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Attractor geometry of a quasiperiodically perturbed, two-level atom
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We consider the behavior of a two-level atom interacting with a quasiperiodic, resonant field from
the perspective of dynamical systems theory. In particular, we analyze the geometry of the phase-
space attractor for the atomic system and find that there are basically only two types of attractor
geometry, even though the atom's temporal evolution is very complicated. The dynamics giving rise
to these two geometries are differentiated by the degree of adiabaticity associated with the field's
variations, and in the regime of adiabatic dynamics, the attractor shows evidence of a noninteger
scaling dimension. This result was unexpected, since linear dynamical systems are not known to
give rise to strange attractors. We attribute the attractor's fractal nature to the scaling behavior of
Bloch vector trajectories in the rotating reference frame.

I. INTRODUCTION

The response of matter to rapid, deterministic
electromagnetic-field fluctuations is an area of consider-
able present interest, spanning many difFerent disciplines.
In optical and nuclear physics it has been found that rap-
id phase switching can produce short, intense pulses of
optical and y-ray photons. ' In chemical physics studies
of amplitude and phase-tailored radiation pulses have
lead to improvements in both NMR and optical spectros-
copy (e.g., spectroscopic resolution), and in atomic phys-
ics phase-controlled fields have been used to selectively
excite dressed-atom states. Yet despite these activities,
little can really be said concerning the general dynamical
behavior of quantum systems in the presence of rapidly
fluctuating fields. This situation is not difficult to under-
stand. As soon as the pattern of Auctuations becomes at
all detailed, the dynamical complexity of even the sim-
plest quantum system becomes excessive. Consequently,
it becomes dificult to categorize, let alone quantify, the
quantum system's temporal evolution as a function of
various physical parameters like field-matter interaction
strength, quantum system relaxation rate, or phase-
variation rate.

Consider the internal dynamics that arise when a sim-
ple two-level atom is perturbed by a quasiperiodic field.
Recently, this problem has attracted a fair amount of at-
tention, ' since it was found that the linear density-
matrix equations describing the interaction can yield
nearly 6-correlated dynamics, reminiscent of the chaotic
dynamics observed in nonlinear systems. Figure 1(a)
shows the temporal evolution of a two-level atom in-
teracting with a field whose phase variation is the simple
superposition of a sinusoid and square wave. (This par-
ticular field-atom interaction will be discussed more fully
in Sec. II.) The figure was generated by numerically solv-
ing the optical Bloch equations for the quasiperiodic
field, ' and Fig. 1(b) shows the result of a discrete Fourier
transform of the population difference between the two
states. As can be seen, the temporal behavior of the pop-
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FIG. 1. (a) Temporal evolution of a two-level atom's popula-
tion difference for a quasiperiodic resonant electromagnetic
field 6 120&& Tsq & 02& co& 87T+2 /Tsq (b) Fourier spec-
trum of the dynamics illustrated in (a).

ulation difFerence is quite complex, and its Fourier trans-
form is broadband, even though the field's phase varia-
tions are relatively uncomplicated. Consequently, with
the information contained in Figs. 1(a) and 1(b), it is
difficult to correlate the atomic system's dynamics with,
for example, field-atom interaction strength.
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A similar, if not more troublesome, situation exists in
the area of nonlinear dynamics and chaos that was allud-
ed to above. Here too the dynamics can become exceed-
ingly complex, exhibiting many characteristics often as-
sociated with stochastic processes. Yet in recent years
significant progress has been made in devising analytical
tools and measures for both computation and experimen-
tation that can categorize and quantify the dynamics. '

In the present work we employ some of these measures;
in particular, the Grassberger-Procaccia correlation di-
mension, ' to study the dynamical behavior of a two-level
atom interacting with a field whose phase Auctuations are
quasiperiodic.

Our purpose in this study is twofold. Primarily, our
goal is to use these measures to quantify the atom's
dynamical behavior, so that the atom's response to a
quasiperiodic field can be studied as a function of the
field-atom interaction strength. As will be shown below,
even though the temporal behavior of the atom is quite
complex, the atom's response essentially falls into one of
only two categories. The parameter differentiating these
categories is the degree of adiabaticity associated with the
field's Auctuations. Our secondary intent is to demon-
strate the general usefulness of these measures for investi-
gating complicated, yet nonchaotic atomic dynamics.
Specifically, these measures offer a convenient means of
studying the complicated dynamics that arise when a
quantum system interacts with a fluctuating electromag-
netic field.

