce the z-dependent

2 - —K_Z
QP(Z):Z""eg‘EpﬂLe sz:Qpe P s
) 2.7)
—K_ Z —K_.Z
‘Qs(z)zzll'eg'Es-Fe : =‘Q‘se T,
and we define a modified density matrix o’ by
, dk x—iot
Peg =0 gl P L
, —ik _x+iw t (28)
pgezggee - ’
This leads to the evolution equations:
' IQP(Z) ’ '
‘Da'ee= 2 (Uge——o-eg)
iQs(Z) —ig . x +idt , ig . x —idt , ,
> ( Ope— Ou)— Aoy,
____Do_l ,
5 _ (2.9)
’ A A ' IQP(Z) ’ ’
Do,=— —Z——IAP Ot 2 (Ogg—0¢)
iQ(z) —ig x+ise, ,
+——2—e (g —0T¢)
where
A, =0, — 0=k, v, Ai=o;—wy—kyv, . (2.10)
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III. DIPOLE POLARIZATION IN WEAK-PROBE LIMIT

In order to evaluate the signals emitted back into the
dielectric by the vapor, we calculate the dipole polariza-
tion of the vapor to the first order in the signal-field Rabi
frequency ;. Since the dipole polarization of two-state
atoms contains only odd powers in the total field, the
lowest nonvanishing term in the pump field is of the
second order.

A. Transmission

We wish to derive the steady-state solution of the evo-
lution equation (2.5) to first order in the signal field, with
boundary conditions corresponding to the geometry and
the properties of the interface. To zeroth order in (), the
steady-state solutions of (2.5) vary only with z and v,,
since the geometry of the system is translationally invari-
ant in the xy plane, and since the zeroth-order evolution
is independent of x, y, and ¢. Since the first-order evolu-
tion contains terms proportional to exp[=+i(q-r—&t)],
also the first order can have only a dependence on x, y,
and ¢ proportional to these terms. Hence, up to first or-
der in (), the steady-state solution of (2.5) takes the form

)=S8(z,v)+F(z,v)e 1aT+id
+G (z,v)elar—idr (3.1)

o(r,v,t

Here, S is the zeroth-order solution, and F and G give the
first-order contribution to o. Since o is Hermitian, we
obtain the relations

s'=s, F'=¢. 3.2)
For a normalized solution of (2.5), we find that
TeS =1, TrF=TrG =0. (3.3)

After substituting (3.1) into (2.5), we obtain the equations
determining S and F in the form

d

A+i(8, =)+,

F,, =1iQ,(Fp —F,)+1iQ,S,,,

LA—id, +v, : ]F =—iQ,F,, +1i0,(1-2S,,) .

(3.5)
LA +i(2A,—A)+ 4 F,=iQ,F
2 P s v, dz ge  L3iplee -
According to (3.2), G is determined by F.
We now proceed to solve Egs. (3.4) and (3.5). First, we

consider the case that v, >0. We assume that the parti-
cles leave the surface at z =0 in the ground state, so that
F,., F4, and F,, disappear for z =0, v, >0. We define

the Laplace transform,

f(p,vz)=f0 dz e PF(z,v,) , (3.6)
and, likewise, we define s(p,v,) and g(p,v,). Then, we
obtain the algebraic equations:

(pv, + A)s,, =3iQ, (5., —5,,)

(3.7)

(pv,++A4—iA,)s,, =3iQ, —25,, |,
and
[pU +A +l A A ]fee % fge f + lﬂcsge ’
(o, + 44 —iA)f g =—iQ, fo +1i0, {%—Zsee , (3.8)

(pv,+1A4 +i(28, = A fpe =iQ, f.. -

The emission into the dielectric is determined by the opti-
cal coherences s, f,,, and g,,. These quantities are easi-
ly evaluated from (3.7) and (3.8), to all orders in Qp, and
to first order in ;. In the present paper, we consider
only the lowest nonvanishing contribution of the pump to