II. SYSTEM OF EQUATIONS DESCRIBING
THE FIELD-ATOM INTERACTION

8(t)=8,(t)+8,(t),
where

8,(t) =~ sin(co, t) (2a)

In the present work we are concerned with the atomic
dynamics that are induced by a classical electromagnetic
field, when the phase 8(t) of the field varies in a quasi-
periodic fashion. To describe the atom's response to the
field we employ the optical Bloch equations (i.e., two-
level density-matrix equations), and include phenomeno-
logical relaxation rates y, and y2. ' These equations are
derived from the Schrodinger equation, and describe the
response of an ensemble of two-level atoms to a classical
electromagnetic field in a nonperturbative fashion. The
atomic ensemble's response to the field depends on the
fractional population in one of the atomic states; for ex-
ample, the lower atomic state (o»); and the degree of
atomic coherence (o z& ), where coherence refers to the su-
perposition of ground and excited atomic-state wave
functions. The two phenomenological rates y, and y2 de-
scribe population relaxation of the two-level atom and
atomic coherence dephasing, respectively. It is important
to note that previous studies of this problem have not in-
cluded relaxation in the dynamics, ' consequently, at-
tractors for the atomic dynamics could not exist. '

With regard to the field's phase and its temporal varia-
tions we let

and

8,(t)=~H(t) . (2b)

Here, H(t) represents a square wave varying between 0
and 1 with a period of T, . Though this is only one of the
many possible quasiperiodic functions that could be asso-
ciated with 8(t), our particular choice was not arbitrary:
it evolved out of our interest in atomic interactions with
phase fluctuating fields, ' a desire to make contact with
previous investigations on kicked quantum systems, ' '
and a desire to model an experimentally realizable situa-

on 16, 17

The complete system of equations for the atom's
response to the field in autonomous form' is

X = —y2X —b, Y+QZ sin(8i+82),

Y= b,X—
yz Y+QZ cos(8 i+ 82),

Z = —QX sin(8, +82)—QY cos(8i+8z)

+yi(ZO —Z),
8 =co (~ 8)'~—

(3a)

(3b)

(3c)

(3d)

and

82=m g (
—I)"5(f(8, ) —kT, /2),

k

f(8, ) =co, 'arcsin(8, I~)= t .
(3e)

Here 0 is the Rabi frequency, which describes the
strength of the field-atom interaction, 6 is the detuning of
the field from resonance, and the triplet (X, Y, Z) indi-
cates the coordinates of the Bloch vector in the rotating
frame. As a result of relaxation the norm of the Bloch
vector is not a constant, but can vary between 0 and 1,
and in the absence of a field the equilibrium value of the
Bloch vector has X= Y=O and Z =Zo. The Bloch-
vector coordinates are related to the elements of the two-
level density matrix in a straightforward way: X
=2 Re(oz, ), Y=2 Im(o. 2, ), and Z=1 —2o». Though
it would appear that the autonomous form of these equa-
tions comprise a nonlinear system with five degrees of
freedom (X, Y, Z, 8„82), when the equations are written
nonautonomously it becomes clear that the system is in
fact linear. ' The advantage in considering the auto-
nomous system of equations is that the phase-space coor-
dinates for the system's attractor are immediately ap-
parent, and it is our purpose to quantify the atom's com-
plicated dynamics by the attractor's geometry.

For the problem under consideration the attractor ex-
ists in a five-dimensional space, whose coordinate axes
can be labeled by X, Y, , Z, O„and 612. Considering just
the phase components of the field, we note that, in gen-
eral, 0, and Oz form a 2-torus when 0, and 02 are continu-
ous and incommensurate. However, these quantities do
not form a 2-torus in the present problem, since 82 can
take on just two discrete values (rr, —vr). It is reasonable
therefore to associate the attractor geometry with a lower
four-dimensional (4D) space, whose coordinate axes are
taken as X, Y, Z, and 0. With regard to the attractor
characteristics to be discussed below, there was no
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difference in the results on comparing attractor analyses
in the 4D space with those obtained in the 5D space.

Normalizing the time scale to the intrinsic relaxation
time 1/y (y, =y2=y), and letting Zo= —1 and b, =0,
we consider the specific case of incommensurate
sinusoidal and square-wave frequencies: T, =0.02 andSq

co, =8~&2/T, . Additionally, since co, is the fastest rate
associated with the perturbation s variations, we define a
quantity q equal to 0/co, . We will refer to this quantity
as an "adiabaticity parameter, " since it is essentially a
measure of how adiabatically the perturbation varies. '

If g is much less than unity, then the atom cannot keep
track of the various values of the field's phase, so that the
fluctuations are nonadiabatic. Alternatively, if g is much
greater than unity, then the atom easily follows all the
field s variations, so that the fluctuations are adiabatic.
Our choices for the magnitudes of T, and co, were in
part dictated by a desire to have a nonadiabatic regime of
dynamics that would nonetheless correspond to a
"strong"-field situation (i.e., 0 ))y).

The above equations of motion were solved using a
fourth-order Runge-Kutta method with adaptive step
size. (Step size was controlled by requiring the error in
the computation of any of the Bloch-vector components
to be less than 10;decreasing this limit to 10 "had no
significant effect on the results. ) To insure that initial
transients had died away and that the system's dynamics
had reached the attractor, the solution was propagated to
t = 12 prior to accumulating data for study. For a partic-
ular choice of computational parameters we typically an-
alyzed the numerical solution between t=12 and 100; this
was to insure that many attractor orbits were sampled.
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The xy plane of these figures cuts the z axis at the average
value of Z (which varies between -1 and 0 as 0 increases),
and Z /~ Z!= + 1. Figure 2(a) corresponds to 0
17772, the adiabatic regime of dynamics; Fig. 2(b) corre-

III. RESULTS

A. Poincare sections

As a first step in understanding the atomic dynamics,
one can consider double Poincare sections' of the attrac-
tor. A double Poincare section may be formed by plot-
ting X, F attractor coordinates for specific values of the
pairs Z, Z/~Z~ and 8, 8/~0~. The value of these double
Poincare sections is that they provide a kind of cross-
sectional view of the attractor. However, we have found
it more informative to consider whole families or groups
of double-Poincare sections. Each group is associated
with a particular value of Z, Z/~Z~, and contains all
double-Poincare sections associated with this pair. When
a single double-Poincare section is considered, only a
small portion of the accessible xy plane is actually
viewed. When a group of double-Poincare sections is
considered, though, the entire accessible xy plane is made
manifest. This full xy plane pattern is the object of most
interest, since our primary concern is with the atomic dy-
namics and not the superimposed phase variations of the
field. In essence, these double-Poincare section groups
are cross-sectional slices of the Bloch vector's trajectory
in the rotating coordinate frame.

Three separate double-Poincare section groups, or for
the sake of brevity, Poincare sections, are illustrated in
Fig. 2 for three different values of the Rabi frequency.
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FIG. 2. Poincare sections of the Bloch vector's motion
through the rotating coordinate system's xy plane (dZ/dt )0).
The xy plane cuts the z axis at the average value of Z, which
varies between —1 and 0 as A increases. (a) Partial section of
the adiabatic regime with 0=17772. (b) Intermediate regime
with 0=1200. (c) Partial section of nonadiabatic regime with
0=300.
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sponds to 0=1200, an intermediate regime of dynamics;
and Fig. 2(c) corresponds to 0=300, the nonadiabatic re-
gime of dynamics. Similar appearing plots of the Poin-
care sections were obtained for other values of 0, in the
three separate regimes of adiabaticity. In the adiabatic
regime the Poincare section yields an annulus, and when
Poincare sections at other values of Z (for this value of 0)
are examined it becomes clear that the Bloch-vector tra-
jectory is a spheroidal shell. Furthermore, as evidenced
by the seemingly uncorrelated points within the annulus,
the volume of the shell is uniformly covered; this may in-
dicate that the atomic system's trajectory visits different
attractor regions with equal probability (i.e. , the attractor
is uniformly covered). In the intermediate regime of adi-
abaticity the Poincare section is quite different. A highly
structured and twisted Bloch-vector trajectory is found,
and Poincare sections similar to that shown in Fig. 2(b)
are obtained both above and below the average Z value's
xy plane. This twisting geometry persists into the nona-
diabatic regime as shown in Fig. 2(c), except that the
overall appearance of the Poincare section is again annu-
lar. The coverage of the annulus, however, is no longer

uniform, indicating perhaps an attractor with regions
that are visited by the atomic system's trajectory more
often than others.