d . the emission induced by the probe field. Therefore we
4 +v,—~ 2 dz See =714y (Sge —S¢) evaluate f,, and g,, to second order in {},. For abbrevia-
(3.4) tion, we introduce the notation of
d
1 — — =1y [— A . .
7 A—id,to, dz Seg =31Q,(1-2S,,) , Ap=-2—'—lAp, AS=—‘24——1AS (3.9)
and We obtain
J
_ 1 1 1 1 1 1 1
Sfeg(p)=13i 1-102 .
eg 2 (pv, +A,) 27°p po,+AF A, | P TA; pu,+AY pv,+4 | pv,+A, pv,+A,
(3.10)
[
The expression for g,, follows from that for f,,, if we use 170 Q2 1
. =—21
the relation Bee = RN L (pu, + A, + AN pv, +2A, —A,)
8eg(P)=[fee(p*)1* 3.1D L ! (3.12)
pv, +A: pv, +AP

and we find that

In the case of v, <0, the particles are in their station-
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ary state, so that S, F, and G are independent of z. The
resulting expressions to the second order in Q, are

1 QO [1 1
=10 — [1——2 |1 4 1 310’
See=1 DA, 28 | A A, (3.10°
and
8= — 10, Q7 L (3.12")

2 .
p(2A, —A A, A}

B. Total reflection

In the case of incidence angles larger than the critical
angle, we have to solve Egs. (2.9). To the first order in
Q,, the dependence on x and ¢ may be eliminated by sub-
stitution:

o'(r,v,1)=8"(z,v)+F'(z,v)e —ig, x +i5t

x —idt

+G’(z,v)eiq"

After defining the Laplace transforms s’, f’, and g’ analo-
gous to (3.6), we obtain the algebraic equations equivalent
to (2.9) in the case that v, > O:
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(3.13)
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(pv,+ A5, (p)=3iQ, [55.(p +K,)—=5,5(p +K,)],

(3.14)
(pvz+%A—iAp)se'g(p):%i‘Q‘p P+Kp —25..(p +Kp) ,
and
[pv,+ A4 +i(A,—AD]fee(p)

=10, [fl.(p +K,)— fle(p +k,)]
+1iQsl,(p +x,) s
(3.15)

(pv, +54 —iA})fe(p)
= *—iﬂpfe'e(p +k,)

. 1 ,
+1iQ P —2s..(p +K,) |,

s
[pv, +3 A4 +i(2A, —AD) ] f(P)=iQ, fo(p +K,) .

Again, g’ is determined by f', according to (3.11). Note
that these equations contain the Laplace transforms at
displaced values, as a result of the exponential decrease of
the Rabi frequencies.

Equations (3.14) and (3.15) can be solved by an expan-
sion in Qp, and we obtain to the second order for v, >0
the following:

1 1 1
’ =1;0 —LQZ
(P =31 ‘pu,+AL |ptr, PP ptrit2k,
1 1 + 1
(p+x,)v, (A" + A (p+2x,)v,+A;  (p+k,+r v, +(A,)*
! ! L : . (.16
(p K, + 4| (p+r,+r,)v,+A, (p+r,+K,)v, +(A,)*
and
’ . 1 1 1 1 1
geg(p):—%lﬂsﬂ[zi ' Al ’ 7 \k 7\ + ' ’
P T2k, tk pv, F2A, — A (p +Kp)vZ+Ap+(AS) (p+2Kp)Uz+(AS) (p—’r-KP-HcS)vz-f-AP
(3.17)
with
’ . ’ [ J— A £ ’
Ap:7—1Ap, As_—E—_IAs' (3.18)

For v, <0, the particles are approaching the interface while entering the evanescent waves, and they experience an

exponentially increasing intensity of both fields. When we expand the matrices S” and F’ in powers of (), the second-
order contribution to F,, and F,, are proportional to exp[ —(2«, +«,)v,], while the first-order contribution to F,
varies as exp[ —(k,+x;)v,]. Likewise, the second-order contributions to S, and S;, vary as exp(—2k,z) and
exp( —x,z). Hence the z derivatives in the expansion of the evolution equations for S’ and F’ can be directly substitut-
ed. In this way, we readily obtain explicit results for F,, and G,, to second order in Q,, with the Laplace transforms:
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1 1 1
e =1iQ) —102
Se =216 (p+e A —k,v,) * 7 p+2, K AL—(2k,+K),
1 1 n 1
(A +A =i, Tr v, | Ag—K0, (A —K,v,

s et S, , (3.16")
A —2k,v, | A —K,0, (A" —xk,v,
and
1 1 1 1 1
8op = —1i0,Q; — , ; . + (3.17)
& YO P p 2k, TR 2A, — AL — (2K, tr v, AL H(AD*—(k, tr ), | (AD*—kw, A, —K,v,

C. Dipole polarization

Now that we have obtained explicit expressions for the atomic optical coherences to first order in the signal-field am-
plitude, we are ready to give the dipole polarization of the vapor, at a density &N, with the velocities v described by the
Maxwell distribution W (v). When both angles of incidence are below the critical angle, we find that

r

P(r,1)=9Np, 2 Re [f dv W(V)[F (2,0, )e

ik r—iwgt

* +Geg(z,vz e

i(2k, —k ) T1—i(20, — o >f] , (3.19)

where the Laplace transforms of F,, and G,, are given in Egs. (3.10) and (3.12) for v, >0, and in Egs. (3.10) and (3.12")
for v, <0. In the domain of total internal reflection for both incident beams, the dipole polarization is

ik _x

P(r,1)=9Np,2 Re [f dv WV)[FL(z,0,)e" " ' 4+ Gl (2,0, )¢ Hr !

The Laplace transforms of F,, and G,, are specified in
(3.16) and (3.17) for v, >0, and in (3.16) and (3.17') for
v, <0. The first terms in (3.19) and (3.20) represent the
polarization of the vapor at the frequency of the signal
field. This polarization has a strength that is modified by
the pump field. The second terms in (3.19) and (3.20) de-
scribe a polarization at the frequency 2w, —w;, resulting
from nonlinear mixing of the two incident frequencies.
Of course, there is also a contribution to P to zeroth or-
der in Q. This is merely the dipole polarization for a
single incident beam, which has been studied in a previ-
ous paper.’

In the next section we give the expressions determining
the emission into the dielectric.

IV. EMISSION BY DIPOLE POLARIZATION

A. Emission amplitudes

The reflected fields into the dielectric can be separated
according to

E,(r,0)=E,(r,t)+E, (1) . (4.1)

Here, E, gives the reflected field that would be present in
the absence of the atomic vapor, corresponding to inter-
nal reflection at a dielectric-vacuum interface. The field
E,, is the emission back into the dielectric, due to the po-
larization of the vapor. As we demonstrated in Sec. III,
in the present case of a single plane of incidence chosen
as the xz plane, the polarization P(r) may be separated

i(2k, —k x—i(?.a)pfws)t]]

(3.20)

into various terms that are characterized by a frequency
and an oscillatory variation with s. Hence we may gen-
erally write

—iw t

P(r,)=9 3 2 Re[P,(z)e = "] | 4.2)
a

The first-order contribution in Qg, given in (3.19) and
(3.20), contains a term a=s at the signal-field frequency
o, and £, =k,, and a term a=n, with the nonlinear fre-
quency combination w,=2w, —w,, and §,=2k, —k.
In a previous paper, we derived an expression for the ra-
diation emitted into the dielectric by a dipole polarization
of the form of the summand in (4.2). Each layer of polar-
ization at a given value of z emits radiation to opposite
sides, with wave vectors (£,, 0, &), with

b=k =20, 43
with k,=w,/c. The radiation emitted toward the inter-

face is refracted into the dielectric and propagates there
with the wave vector K, with

Ko =Ep Ko=—(nkL—E)"*. (4.4)

We specify the emission angles in the vapor and the
dielectric by specifying their cosine as
Bazga/ka’ ba:|Kazl/nka . (45)

From the results of our previous paper,’ it follows that
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each summand in (4.2) gives a separate contribution to
the emission, and that the electric field of the radiation
emitted into the dielectric by the dipole polarization (4.2)
is

iK_r—iw_t

E, (r,))=9 3 2Re(E e’ " '), (4.6)

with amplitude

zBakuzP ( ).

E, = .

a nb + B, € @D
This amplitude is determined by the Laplace transform of
P, (z).