Investigating the nonadiabatic regime of the dynamics
in more detail, we consider a Poincare section that cuts
the yz plane at X=O as well as Poincare sections that cut
the xy plane at various values of Z. These sections are il-
lustrated in Fig. 3, and taken together they indicate that
the trajectory of the Bloch vector is con6ned to a
hemispheroidal shell. Further, by considering the pro-
gression of Poincare sections it is clear that the hem-
ispheroidal shell has scalloped edges, obviously indicating
that different regions of the rotating frame's xy plane are
associated with different excursions of the atomic popula-
tion inversion. Studies of very many Poincare sections
for different values of A show that as the dynamics
change from adiabatic to nonadiabatic, the upper (posi-
tive Z) portion of the adiabatic spheroidal shell collapses
in on the lower portion, creating in the process a hemi-
spheroidal shell. It is during this process of collapse that
the highly structured transitional geometry appears in
the Poincare sections, as illustrated in Fig. 2(b). The
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FIG. 3. Poincare sections of Bloch vector s motion in the nonadiabatic regime (0=400) showing scalloped edges. (a) Poincare
section through the yz plane at X=0.0. Poincare sections through the xy planes at (b) Z = —0.6, (c) Z = —0.48, and (d) Z = —0.4.
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transition region between the two limiting geometries il-
lustrated by Figs. 2(a) and 2(c) is relatively narrow, corre-
sponding to roughly a 10% change in Q.

These observations concerning the groups of double-
Poincare sections are quite revealing. Specifically, they
indicate that even though the temporal evolution of the
atomic dynamics is difficult to categorize (consider Fig.
1), the attractor geometry typically falls into one of two
limiting categories. There is a geometrical category for
adiabatic dynamics, and a geometrical category for nona-
diabatic dynamics. (We will not consider the possibility
of a third category associated with the transition from
nonadiabatic to adiabatic dynamics. ) Thus attractor
geometry is apparently controlled to a large extent by the
single parameter g, and there is a critical value of g about
which the attractor geometry changes fairly abruptly. In
the following section we will look in a more quantitative
fashion at how the attractor geometry depends on g.

B. Correlation dimension v

The Grassberger-Procaccia correlation integral C(r) is
basically defined as the probability of finding two points
on the attractor within a distance r of each other, where r
is called the "scaling length. " In many, though not all,
cases it is found that C(r) displays a power-law depen-
dence on r with exponent v':
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The usefulness of v as a measure of attractor geometry is
that it is a lower bound on the Hausdorff dimension D of
the attractor, which in turn can be considered as the
"scaling" dimension of the geometrical entity. ' In the
case of a uniformly covered attractor v is equal to the
Hausdorff dimension.

An example of the dependence of the correlation in-
tegral on scaling length is shown in Fig. 4(a), and two
different correlation dimensions are apparent. For small
scaling lengths the attractor geometry yields v, -3 (we
will have more to say on the exact value of this exponent
later), while for larger scaling lengths the attractor
geometry is described by v, =1. Though the figure corre-
sponds to the specific case of i)=10 (0=17772), these
two distinct correlation dimensions were obtained at all
values of i) (i.e., Rabi frequency) investigated:
10 &g&20. Therefore, we picture the attractor as a
geometrical entity which looks macroscopically like a
curve, but on closer examination is actually a hypersur-
face. Further, this overall picture of the attractor cannot
change too radically as a function of adiabaticity, since
the two distinct correlation dimensions were always ob-
tained.

Note that the scaling length r„ illustrated in Fig. 4(a),
indicates the maximum size of the attractor, and that r, is
related to the maximum extent of the attractor's hyper-
surface portion. The ratio r, /r, is therefore a measure of
the relative size of the attractor's hypersurface portion,
and this ratio is plotted in Fig. 4(b) as a function of the
adiabaticity parameter g. As the figure clearly shows,
there is a large increase in r, /r, near g-1, and that
around this maximum there are resonancelike features.

FIG. 4. (a) Logarithm of the correlation integral C(r) vs the
logarithm of the scaling length r for the case of 0=17772.
Note the two different scaling regions with v, -3, and v, =1.
The actual value of v, obtained by a least-squares fit to the
curve is shown in parentheses. r, and r, are related to the size
of the attractor's hypersurface portion and size of the whole at-
tractor, respectively. (b) Variation in the relative size of the
attractor's hypersurface portion (r, /r, ) with adiabaticity pa-
rameter g.