B. Effective susceptibility

The emission by the polarization at the frequency w,
contributes to the reflection of the incident signal field,
and it is modified by the pump field. It is natural to ex-
press this emission by an effective susceptibility y, of the
vapor. This susceptibility is defined as the macroscopic
susceptibility of a fictitious macroscopic medium that
would reproduce the reflectivity of the signal field. The
dipole polarization in this fictitious medium would be
given by

ik r—iwgt

P (r,t)=9 2 Re |€yX, %Qse (4.8)

eg
This polarization leads to the same integral as that in
(4.7) for a=s, provided that

2 i ksz 2“ eg
dz Koz P .
- f ze' (2)

Xs=—— 4.9)
This expression is also valid for total reflection of the sig-
nal beam, but then we have to replace ik, by —«,. An
explicit expression for P (z) is obtained if we compare
(3.19) or (3.20) with the general form (4.2), and if we iden-
tify the term with a=s with the contribution of F,, and
F,,. Hence we find

P(2)=Npy, [ dvW(V)F,(zv)e" " (4.10)
The effective susceptibility is therefore
—2ik,, 2|ye [N
X = S [ dv W(V)f o (—2iky,v)
:Xs0+QiXsl (4.11)

in the transmission case. In the situation of total

reflection, we find that

P(2)=Nu,, [ dvW(V)F,(zv), 4.12)
and
265 2lpae|IN
= 75—[ dv W (V) [k, V)
=XSO+QPXSI . (413)

The slight difference in form (4.11) and (4.13) is a direct

consequence of the different definition of F and F’, ac-
cording to (3.1) and (3.13). In fact, the effective suscepti-
bility ), varies continuously when the signal-field in-
cidence angle passes the critical angle. One should notice
that y, as given by (4.11) or (4.13) is independent of the
signal-field Rabi frequency ;.

In the transmission case, when the angle of incidence

of the signal field is near the critical angle, so that
k,vg<< A4 (4.14)

for typical thermal velocities v, the effective susceptibili-
ty (4.11) takes the simple form

_ tIueg 1 |1 1
—2— [ dvw(v)— [1-102 —+—

Xs™ / R A, [ PAX | A, A,
=j(’:0+9.12,)‘(‘51 . (4.15)

This is just the local susceptibility for the signal field,
as modified by the pump. The effect of the boundary lay-
er has disappeared.

On the other hand, when both angles of incidence are
just beyond the critical angle, so that (4.13) applies with

KUy, KpU, << A4, (4.16)
then we obtain
= Ky 2 =
Xs =Xs0t Py QX1 - (4.17)

This demonstrates that the modifying effect of the pump
field on the reflection of the signal field vanishes at the
critical angle (k;,=0), when the incidence angle of the
pump field is beyond the critical angle (k, >0). This is
due to the fact that the critical signal-field reflection
builds up over a large depth into the vapor, whereas the
pump field extends only over a finite depth.

We emphasize that the effective susceptibility Y, is just
a characterization of the integral in (4.7), for the term
a=s. Its introduction implies no additional approxima-
tion. On the other hand, when Y, varies negligibly with
the incidence angle 6, of the signal beam in the region
where B3, is not large compared with Y., we can use this
value of Y, as a macroscopic susceptibility that deter-
mines the continuous transition of the reflectivity be-
tween the case of transmission and the case of total
reflection. In this way, we avoid the singularity in f,, or
fe at the p value indicated in (4.11) and (4.13) and which
does not show up in X;.

C. Nonlinear emission

The term in (3.19) or (3.20) at frequency 2w, —a; is la-
beled by a=n in (4.2). This term gives rise to an emis-
sion at this same frequency into the dielectric with elec-
tric field as indicated in (4.6). This term actually corre-
sponds to a four-wave mixing process, in which absorp-
tion of two photons from the pump beam is accompanied
by emission of a photon into the signal beam and by emis-
sion of a photon with wave vector 2k, —k,;. The non-
linear polarization at this wave vector then leads to
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coherent emission into the dielectric. This emission has
recently been observed in the case of small incidence an-
gles.’> The emission angle has the cosine

21172

CZ
==
n

2k, —k

2w, — oy

§X

b =

n

(4.18)

Only when this cosine term is real does the emission lead
to propagation in the dielectric. Otherwise, the polariza-
tion term P, gives rise to an evanescent wave in the
dielectric. According to (4.7), in the transmission case,
the amplitude of the emission is determined by the La-
place transform g, (p) for p =i§, —i(2k,, — k), with

20. —» 2 1/2
&, = E—— | —(2k,, — kg, ) (4.19)

In the case of total reflection, the emission amplitude is
determined by g,, (p) for p=—i§,, which is real and pos-
itive when the argument under the square root in (4.19) is
negative.