We have found that these resonant increases in the
attractor's hypersurface portion are correlated with
enhancements in the amplitude of population and coher-
ence oscillations. Such enhancements in the transient
response of a quantum system to a train of radiation-field
changes have been termed Rabi resonances. ' ' We are
therefore led to conclude that the hypersurface portion of
the attractor is intimately connected with the atomic
variables of the dynamical system, rather than the field's
phase. Furthermore, since the ratio r, /r, is small in both
the nonadiabatic and adiabatic regimes, and since the
value of v, is exactly the same in both regimes, the mac-
roscopic appearance of the attractor in the two regimes
cannot be very different. We therefore have an indication
that the difference in nonadiabatic and adiabatic attractor
geometries must be associated with the hypersurface por-
tion of the attractor.

If the attractor's geometrical change is associated with
the hypersurface portion of the attractor, then it should
be possible to quantify the change in attractor geometry
by calculating v, as a function of q. Unfortunately, the
determination of v, is not always straightforward. In the
nonadiabatic and transition regimes of the dynamics the
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small scaling-length behavior of C(r) does not obey a
simple power-law scaling relation with r. Perhaps this is
not too surprising, since the groups of double-Poincare
sections in both the nonadiabatic and transition regions
implied an attractor having nonuniform coverage, and
for nonuniformly covered attractors one should really
consider the entity as a multifractal. In the adiabatic
regime, however, the double-Poincare section groups in-
dicated a uniformly covered attractor, and the correla-
tion integral C(r) does obey a simple power-law scaling
relation with r. Thus we can at least examine v, as a
function of q in the adiabatic regime of dynamics.

Figure 5 shows the variation of v, with g in the adia-
batic regime of the atomic dynamics. (Error bars are sta-
tistical in nature and reAect the ability to fit a straight
line through the log, o[C(r)] versus log, o(r) data at the
95%%uo confidence level. ) Near the transition region from
nonadiabatic to adiabatic dynamics (i)(4) the correla-
tion dimension is integer: v, =3. However, for values of
g greater than about 4, Fig. 5 indicates that the geometry
of the hypersurface changes, becoming noninteger with
v, =2.65, and under the assumption of a uniformly
covered attractor this implies D =2.65. [Figure 4(a) pro-
vides an example of the noninteger power-law scaling be-
havior of C(r) for the case of r1=10.] A noninteger di-
mension indicates that the dynamics have given rise to a
strange attractor as described by Romeiras and Ott. To
our knowledge this is the first indication that linear-
dynamical systems may give rise to strange attractors.
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FIG. 5. Correlation dimension of hypersurface portion of at-
tractor v, vs the adiabaticity parameter g. These values were
obtained by least-squares fits of log»[C(r)] vs log, o(r). The
correlation data in all cases was obtained from at least 20000
(X, Y,Z, O) coordinates spread uniformly between t= 12 and 100.
Close to the transition region, where the character of the dy-
namics changes from nonadiabatic to adiabatic, v, =3. Howev-

er, in the regime where the dynamics are clearly adiabatic (i.e.,
g) 4) v, =2.65. With the assumption that the attractor is uni-

formly covered in the adiabatic regime, this result implies that
the HausdorA'dimension of the attractor is noninteger, and that
the attractor is strange.

More importantly perhaps, Fig. 5 clearly indicates that
the hypersurface portion of the attractor is responsible
for the geometrical change in the attractor that was indi-
cated by the groups of double-Poincare sections, and that
this geometrical change of the hypersurface is nontrivial.

Of course, with an apparently fractal attractor
geometry one must wonder as to the possibility of actual
chaotic dynamics for this system. We have examined the
X, Y, Z, O trajectories, though, and find no evidence of ex-
ponential divergence upon small variations of these vari-
ables. Thus in a classical sense the system is nonchaotic.
Although a strange, nonchaotic attractor for this system
is surprising, it is not without precedent. Romeiras and
Ott have found that quasiperiodically forced nonlinear
systems can give rise to strange attractors, even though
the dynamics are not chaotic. Hence, chaotic dynamics
are a sufficient, but not necessary condition for the ex-
istence of a strange attractor. Further, Luck, Orland,
and Smilansky have found that quasiperiodic perturba-
tions can give rise to atomic dynamics that are somewhat
intermediate between quasiperiodic and chaotic. Hence
one should perhaps expect nontrivial attractor geometries
for quasiperiodically perturbed quantum systems.