Other schemes of four-wave mixing in the presence of a
standing pump wave may lead to spatial instabilities.'®!”
This type of effect can only compete with selective
reflection to higher order in the signal-field amplitude.

V. REFLECTIVITY AND SUSCEPTIBILITY
NEAR THE CRITICAL ANGLE

The effective susceptibility x,, given by (4.9), is defined
in such a way that it reproduces the correct reflection of
the signal beam. This implies that the field amplitude
(4.7) for a=s, which is the contribution to the reflected
signal field from the vapor polarization, coincides with
the result of the macroscopic Fresnel method for the
reflected field to first order in a given complex susceptibil-
ity. This linearization of the reflected field in the suscep-
tibility is not justified in the transition region between
transmission and total internal reflection, where

kg, /Ky K, 7k, S X, - (5.1

However, the macroscopic theory of reflection also gives
an explicit expression for the transmission region (5.1),
where the incidence angle 6, of the signal beam is very
near the critical angle 6,. Hence we may employ this
macroscopic theory in the transition region, provided
that the effective susceptibility y, is constant in this re-
gion. This is the case only when the condition (4.14) is
valid over the transition region (5.1). This is only true
provided that

Xs << A/kg, , (5.1)
which implies that the susceptibility Y, is much smaller
than the ratio between the natural width and the Doppler
width. Furthermore, the incidence angle 6, of the pump
field must lie outside the transition region.

A signal beam with incidence angle 6, and frequency
oy, incident from a dielectric with refractive index n on
the interface with a macroscopic medium with complex
susceptibility ¥, gives rise to a field in the medium with a
complex z component of the wave vector, which we speci-

fy as Bw,/c. The complex quantity B is determined by
the requirement that the wave solves the Maxwell wave
equation, and that the x component of the wave vector is
the same at both sides of the interface, according to
Snell’s law. Hence B is specified by the equation
B2+n%in?0,=1+y, . (5.2)
The amplitudes of the field in the medium and of the
reflected field are determined by the Fresnel continuity
conditions for the parallel components of the electric and
the magnetic fields. In the case considered in this paper,
where the polarization direction is normal to the plane of
incidence, the intensity reflection coefficient R is found to
be
2

nb,—B
) (5.3)

nb,+B

with b, =cos;. When |1—n%in%g,| is much larger than
Xs> we expand R to first order in y,. For 6, <8,., we in-
troduce

B, =(1—nZ%in0,)!? , (5.4)
and the expansion of (5.3) gives
nb,—B, |° 2nb,(nb,—B,)
= - : R ) X
nb 1B, B.(nb. +B.) e(x,) (5.5)

This corresponds to the case of transmission. In the op-
posite case of total internal reflection, when 6, >0,, we
introduce

7, =(n2in%0, —1)!/2 , (5.6)
and we obtain from (5.3), to first order in Y|,
2nb, 1
R=1— —Im(y,) . (5.7)

(nb, > +n2 1,

These reflection coefficients correspond exactly to the po-
larization contribution (4.7) for a=s.

In the transition region, where 6, —6, is very small,
also B, or 7, are close to zero, and the expansion is no
longer justified. However, in this transition region, we
can expand B? to first order in 6, —6,, with the result
that

B?=x,—2nb.(6,—6,) ,
v2)1/2

(5.8)

with b, =cosf,=(1—n . Note that |B| <<1 in the
transition region. In order to obtain an approximate ex-
pression for R, we use the additional expansion'8

nb,=nb,—(0,—6,) . (5.9)

If we substitute (5.8) and (5.9) in (5.3), we find to first or-
der in B that

4 Re[x,—2nb,(6,—6,)]'"2 .

=1—
R nb,

(5.10)

For y, <<1, the validity conditions B;,7n, >> ¥, for (5.3)
and (5.5), and 6,—0,<<1 for (5.10) cover all possible
values of 6;. Hence (5.10) describes the transition be-
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tween the validity region of (5.3), and that of (5.5).

When the incidence angle 6, of the pump field is small-
er than 6., so that the pump is in the transmission re-
gime, we can apply the transition equation (5.10) with Y,
given by (4.15). The effect of the spatial dispersion in the
boundary disappears in this case.

When the pump is in the region of total reflection,
6, > 6., the transition region for the signal reflection is
described by (5.10), with y,=Yx,, The modification by
the pump field disappears in this case, and the reflection
in the critical region, |6, —8,| Sx,, is determined by the
single-field reflectivity without spatial dispersion.

VI. APPROXIMATE ANALYTICAL INTEGRATION

In Sec. V we showed how the reflection coefficient R of
the signal field is determined by the effective susceptibili-
ty x,. This relation between R and Y, is given by (5.5) in
the transmission case, when 6, <6.. Then, x, is given by
(4.11), with f,, specified in (3.10). In the case of total
reflection, when 6, > 6., R is determined by Y, according
to (5.7), with y; given in (4.13) in terms of f,,, which in
turn is specified in (3.16). In the transition region, where

2nb.|6,—06.| is of the same order as x;, the relation be-
tween R and x; is given in (5.10).

In all these cases, the modification due to the pump
field of the signal-field reflectivity is determined by the
terms proportional to QIZ, in (3.10) or (3.16). This pump
contribution has the form of a Maxwellian average of
products of three denominators. It is noteworthy that
these averages involve only a single velocity component,
both in the case of normal incidence [when (3.10) and
(3.16) depend only on v,], and in the situation of critical
incidence [when (3.10) and (3.16) exclusively depend on
v,]. In the Doppler limit, when 4, o, —wg, and ©, —w,
are small compared with the Doppler width kv, the in-
tegrals are mainly determined by the atoms with velocity
component zero. Then we may replace the one-
dimensional Maxwellians W,(v,) or Wy(v,) by W,(0).
The remaining integration can be performed analytically.

A. Normal incidence

For normal incidence, the pump contribution to Y,
takes the form obtained from (4.11) and (3.10):

_ ilugl’N
Xsl—_.—igﬁ-f dv Wy(v)
1 1 1 1
x lo
) a—is, —ikv | 4 Tid—2ike | A/2—ib.—iko A/2+i8, —3ikv
1 1
+ +
A —2ikv A/2—i6p—ikv A/2+i8p—3ikv J
+O(—v) ! ! ! !

A/2—id;+ikv A/2+id,—ikv

A2—is. tiko

:

A/2—i8,+ikv

with &; =w; — g, 8, =w, —wy, =5, —8,, and © the step function. When 8, and 8, are both small compared with the

p

Doppler width, the integral arises from the velocity group with v =0, and we may replace W,(v) by W,(0). The

remaining integration can be performed, with the result that

ltheg|°N
=——2—w,0
X= = e Wol®)
482 | 28, 8, +58,+2i4 45, +iA iA
X |3ln {14+ —= | —iarctan | —~ 3 - e
A 4 (8,+8,)%(8,+35,+id) 288(5,+38,+id) 8(5—iA)
2 _ .
+ |4n 14-6—2 +i arctan 5 24(8 id)
A A || (8,+8,)%(8,—35,—2i4)
45, | 25, 3(8,+36,+4i4)
+ |{In I+—> |+iarctan [—— | —In3 - - -
A A 2(8,+iA)8,+38,+id)(8,—38,—2iA)
482 28 —(6—2i
+ |{In 1+——’; +iarctan |—2 | —im —(6=2id)
4 A iA(B—iAd)?
g 1+46§ arctan | 222 | | 821472 ¢
=In —_— —_— _ _—
! VE larctan | — i45,5 (6.2)




B. Critical incidence

Now, we consider the case that the incidence angles Gp
and 6, are opposite and near the critical angle 6., so that
k,. = —k,, =k. First, we consider the transmission case,
so that the z components of the wave vectors are real, and

we write

kye =k, =Bk ,
with 8<<1. Then the pump contribution to the effective
susceptibility is given by (4.11) and (3.10). In the Doppler
limit, only the velocity group with small values of v, con-
tributes. In the Maxwellian, the x component of the ve-
locity may be put equal to zero. Then the integration
over v, may be performed analytically, where only a sin-
gle term from (3.10) and from (3.10°) contributes. In the
resulting expression, the only remaining integration is
over v,. We find, after a simple contour integration, that

(6.3)

——i77|,ueg|2N
=% W
Xs1 GOﬁk 0(0)

X [ dv Wy(v)

1 1
X OIS, —is, —2ipkv A —2iBk

1 1
O s s, vaipk 4 |0 O

The corresponding contribution to the signal reflection is

an almost Doppler-free dispersion curve.