IV. DISCUSSION

Our foregoing analysis has indicated that atomic dy-
namics in the presence of a quasiperiodic resonant field
can give rise to two geometrically distinct attractors, de-
pending upon whether the perturbation's variations are
nonadiabatic or adiabatic. In order to justify these re-
su1ts intuitively, we note that in the standard picture of
resonance phenomena the Bloch vector B precesses about
an axis P in the rotating coordinate frame, and normally
this precessional axis is aligned with the effective field
E,z. In this rotating or "coherent, " frame as Avan and
Cohen-Tannoudji refer to it, 8(t) describes the orienta-
tion of the effective field in the xy plane, and P(t) de-
scribes the orientation of the Bloch vector's precessional
axis with respect to the efFective field. Alternatively, one
can consider the Bloch vector's motion in an "instantane-
ous" frame, where the x' axis is now dined by the
effective field, and the Bloch vector's axis of precession is
at an angle P(t) with respect to the x' axis. When the
Bloch vector's components X, Y, Z or X', Y', Z are con-
stant (or vary only little) the four-dimensional motion will
be dominated by the 0 to 2m 0 variations, yielding an at-
tractor dimension close to unity over most scaling
lengths.

In the adiabatic regime of the atomic dynamics
P(t)=0, since the Bloch vector's axis of precession close-
ly follows the motion of the eft'ective field. Consequently,
in the instantaneous frame the Bloch vector will be in
near steady state with X', Y', and Z taking on small
nearly constant values. Because X', Y', and Z are a11

typically small, we expect the attractor to be dominated
by its 0 variations, and to have a dimension a=1 over
significant scaling lengths. This explains the relatively
small values of r, /r, in the adiabatic regime. However,
as a result of the L9 changes which induce population and
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coherence oscillations, ' the Bloch vector actually oscil-
lates slightly. Thus, X', Y', and Z are not quite constant,
but vary somewhat about their mean values. The Bloch
vector will therefore pass through the x'y' plane in a
small region of spatial extent b,g.

As viewed from the coherent frame, the Bloch vector's
axis of precession will rotate in a complicated fashion
about the z axis. Since (9(t) is close to being 5 correlated
when the sine and square-wave frequencies are incom-
mensurate, and since P(t) =0, the various orientations of
the Bloch vector's axis of precession will also be nearly 6
correlated. These erratic orientations of the precessional
axis, coupled with the Bloch vector s oscillations, will
thus yield a Bloch-vector trajectory in the coherent frame
that appears to "weave" a geometrical entity, the
"threads" of which are separated from one another in an
erratic fashion. Hence the group of double-Poincare sec-
tions in the coherent frame would have the appearance of
"randomly" distributed points in an annulus of thickness
-b,g. Furthermore, we could account for the fractal na-
ture of the attractor in the adiabatic regime by imagining
the threads of Bloch-vector trajectories to weave a fractal
entity.

In the nonadiabatic regime the phase variations of the
field are rapid, so that the average field seen by the atom
is small, resulting in relatively small variations of X, Y,
and Z. Therefore, we again have a situation where the
attractor is dominated by 8(t), so that over most scales D
is unity. Furthermore, in the nonadiabatic regime tt no
longer vanishes. Consequently, we ascribe the twisted
Bloch-vector trajectory in the coherent frame to the com-
bined temporal behavior of P(t) and (9(t).

V. SUMMARY

We have shown that a careful study of attractor
geometry can be quite useful for elucidating the dynamics

of quantum systems interacting with rapidly fluctuating
electromagnetic fields. In the specific case of a field
whose phase varies quasiperiodically, we have found that
even though the atomic dynamics appear quite compli-
cated, they nonetheless give rise to only two limiting at-
tractor geometries. Though in both cases the attractor is
relatively simple, consisting of a hypersurface portion
and a curvilinear portion, our results indicate that the
geometrical characteristics of the attractor's hypersurface
portion depend on the perturbation s degree of adiabatici-
ty. Furthermore, the results suggest that in the adiabatic
regime the hypersurface portion becomes fractal, so that
the atomic dynamics exist on a strange attractor. To ob-
serve this fractal character, experiments would have to be
performed on systems with 0 &&y and g &4. In this re-
gard a good test system would be the ground-state
hyperfine transition of Rb: (i) the transition frequency
is in the microwave regime (6.8 GHz) so that fields are
highly monochromatic; (ii) the relaxation associated with
this transition is on the order of 10 Hz, so that easily ob-
tained Rabi frequencies in the tens of kilohertz regime
should be adequate; and (iii) the field couples only two
discrete quantum states. Experiments on this system are
in progress in our laboratory. We believe that with the
measures now available for quantifying attractor
geometries from experimental data, the study of attrac-
tors can yield new insights into the dynamical behavior of
quantum systems in the presence of complicated time-
varying perturbations.
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