Next, we consider the case of incidence slightly beyond

the critical angle, so that

(6.5)

K, =kKk;=nk ,

with 77 << 1. Then, the effective susceptibility is given by
(4.13) and (3.16). In the Dopper limit, the integration
over v, is performed analytically. The contribution from
positive and negative values of v, turns out to be equal,

and we obtain the result

—iﬂ'l,uegIZN
=% W

Xsl 6Oﬁk 0(0)

® 1
Xfo dv Wo(v)m
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1
X : 6.6
A +ankv—i5,—i5, .0

The remaining integrations in (6.4) and (6.6) must be per-
formed numerically. The contribution to the signal
reflection is a Doppler-free absorption profile that is
broadened by the finite transit time of atoms passing the

evanescent wave of the pump field.

VII. NUMERICAL RESULTS

We present some examples of numerical evaluations of
the modification of the signal-field reflectivity due to the
pump. We use the reduced frequencies f; and f,, with
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FIG. 2. Plots of Re(Y,,) in arbitrary units as a function of the
signal-field frequency, for various values of the pump-field fre-
quency, in the case of normal incidence of both beams. This
quantity determines the modification of the signal reflectivity
due to the pump. The solid curves correspond to Eq. (4.11), and
the dotted curves give Re(¥;;) as specified by (4.15), where spa-
tial dispersion is neglected. In this and the following figures we

have taken kvo=54. () f,=0; (b) f,=—1;(c) f,=1.
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fi=8,/kvy, f,=8,/kv, , (7.1

with vy=(2kzT/m)"? a typical thermal velocity. We
consider the case that 2kv,/ A =10, so that the Doppler
width is ten times larger than the natural width.

A. Normal incidence

In Fig. 2 we present results for the situation of normal
incidence, so that k,, =k, =0, for various values of the
pump frequency. We plot Re(y,,), defined in (4.11), as a
function of f;. Notice that according to (5.5), the effect
on the reflectivity is proportional to —Re(x,,).

Figure 2(a) displays Re(x,,) for f, =0. Then the pump
affects mainly the atoms with small values of v,, and the
pump modification is centered at values f,=0. The
dispersion curve is not fully antisymmetric, due to the
spatial dispersion in the boundary layer. This is obvious
if we compare this curve with Re(Y,,), indicated by the
dotted curve in Fig. 2(a), for the same value f, =0 of the
pump frequency. This latter plot, which represents Eq.
(4.15) with the k vector chosen in the z direction, is per-
fectly antisymmetric around f; =0.

The transient behavior in the boundary region is more
pronounced in the case of a pump frequency in the red
Doppler wing. Figure 2(b) shows Re(x,;) as a function of
fs for f,=—1. Then the pump is resonant for particles
approaching the surface. The dotted curve in Fig. 2(b)
represents Re(Y,;), which is the local susceptibility
without spatial dispersion. One notices that the effect of
the transient behavior of the particles leaving the inter-
face is mainly a dispersion curve at resonance. This addi-
tional dispersive resonance is induced by the velocity-
changing collisions with the interface.

The effect of the boundary layer on the pump contribu-
tion to the signal susceptibility is most dramatic for posi-
tive values of f,. Then, the pump is on resonance for
particles leaving the interface, which are in their tran-
sient regime after deexcitation at the interface. Compar-
ing the curves for Re(y,;) and for Re(Y,;) in Fig. 2(c),
one notices that the deexcitation at the boundary strongly
diminishes the pump contribution to Re(y,;). The deex-
citation at the interface destroys the phase variation of
the pump contribution to the z-dependent polarization,
thereby diminishing the integral in (4.9). The result is
that Re(y,,) merely displays a weak dispersion curve at
resonance.

B. Nearly critical incidence

We consider the situation where both beams have the
same frequency ©,=w,;=w, and incidence angles near
the critical angle, but with opposite values of k,. Then,
the refracted waves in the vapor are nearly counterpro-
pagating, and one expects sub-Doppler structures in the
response of the vapor at resonance. Furthermore, ac-
cording to the results of Sec. IV, the effect of the bound-
ary layer on the signal reflection is expected to disappear
when we approach the critical angle 6.

In Fig. 3 we plot the pump contribution to the
reflective part of the susceptibility Re(y,;), in the case

FIG. 3. Plots of Re(),,) in arbitrary units as a function of the
reduced frequencies f; = f, = f, for various incidence angles just
below the critical angle. The signal and the pump have opposite
incidence angles. The solid curves correspond to 3=0.01 for
curve a, $=0.1 for curve b, and f=0.2 for curve ¢, with
B,=B, =B the cosines of the refraction angles, as defined by
(5.4). The dotted curve represents Re(Y,,), corresponding to
neglected spatial dispersion, in the case =0.2.

that 6,=—6, S0, as a function of f =f,=f,, for vari-
ous values of 3 =[3’p =/3, which is the cosine of the re-
fraction angles. We notice that, for increasing values of
B, the displacement of the dispersion curves increases.
This indicates an increasing deviation from the fully an-
tisymmetric curve pertaining to Re(Y,;), the real part of
the susceptibility without spatial dispersion. Further-
more, the curves are increasingly broadened for increas-
ing values of f3, because of the increasing disalignment of
the two refracted beams, resulting in an increasing
Doppler broadening.

In Fig. 4 we demonstrate the pump effect on the signal
reflectivity when the two identical incidence angles,
0=0,=—0,, are slightly larger than 6.. The plots
display Im(y;,), which according to Eq. (5.7) contributes
to the reflectivity in the regime of total internal reflection.
The negative values of Im(,;) indicate a decrease of the
signal absorption as a result of the pump field. We
display the curves for various values of 7n,=%,=mn,
defined in Eq. (5.6). Since 7 k, =k,, an increase in 7 cor-
responds to evanescent waves of shorter range. Increas-
ing 7 values give rise to broader curves, which may be
understood as an increasing imaginary Doppler shift, or
equivalently, an increasing transient broadening. More-
over, the values of Im(y,,) are seen to diminish for in-
creasing 1.

The variation in the width and the shift of the disper-
sion curves of Fig. 3 and the width of the absorption
curves of Fig. 4 are illustrated in Fig. 5. One sees that
the width of the dispersion curves with spatial dispersion
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FIG. 4. Plots of Im(Y,,) in arbitrary units as a function of the
reduced frequencies f; = f, = f, for incidence angle just beyond
the critical angle. These curves represent the pump
modification of the signal reflectivity for opposite incidence an-
gles of the two beams. The curves correspond to =0.01 for
curve a, n=0.1 for curve b, and n=0.2 for curve ¢, with
15 =1, =7 defined as in (5.6).

is considerably larger than the width determined by the
local susceptibility.

VIII. CONCLUSIONS

In this paper we have studied the nonlinear effects of a
weak signal field with frequency w, and a pump field with
frequency w, on reflection at the interface of a dielectric
and an atomic vapor. The method consists of solving the
nonlinear Bloch equations for the velocity-dependent
atomic density matrix, while accounting for the transient
behavior of the atoms leaving the interface. This leads to
explicit expressions for the various frequency components
of the dipole polarization, which allows us to evaluate the
reflected intensities.

One component is the nonlinear emission at the fre-
quency 20, —~ ;. This emission results from a four-wave
mixing process, and it has recently been observed experi-
mentally.”” It corresponds to the terms G,, and G, in
Egs. (3.19) and (3.20) for the dipole polarization. The La-
place transforms of these quantities, which are given in

N>

Br."

FIG. 5. Curve a represents the variation of the negative aver-
age shift of the dispersion curves of Fig. 3 with 8. Curve b gives
the width of these curves as measured by half of the frequency
difference of the maximum and the minimum, and curve ¢ gives
the corresponding width calculated while neglecting spatial
dispersion. Curve d finally gives the half width at half max-
imum of the absorption curves of Fig. 4 as a function of 7.

(3.12) and (3.17), determine the electric-field amplitude of
this emission, as indicated in (4.7), and discussed in Sec.
IVC.

Furthermore, we demonstrate that the reflectivity of
the signal field as modified by the pump field can be ex-
pressed in terms of an effective susceptibility x;, as indi-
cated by Eq. (5.5) for a signal field refracted into the va-
por, and by Eq. (5.7) when the incidence angle 6 of the
signal field is larger than the critical angle 0, for total
internal reflection. In the transition region around 6.,
Eq. (5.10) applies. The effective susceptibility x; is deter-
mined by Eq. (4.11) or (4.13), with f,, and f,, given by
(3.10) and (3.16).
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